
Preface

High solid dispersions refer to a broad class of materials comprising colloidal or
non-colloidal particles dispersed at very high volume fraction in a liquid phase. They
are ubiquitous in daily life, in industry, in biology and in geophysics, encompassing
a great variety of systems at the frontier between polymers, colloidal glasses and
granular materials. Among these are personal care products, paints, drilling muds,
biological tissues and various types of synthetic or natural slurries. In spite of their
huge diversity in composition, high solid dispersions have an amorphous jammed
structure in common, which is at the origin of remarkable properties. At high vol-
ume fraction, the individual motion of particles is dramatically reduced unless a
sufficient force is applied to overcome steric constraints. A striking consequence is
that high solid dispersions behave like solids at rest but yield and flow under large
stresses. The existence and the nature of this solid–liquid transition, which can take
a variety of forms, have perplexed engineers and scientist for a long time. Over
the years, high solid dispersions have stimulated a lot of work both from an ap-
plied and fundamental perspective. On the applied side, controlling the flowability
of high solid dispersions is central to the formulation of a large range of commer-
cial products and to the processing of high performance materials such as coatings,
ceramics and serigraphic inks. On the fundamental side, understanding the com-
plex behaviour of high solid dispersions is an outstanding challenge for statistical
and condensed-matter physics as well as for materials science, biology and geo-
physics. During the last decade, it has become clear that macroscopic descriptions
of high solid dispersions have reached their limits, and that a microscopic approach
linking the structure and the dynamics at different scales is highly desirable. The
contributions collected in this volume review some results obtained recently in this
direction.

The volume begins with a chapter by Vlassopoulos and Fytas who survey how
macromolecular and colloidal chemistry can be used to design high solid colloidal
dispersions exhibiting a rich variety of phase states and material properties. The au-
thors describe two strategies. The first strategy uses well-defined colloidal particles
with tunable interaction potentials much softer than the very short-range repul-
sion existing between solid particles. Soft particles, which can be as diverse as
grafted hard spheres, multiarm star polymers, microgels, block copolymer micelles,
dendrimers and dendritically branched polymers, display an extraordinary variety
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of architectures and topologies. The second strategy consists in engineering soft
nanocomposites by blending different classes of colloidal particles or polymers. In
both types of materials, interactions and transitions are manipulated by tuning the
chemical (composition, architecture and topology) and physical (temperature, sol-
vent, depletion, enthalpy–entropy balance) parameters. This in turn provides unique
tools to tailor the dynamics and the rheology of soft particle dispersions.

As explained above, several aspects of the structure, local dynamics and macro-
scopic rheology of high solid dispersions exhibit strong analogies with the physics
of glasses. In Chap. 2, Fuchs focuses on concentrated suspensions of colloidal,
slightly polydisperse hard spheres interacting through excluded volume interactions,
which constitute one of the simplest systems undergoing a glass transition. He dis-
cusses the universal scenario of the glass transition under shear and reviews recent
extensions of Mode Coupling Theory that offers a microscopic theory of the linear
and non-linear rheology of colloidal fluids and glasses under shear, starting from
first principles.

In Chap. 3, Bonnecaze and Cloitre focus on high solid dispersions made of
elastic and deformable particles packed together at volume fractions well above
close-packing, they term soft glasses. Unlike hard sphere glasses, soft glasses in-
teract through slowly varying repulsive forces of elastic origin that develop at the
contacts between the particles. The solvent plays an important role in transmitting
the elastic interactions through the glass. After reviewing some generic features
of soft glasses, the authors show that many of their properties result from a subtle
interplay between disorder and solvent-mediated elastohydrodynamic interactions,
which thus constitute the two basic ingredients of a micromechanical description
of soft glasses. The theory quantitatively accounts for near-equilibrium properties
(statistical distribution, osmotic pressure, shear modulus), for the slip phenomena
occurring when soft glasses are sheared near smooth surfaces, and for the non-linear
rheology of soft glasses.

Generally, high solid dispersions do not flow homogeneously when they are
sheared; instead the macroscopic deformation is localized in slip zones, shear-
bands or fractures. In Chap. 4, Isa, Besseling, Schofield and Poon review modern
advances in fast confocal microscopy imaging and data analysis techniques, which
enable time-resolved tracking of individual particles in Brownian and non-Brownian
suspensions and glasses. After describing the sample environments and the experi-
mental technique needed to perform this kind of experiments, they present several
applications of fast confocal imaging as a unique tool to probe the flow response of
hard sphere suspensions and glasses, giving emphasis to the relation between par-
ticle scale dynamics and non-linear rheological phenomena such as yielding, shear
localization, wall slip and shear-induced ordering.

Chapter 5, by Gong and Osada, is devoted to biological tissues which constitute
one particular class of high solid dispersions, consisting of water and various macro-
molecular components. Bio-tissues have exceptional mechanical properties such as
low friction, high toughness, specific adhesion and shock-absorbance capacity. The
authors discuss recent progress on the study and development of model synthetic
soft and wet hydrogels as substitutes to natural bio-tissues. A strong emphasis is
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given to the rich and complex surface friction and lubrication properties of these
materials, which are found to share common features with the slip properties of soft
glasses reviewed in Chap. 3.

It was our intention to provide the Soft Matter community with a comprehensive
review of some recent approaches on the rheology of polymer–colloid dispersions.
We hope that the reader will feel that the different topics discussed in this volume,
which each address a particular facet of high solid dispersions, complement each
other and help to draw a bridge between microscopic phenomena and macroscopic
rheology.

France Michel Cloitre
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From Polymers to Colloids: Engineering
the Dynamic Properties of Hairy Particles

Dimitris Vlassopoulos and George Fytas

Abstract For many years, colloidal hard spheres and polymeric coils served as
model limiting cases of soft matter behavior. Softening the potential of interactions
has been an obvious possibility for altering properties and has been explored in
great detail with sterically interacting charged colloids. As the behavior of such (and
technologically relevant) systems is very complex, it is desired to isolate the role
of interactions and use well-characterized systems. Today, it is possible to achieve
this goal by taking advantage of the capabilities of macromolecular and colloidal
chemistry. We show how to use well-defined soft sphere systems interacting via ex-
cluded volume repulsions to generate a rich variety of phase states and materials
properties. This approach provides opportunities for bridging the gap between poly-
mers and colloids in terms of property variation, and thus designing soft systems
with desired properties. At the same time, previously unexplored aspects of impor-
tant open problems such as glass transition and effects of solvent on the dynamics
of correlated systems are addressed. Appropriate blending of the two main classes
of soft matter and further directing their assembly and dynamic response has now
become a challenging new task.

Keywords Colloidal dispersions · Colloidal glasses · Dynamics · Grafted particles
· Hairy particles · Micelles · Nanoparticle-polymer hybrids · Phase diagrams · Poly-
mers · Rheology · Soft colloids· Softness · Stars
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1 Why Soft Colloids?

In the last two decades, with the evolution of soft condensed matter physics [1–8] the
manipulation of materials properties has emerged as a theme of scientific and tech-
nological significance. The ultimate goal of such an activity is the rational design
of materials with desired properties for particular applications. As a first approach,
this challenge can be met by combining properties of different, well-understood
classes of materials. Linear flexible polymers and hard sphere colloids represent
two of the most studied, and thus better understood classes of soft materials
[6,9–11] (see Fig. 1). They also reflect two extreme cases in the spatial organization
of a large number of molecular units: in the former case (a contiguous sequence of N
monomers which are covalently bonded) flexible random coils and in the latter case
solid, compact assemblies with a well-defined shape (here spherical). Moreover,
due to this architectural disparity, there are different characteristic length scales:
for polymers, the monomer size is typically 1 nm whereas a colloidal sphere can
reach a diameter of 1μm. These distinct features impart considerable differences
in the structure and dynamics and consequently in the properties of these systems.
For example, semidilute solutions (at concentration c above the overlap concentra-
tion c∗) of homopolymers exhibit cooperative concentration fluctuations which are
controlled by the osmotic pressure of the system [10, 11]. This reflects weak inter-
actions at monomeric scales, of O(kBT ) or less, with a relevant correlation length
ξc of O(nm) independent of N; very high concentrations are therefore needed for
short-range ordering, if attainable at all. On the other hand, colloidal dispersions of
solid particles with radius R in a host fluid exhibit a size-dependent dynamic be-
havior governed by collective thermal number density fluctuations, with correlation
length of O(μm); the ordering occurs at relatively low number densities and is long-
ranged [12, 13]. The stress is transmitted in both systems due to their entropy, but
via different channels (chain elasticity and Brownian motion, respectively).
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Fig. 1 Cartoon illustration of different systems which can be obtained using appropriate chemistry
and span the gap between soft (limiting case being a polymer coil) and hard (limiting case being
a hard particle) interactions. These interactions are characterized by the pair potentials U, which
are plotted schematically against distance r from a reference particle. The horizontal double arrow
indicates the possible ways to soften the hard sphere interactions via grafted particles, multiarm
stars, microgels and eventually polymer coils, to the left. The vertical arrows indicate various pos-
sibilities of increasing complexity and/or changing interaction potential (as shown schematically),
from right: mixing hard spheres with linear polymer coils or other spheres of smaller size, grafting
particles with networks (crosslinking the grafted layer), block copolymer micelles whose core can
be also crosslinked (thus imparting stability), dendrimers and dendritically branched polymers

Therefore, it becomes evident that the intermediate behavior between short-
range polymeric and long-range colloidal interactions should be a rich area of
research because of the great potential to combine polymeric with colloidal meso-
scopic characteristics. A great deal of research effort has already been invested in
this direction. The key is the interdisciplinarity via a synergy of synthesis, phys-
ical experiment, and theoretical rationalization or predictive power. One way of
achieving optimum performance is by using chemical means to combine material
properties, e.g., obtaining various macromolecular objects of more complex archi-
tecture. Some examples of the different possibilities are illustrated in Fig. 1, where
starting from a colloidal hard sphere the interaction potential can be progressively
softened with grafted hard particles, multiarm stars, microgels, and, eventually,
polymer coils. Moreover, different architectures and complexity such as particles
grafted with chemical networks, block copolymer micelles, dendrimers, and den-
dritically branched polymers can be achieved. Another way is simple mixing of,
e.g., polymers and hard or soft particles (Fig. 1). This is a very efficient means
to introduce attractions and represents an avenue to obtain a variety of colloidal
gels [14–17] or glasses [16–20]. However, it will not be discussed here. Moreover,
we emphasize that the methodology discussed here to tune the colloidal interactions
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from hard sphere to soft is of course not the only possibility. For example, recently a
colloidal system was devised whose softness could be effectively tuned by varying
the applied electric field, the solvent salt concentration, and the volume fraction of
the particles [7].

2 Model Soft Spheres

To meet the above-mentioned challenge of rationally combining different features
of different systems, the use of model systems becomes necessary. Whereas the dis-
cussed combinations would in principle lead to different material properties, there
is a need to develop predictive power in order to coordinate different types of inter-
actions in a single complex system, and hence correlate macroscopic properties to
interactions. To do this with reasonable precision, one has to resort to model sys-
tems, i.e., systems of well-characterized features and behavior. In the particular case
of interest with reference to Fig. 1, the challenge is to design, prepare, and use model
spherical particles of tunable softness. Some popular examples are discussed below.

2.1 Colloidal Star Polymers

These are chemically homogeneous multiarm star polymers (usually homopoly-
mers) with only excluded volume interactions [21,22]. Due to their synthesis proce-
dure (high vacuum anionic polymerization), they are stable and nearly monodisperse
[23]. Their softness can be tuned at the synthesis level (number and size of arms)
[23, 24] and/or by varying the temperature in different solvents [25, 26]. Moreover,
these systems can be functionalized in various ways [27]. What made these sys-
tems truly ideal soft colloids were the breakthroughs in both theoretical description
and synthesis. The former refers to the ability to describe analytically their internal
structure [28] and their softness in terms of an effective interaction potential [24,29].

The majority of the experimental studies have been carried out with multiarm
1,4-polybutadiene stars, which were synthesized by Roovers and co-workers via two
distinct routes. (1) Using chlorosilane chemistry, central dendritic cores of spheri-
cal shape and different generations were synthesized, on which the desired number
of polymeric arms were grafted [23, 30, 31]. With this approach regular stars with
typical nominal functionality (i.e., number of arms, f ) in the range 18–128 and
nominal arm molar mass, Ma, in the range 10–80 kg mol−1 were synthesized. (2)
Alternatively, a short 1,2-polybutadiene backbone chain was hydrosilylated with
HSi(CH3)Cl2 yielding two coupling sites per monomer unit, which were substituted
with 1,4-polybutadiene by addition of poly(butadienyl)lithium [32]. Such “irregu-
lar” stars (without truly spherical central core) with nominal f of 270 and Ma in the
range 11–42 kg mol−1 were synthesized.

Several other efforts for synthesizing high-functionality star polymers have been
reported in the literature. Stars of intermediate functionality (typically below 64)
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[33–39] or high functionality (typically up to 250) [34] were prepared, whereas
ultra-high functionalities (reaching nominal values of 6,400) were achieved using
methologies similar to (2) above, leading to block copolymer stars (arborescent
copolymers consisting of polyisoprene chains grafted on polystyrene hyperbranched
polymers) [40]. Of course, there are always issues with the characterization of such
complex systems, and different methods of preparation have their own merits and
problems as well. For example, whereas the atom transfer radical polymerization
methods typically yield stars of high polydispersity [35–37], recently an improved
methodology drastically reduced this problem [38, 39]. Whereas there is no doubt
that Roovers’ stars are probably the best characterized, true model systems, the price
one pays is that they are available in small amounts, and therefore the recent progress
in the field as outlined above is very encouraging.

Due to their non-uniform monomer density distribution arising from their topol-
ogy [28, 41], colloidal star polymers can be considered as effective core-corona
particles with core radius rc ∼ f 1/2 [28] and softness defined as s = L/(L + rc),
L being the corona thickness [42–44]. Typical value of s for the 128-arm stars is
about 0.89 for Ma around 80 kg mol−1 [42]. Figure 2 illustrates a cartoon repre-
sentation of a single such star in a good solvent along with the monomer density
profile [28]. Note that the topology (geometric constraints due to curvature) is the
only difference between a spherical brush [45] and a semidilute linear flexible poly-
mer solution [10]: here, the blob size increases with the radial distance and three
monomer density regimes can be observed [24,28]: the inner melt-like core regime,
the intermediate theta-like (coat or unswollen) regime where the blobs are ideal and
only solvent can penetrate in a dense suspension, and the outer excluded volume
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Fig. 2 Left: Simulated monomer density profile (distribution of intrastar density around the center
of mass) for a melt of stars of varying arm number f (from left star to right open square: 2 (linear
chain), 4, 8, 16, 24, 36, 48, 64) [41]. The low intrastar density at low functionalities indicates
penetrability by other stars (to satisfy incompressibility condition), whereas at high functionality
the star core is formed with constant density. Inset: Cartoon illustration of a multiarm star with the
three areas in different colors: melt-like inner black core, theta-like intermediate blue unswollen
and excluded-volume outer red swollen region. Right: The predicted Daoud–Cotton [28] monomer
density distribution. The horizontal dashed line indicates the average solution concentration
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(or swollen) regime where the blobs are swollen and star–star interpenetration can
take place in dense suspensions. The Daoud–Cotton density profile was confirmed
experimentally for polyisoprene and polybutadiene star polymers with functionali-
ties in the range 8–129 [21, 46, 47] as well as by computer simulations [21, 24, 41].

Naturally, these star polymers (regular and irregular alike) are distinctly different
from dendrimers: the latter represent another class of model colloidal particles [48],
which however are not discussed in this review.

2.2 Block Copolymer Micelles

Block copolymers (such as diblocks and triblocks), when dispersed in a selective
solvent for one block, self-assemble into supramolecular structures called micelles
[49]. Depending on the block composition, the micelles can take different shapes,
including spherical star-like structures (the core is usually larger in micelles com-
pared to stars, and clearly separated from the corona due to the enthalpic repulsion
of the two blocks); thus, micelles can be structurally similar to stars [50–52]. In
fact, it was demonstrated [51–54] that the density profile of the star-like micelles
in good solvent for the corona follows the Daoud–Cotton [28] scaling. However, in
contrast to the star formation or other means of chemical grafting, the micelles are
formed through a physical process. This has the advantage of simple and relatively
inexpensive chemistry, and explains the fact that micelles represent by far the most
studied soft sphere colloidal systems. On the other hand, the major disadvantage is
the stability of the micelles due to the exchange kinetics of the chains participating
in a micelle [55], especially in cases of temperature and concentration variation, and
the attainability of equilibrium structures in the case of cores of glassy blocks. One
way to overcome this important problem is by freezing the core below its glass tran-
sition temperature [56, 57] but there remain of course issues related to equilibrium.

Recently, a versatile class of poly(ethylene propylene)/poly(ethylene oxide)
block copolymer micelles were introduced; they were stable due to a combination
of high block incompatibility, kinetically frozen core, and high interfacial tension
between core and solvent [53, 58]. Moreover, by using a co-solvent of varying
composition, the aggregation number was controlled and soft spheres from star-like
to micelle-like could be obtained. Another way is core stabilization via chemical
crosslinking, say by UV radiation [59–64].

It is not our intention to review the vast field of block copolymer micelles and
their nanotechnological applications. There are several relevant reviews for the in-
terested reader [49, 65]. We mention only the versatility of these systems as model
soft colloids and the various aspects that need careful consideration for designing
appropriate systems.

The block composition, i.e., the relative size of the corona to the core, dictates to
a great extent the softness of the micelles and therefore their properties and phase
behavior [52, 66–71]. One particularly appealing feature of block copolymer mi-
celles is their tunability [49, 72]. Parameters such as the pH strength and amount of
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added salt [73–75], the concentration [67,76], the choice of solvent [77,78], and the
temperature variation [71, 79–83] are effective means for monitoring the micellar
formation. It has been demonstrated (primarily via the use of rheological measure-
ments) that by tuning the core/corona size ratio one can obtain a wide range of
viscoelastic response, from polymeric to colloidal [71, 80–83]. The colloidal char-
acter is typically attributed to the hard core and the polymeric character to the softer
corona. We note in particular the recent studies with triblock copolymer micelles
based on poly(ethylene oxide) and poly(propylene oxide) middle blocks (the so-
called Pluronics), in aqueous solutions [84]; these systems were proposed as models
for investigating repulsive and attractive glass formation with soft spheres [16, 84].
Naturally, more complex structures (and possibly interactions) akin to those illus-
trated in Fig. 1 can be obtained from the micellization of architecturally complex
block copolymers [85–87].

2.3 Grafted Colloidal Particles

From the ever expanding field of grafted polymers on surfaces, leading to the so-
called polymer brushes [45, 88], we focus on grafted spherical particles. There is
undoubtedly a wide range of possibilities for grafting different polymeric chains on
different types of particles, organic and inorganic alike [89,90]. Moreover, chemistry
provides a lot of flexibility in manipulating particles properties, say via functional-
ization with a variety of groups. One may note that even hard sphere colloids consist
of particles with a tiny grafted layer to impart stability by reducing the van der Waals
attractions [13, 91]. Typically this layer is a small fraction of the particle diameter
(not exceeding 10%), and an interesting question is what is the threshold beyond
which the layer contribution becomes non-negligible as to soften the pair interac-
tion potential and thus influence the properties [92–94].

Polymer-grafted silica (SiO2) particles represent one of the most popular
colloidal systems with tunable interactions. The chains of choice were mainly
polystyrene, poly(dimethyl siloxane), poly(butyl methacrylate), and n-octadecyl or
stearyl alcohol. Chain grafting provided the means to tailor the colloidal particle
behavior from hard to soft, as well as introduce attractions in a controlled way by
varying the temperature or adding non-absorbing polymer depletant [44, 95–112].

Poly(methylmethacrylate), PMMA, latex particles have also served as a model
colloidal system for many years (mainly as hard spheres with hydroxy stearic acid
(HSA) chains being the grafting choice [91, 113, 114]). Tunability was achieved by
varying the core size and the size of the corona chains. The comparison between
chemically grafted (stable) and end-adsorbed temperature-sensitive chains (usually
surfactants) has shown that the adsorbed chain particles exhibit similar rheological
behavior with chemically grafted particles [115].

Polystyrene (PS) latex particles were grafted with poly(ethylene oxide) or
poly(ethylene glycol) chains, allowing temperature variation (and hence a respective
variation of attractive interactions) in water, and thus property manipulation from



D. Vlassopoulos and G. Fytas

Fig. 3 Cartoon representation of an isolated grafted colloidal sphere (black core) along with the
calculated monomer density profile φ(r) (for various core radii, rc) [119]. The three solid lines
correspond to values of the ratio of the overall particle radius R to the grafted polymer end-to-end
distance of 0.5, 2 and 16, from bottom to top, respectively. The dashed line represents the self-
consistent field theory calculation for the flat brush limit (rc → ∞) [119]. Note the depletion region
next to the solid core surface (r = 0)

liquid to solid behavior [116, 117]. Recently, the limitation of aqueous environment
for the emulsion polymerization preparation of particles has been overcome, and
the synthesis of polyurethane-PMMA core-shell particles in nonaqueous emulsion
has been reported [118].

The monomer density profile of the layer of grafted chains follows the usual
radial decay and strongly depends on the grafting density. A representative example
is shown in Fig. 3.

The synthetic flexibility allows combining features and interactions in this class
of materials as well. For example, spherical polyelectrolyte brushes constitute
another versatile grafted colloidal model with tunable properties [120–122]. As
already mentioned, the grafted layer imparts softness and deformability of the col-
loidal particle. A feature that can make such particles similar to colloidal stars and
micelles is the interpenetrability of the grafted chains when particles are brought
into contact, typically at high volume fractions. On the other hand, it is possible to
reduce or even eliminate this latter feature (and thus influence the monomer den-
sity distribution, softness and properties accordingly) by chemically crosslinking
the grafted chains so that a rubbery network is grafted onto the solid particle [123].
This makes the grafted particle a microgel-like system and will be discussed in the
next section.

2.4 Microgel Particles

Intramolecularly cross-linked polymeric latex particles that are swollen in a good
solvent are known as microgels [124–130]. They can be viewed as sterically stabi-
lized colloidal particles with an inhomogeneous density distribution of crosslinks
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Fig. 4 Left: Cartoon illustration of a microgel particle, showing the heterogeneous distribution of
crosslink density. Right: Corresponding radial monomer density profile φ(r)

and free dangling chains at the surface. This structure suggests that their inter-
nal structure resembles that of core-corona systems, bearing analogies to stars
and block copolymer micelles. However, there are important differences, in par-
ticular referring to the much reduced interpenetrability of the microgels because
of the crosslinks [125, 130]. The core size and related degree of homogeneity of
crosslink density depend on parameters such as temperature of the reaction and
amount of initiator [124–128]. A typical crosslink density profile of a microgel
particle [128, 131–133] is illustrated in Fig. 4. The achievable narrow particle size
distribution [129] combined with the inherent steric stabilization of the particles
make them tunable (e.g., by controlling the degree of crosslinking of the grafted
layer) soft colloidal systems [134]. For example, by changing the solvent quality
the microgel particles can swell or shrink and thus vary softness. Perhaps the most
frequently studied system in this direction is the so-called PNIPAM particles, i.e.,
poly(N-isopropylacrylamide). This polymer undergoes low critical solution tem-
perature transition, i.e., the particles swell at low temperatures and deswell upon
heating [125, 128, 135–138].

Another possibility for controlling size and softness variation in colloidal parti-
cles is by grafting PNIPAM microgels with polymer chains, yielding high grafting
densities and eventually attraction of the densely grafted microgels, as the temper-
ature increases [136, 139]. This modification provides the means to modulate the
size of both the shell and the core independently, typically by temperature, thus
imparting more flexibility to the particle’s response [139, 140]. Alternatively, PS
latex or SiO2 particles were grafted with a PNIPAM, yielding soft colloids whose
size and softness can be varied at will with temperature, with important implica-
tions on the suspensions properties [125, 141–147]. In fact, it was found that, in the
collapsed state, the dispersions behave similarly to hard-sphere suspensions (also
forming crystals and glasses), whereas in the swollen state they behave like soft
colloids [125, 140, 146–148]. The PNIPAM crosslinking density also contributed to
the softness of the overall particle, with interesting implications on the rheological
properties [125, 147–151].
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The polyelectrolyte microgels have been established as model soft spheres as,
in addition to the above features, their softness and properties can be tuned by al-
tering the physico-chemical environment (pH, ionic strength, degree of ionization)
[152–160]. The response varies from that of colloidal (polydisperse hard-sphere)
suspensions and that of polymer gels and in this respect such microgels fit within
the theme of Fig. 1 [157–160].

2.5 Selection of Model Systems

Given the above developments, one may wonder whether there is need for so many
model soft colloidal systems and what are the criteria for selecting the appropriate
system. It turns out that the first question can be answered in two ways. First, differ-
ent systems, such as those described above, have relative merits and drawbacks and
can thus serve as models for specific goals. Second, as already discussed in Sect. 1
in the context of Fig. 1, the field of soft colloids is very large and there are ample
possibilities for tailoring properties at the molecular level and discovering new ma-
terial functions. As to the choice of the particular system to study, this depends to
a great extent on the question to be addressed. If the latter relates to applications,
then the system that appears promising with respect to the expected practical result
will be preferred. For example, nanoreactor applications can be realized with ther-
mosensitive microgel particles, in which deposition and immobilization of metallic
nanoparticles can take place with temperature variation [161, 162]. On the other
hand, if the question relates to fundamental research, e.g., exploring the universality
of behavior and the degree to which it holds, then the choice should be based on
a synergy of chemistry, physical experiment, and guidance from theoretical predic-
tions. We adopt the latter approach in this review, and therefore we elaborate a bit
more by pointing to a few selection criteria below:

1. Well-characterized systems. This depends on the appropriate chemistry and sub-
sequent characterization (typical issues here are the polydispersity, control of
grafting density, reproducibility of procedure to obtain identical particles). One
frequent problem here is that the price one pays for such systems is the availabil-
ity of small amounts (sometimes only fractions of 1 g) of material. For example,
multiarm star polymers are in many ways unique, clean, soft colloids [19,23], but
their nontrivial synthesis makes them not readily available. On the other hand, re-
cent developments with block copolymer micelles from anionically synthesized
polymers [54–58] and arborescent graft copolymer synthesis [40] appear to have
adequately addressed this issue for making available different alternative star-like
systems.

2. Proper description of the interaction potential. This is needed once we enter the
non-dilute regime (where nearly all of the interesting and practically important
phenomena occur), and here collaboration with theoreticians is much needed. For
example, for the case of colloidal stars this link is well-established [19, 24].
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3. System tunability. The interaction potential typically depends on external
conditions (e.g., temperature, ionic strength) and internal system parameters
(e.g., molar mass, relative core-to-corona size, degree of crosslinking). It is im-
portant to be able to access these parameters easily, in order to obtain maximum
flexibility.

4. Simplicity. Many systems, especially of technological interest, are too complex
to be easily understood [12, 134, 163–165]. It is important to isolate different
contributions of the various parameters affecting the interactions and study them
independently. To this end, systems such as those discussed in the previous
sections offer this flexibility. They can be very simple (e.g., star polymers with
only excluded volume type of interactions) and can become more complex with
functionalization and other chemical modifications.

5. Experimental needs. Often there are requirements on the range of the overall
sizes imposed by particular experimental tools (e.g., scattering), or when la-
beling (adding chromophores or partial deuteration) is needed. In addition, the
system/solvent combination may create problems since it is nontrivial to use very
volatile organic solvents for (often very long) rheological experiments. These are
general considerations that, in the case of the systems discussed here with so
many degrees of freedom, require very careful consideration.

3 Tuning the Softness: From Polymers to Hard Spheres

A quantitative description of the softness tunability, connecting structure to prop-
erties, is the pair interaction potential. There are several possibilities for extracting
an empirical apparent potential, typically using rheological data (high-frequency
plateau modulus or non-Newtonian viscosity) which are very sensitive to the inter-
actions between particles [115, 147, 154, 163, 166–168]. However, for each system
of a given softness the data fitting procedure yields an apparent potential and so
there is no predictive power in the sense of tuning the potential with some pa-
rameter. For the different soft systems discussed, one wishes a tunable potential
possibly extracted from first principles. In fact, this was performed in the last decade
by Likos and co-workers for a class of model tunable soft colloids, the multiarm
stars, using a coarse graining [169] methodology known as effective interactions
approach [19, 24]. They proposed a tunable effective pair interaction potential V (r)
between stars [29], which is solely based on excluded volume constraints. The key
tuning parameter was the functionality of the star ( f ). For high f values, the stars are
virtually spherical objects exhibiting a Yukawa type of interaction at long distances,
typical for sterically stabilized colloids, whereas at short distances they feel a loga-
rithmic divergence, based on general scaling arguments by Witten and Pincus [170].
For f → ∞, the stars reach the hard sphere behavior. On the other hand, for low f
values the stars approach the limit of polymer coils. The potential is given by

V (r)
kBT

=

{
(5/18) f 3/2

[
− ln(r/σ)+

(
1 +

√
f /2
)−1
]

for r ≤ σ

(5/18) f 3/2
(
1 +

√
f /2
)−1 (σ/r)exp

[−√
f (r−σ)/2σ

]
for r > σ

, (1)
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Fig. 5 Predicted star pair interaction potential normalized with the thermal energy unit β = 1/kBT
vs the normalized center-to-center distance r/σ for different values of the functionality f [29]

where σ is the effective star diameter [29]. Figure 5 depicts this potential for differ-
ent values of the functionality. It is evident that by tuning this single parameter f ,
the regime from the hard-sphere to the polymer-coil limits is spanned. Note that this
potential is athermal and that the star–star interactions are purely repulsive (we call
them excluded volume interactions). This strong variation of V (r) with f is also
reflected in the macroscopic properties of colloidal stars, as discussed in Sect. 4.3.

Interestingly (and not too surprisingly) this tunable potential also describes well
star-like block copolymer micelles, i.e., micelles with very small core compared to
the corona layer [29, 54, 58]. On the other hand, when the core becomes a signif-
icant fraction of the micellar particle, this potential fails to describe such systems
(including grafted particles and microgels) successfully [171]. To our knowledge
there is no other analytic form of pair interaction potential for other soft systems
that provides this tunability with a single parameter, with the exception of ionic
microgels [172]. This limitation currently represents another important advantage
of the experimental star polymer systems. We also note that it is possible to tune the
potential of other systems like charged stars and dendrimers [19, 48], although not
in the straightforward and simple manner of the present repulsive stars. However,
these types of systems and interactions are not considered in this review.

4 Form, Structure and Diffusion Dynamics

In this section we discuss the structural and dynamic features of soft colloids with
emphasis on universal as well as distinct features in an effort to rationalize the ex-
perimental findings. Taking the paradigm of multiarm star polymers, the permanent
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attachment of many polymer chains on a spherical particle-like core results in an
inhomogeneous monomer density profile as seen in Fig. 2. This leads to a distinct
dynamic response, as compared to hard sphere colloids and flexible linear polymers.
The dynamic structure factor C(q, t) at different magnifications (∼q−1), selected by
varying the magnitude of the scattering wavevector q, is the relevant physical quan-
tity to quantify the behavior of the system at different volume fractions.

4.1 Comparing Different Systems

The shape and size of an individual mesoscopic object cannot be directly seen by
real imaging. Instead, the form factor P(q) in the reciprocal space is commonly
utilized to quantify intra-particle spatial correlations. Following Fig. 1, the extreme
soft systems (linear polymers) are characterized by the Debye form of P(q) with
maximum at q = 0 and power law scaling q−2 at high values of qRg, with Rg being
the polymer radius of gyration [173]. For the hard systems of Fig. 1, P(q) exhibits
characteristic interference oscillations at high qR with R being the hard sphere radius
[173]. The form factor of the model soft colloidal particles presented in Sect. 2 will,
as expected, display correlation lengths describing their inherent density profile φ(r)
(see for example Fig. 2) and can be approximated by [54, 174]

P(q) =

⎡
⎣ ∞∫

0

4πr2φ(r)
sin (qr)

qr
dr

⎤
⎦

2/ ∞∫
0

4πr2φ(r)dr. (2)

Figure 6 displays simulated form factors for a multiarm star polymer of varying
functionality and a hard sphere [41]. The high-q asymptotic behavior, characteris-
tic of the coil structure, is absent in the latter case. A handicap in the experimental
determination of P(q) is often the narrow-q range accessible by the scattering tech-
niques that can be overcome through the combination of low-q light scattering and
high-q X-ray and/or neutron scattering (utilized on the same system). Size and shape
also determine the translational diffusion D0 of the nanoparticles in dilute solution,
and hence D0 can prove the consistency of the scattering results.

The spatial correlations between different mesoscopic (and beyond) objects
at sufficiently high volume fractions are manifested in the static structure factor
S(q) ∼ I(q)/P(q), where I(q) is the total scattering intensity pattern. Note that,
whereas this relation between S(q) and I(q) is rather approximate above the overlap
density [175], it serves as a guide to assess interacting colloidal systems. Whereas
a concentrated solution of interpenetrated polymer chains is characterized by a triv-
ial nanoscopic structure with a characteristic correlation length (mesh size) ξc(φ)
(Sect. 1) that decreases with the volume fraction φ , an interacting multiarm star
polymer forms a liquid-like [41, 176] or even crystalline [177, 178] order via the
excluded volume interactions of the cores (Figs. 2 and 6). The structure factor (con-
trolled by interactions, Fig. 5) affects the diffusion dynamics and the flow properties
of the system.
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Fig. 6 Computer simulations
results of the scattering
wavevector dependence of the
form factors P(q) of a star
with f = 24 arms (solid line)
and a (compact lattice) hard
sphere with nearly the same
number of beads (dotted line).
Taken from [41]

Taking the hard sphere colloids as a reference state, the mean-square displace-
ment (MSD) in dilute suspensions is associated with the particle self-diffusion D0,
whereas at finite volume fractions the onset of interactions marks the alteration
of the dynamics. The latter can be probed by the intermediate scattering function
C(q, t) which measures the spatiotemporal correlations φq(t) of the thermal vol-
ume fraction fluctuations [91]. Figure 7 depicts two representations (lower inset
and main plot) of the non-exponential C(q, t) for a nondilute hard sphere colloidal
suspension for q near the peak of S(q) (lower inset) [179]. In this case, the dif-
fusive (q2-dependent) initial rate (solid red line) reflects the collective diffusion
coefficient Dcoll(q), which depends on the thermodynamics of the colloidal sus-
pension (expressed by S(q)) and the hydrodynamic interactions. The measurement
of C(q,t) at low qR values yields the cooperative diffusion Dc which depends on
the osmotic pressure (∼1/S(qR → 0) and hence increases with volume fraction.
In the presence of size polydispersity, there is an additional incoherent contribu-
tion to C(q,t) decaying through the self-diffusion coefficient Ds(φ) [42, 43, 91].
The latter can also be measured for monodisperse hard sphere suspensions at fi-
nite concentrations at qR corresponding to the first minimum of S(q), i.e., when
the interactions can be ignored [91]. These three different diffusion coefficients
exhibit distinctly different dependence on q and φ . From these three transport
quantities, Dcoll(q) is absent in monodisperse homopolymers, whereas Ds can
hardly be measured in polydisperse homopolymers due to the vanishingly small
contrast.
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Fig. 7 Intermediate scattering function C(q, t) for a suspension of PMMA hard spheres (radius
R = 118nm) recorded at qR = 2.95 and volume fraction φ = 0.42 in a semi-log and log–log rep-
resentation (lower inset). The static structure factor S(q) is shown in the upper inset where the
vertical line indicates the value qR = 2.95 at which the function C(q, t) was recorded. The short-
time collective diffusion is obtained from the initial plot of C(q, t) (red line)

It is instructive to compare Ds for various soft systems such as polymers and col-
loids, as it shows sensitivity to the type of interactions. This is illustrated in Fig. 8
which depicts the normalized (to the extrapolated self-diffusion coefficient D0 at
zero concentration) inverse Ds for various systems (hard sphere suspensions, lin-
ear polymer solutions, star polymers, and block copolymer micelles) against the
effective volume fraction, φeff. The latter is obtained in the usual manner for hard
spheres (in reference to the random close packing) [91, 163], whereas for all other
soft systems it is expressed as the ratio c/c∗h of the mass concentration over the hy-
drodynamic overlap concentration (i.e., the c∗ based on the hydrodynamic radius Rh

rather than the radius of gyration, Rg). For example, Fig. 8 demonstrates the strong
effect of softness on the volume fraction dependence of Ds. Alternatively, this plot
can serve as a means to characterize different colloidal particles with respect to
their softness or design systems interpolating between polymers and colloids. We
shall not discuss here different possibilities for semi-empirical fitting of Ds (or vis-
cosity) data [81, 180, 182]. We only note the different physics associated with the
concentrated state of linear polymer (tube model) and hard sphere (long-time decay
of density fluctuations). The representation of Fig. 8 is also considered appropriate
for the zero-shear viscosities and allows obtaining master plots for direct compari-
son of different soft objects [183, 184]. However, the structure and interactions are
manifested differently in the normalized viscosity vs φeff plot and the corresponding
plot of Fig. 8 due to the effect of the internal (polymeric) structure. Only for the
hard spheres does the volume fraction dependence of viscosity and self-diffusion
coincide fully, as demonstrated in the figure.
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Fig. 8 Inverse self-diffusion coefficients 1/D (normalized to that at c → 0, 1/D0) or zero-shear
viscosities η0 normalized to the solvent ηs (for hard spheres, where indicated) against the ef-
fective volume fraction for different soft systems: open circles: hard sphere PMMA particles (in
cis-decalin) with small HSA layer and overall radius 247 nm, measured with photon correlation
spectroscopy (PCS) [185]; closed circles: viscosity data for hard sphere poly(butyl acrylate –
styrene) particles of diameter 254 nm with a layer of poly(ethylene oxide) of thickness 16 nm,
suspended in water [115, 186]; closed squares, open squares crossed with X and open squares:
linear PS (in good solvent acetophenone) of molar mass 34, 255, and 340kgmol−1, respectively,
measured with fluorescence correlation spectroscopy (FCS) [187]; open pentagons: polystyrene –
polyisoprene block copolymer micelles (PS-b-PI) with PS cores, in good PI-solvent decane (total
molar mass 1.9×103 kgmol−1, PS composition 0.26, f = 1,470), measured with PCS [188]; stars,
half-filled up triangles and filled stars: multiarm polybutadiene stars 12807, 12814, and 12880
(with nominally f = 128 arms and nominal arm molar masses 7, 14, and 80kgmol−1), respec-
tively, measured by pulsed field gradient (PFG)-NMR in good solvent d-toluene [43, 182, 189].
The lines through the hard spheres, micelles and stars data are empirical fits (Krieger-Dougherty
and Doolittle equations [12, 92, 186]) yielding maximum packing fractions of about 0.7, 1, and 4,
respectively (the latter value indicating strong interpenetration). The line with slope 1.75 represents
scaling prediction for linear coils

4.2 Dynamics of Interacting Colloidal Star Polymers

For a multiarm star polymer with f arms, the Daoud–Cotton model [28] (Fig. 2) im-
plies that the radius of the star scales as R ∼ Nν

a f (1−ν)/2, where ν ≈ 3/5 is the
Flory exponent and Na is the arm degree of polymerization. The concentration pro-
file scales with the radial distance r as φ(r) ∼ (rc/r)(3−1/ν) for r > rc, whereas
φ(r) = 1 for r < rc. As mentioned in Sect. 2, scattering measurements in both stars
and block copolymer micelles have demonstrated that the extracted form factor con-
forms to the Daoud–Cotton density profile, even for micelles as big as 450 nm in
radius [188].
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rc Rr1

Fig. 9 Schematic representation of (sections of) multi-arm star polymers in semidilute solution in
good solvent. The three different length scales, the radius of the star R, the coat r1, hard core rc are
indicated. The open circles denote the correlation length (ξc, blob size)

In the semidilute regime, the stars are densely packed on the R-scale (Fig. 9) and
some interpenetration takes place. Each star consists of a core with monomer density
φ(r) = 1 and a coat of radius r1 where the arms are stretched (due to geometrical
reasons) and φ(r) ∼ (rc/r)(3−1/ν) decreases with distance reaching the bulk (mean)
solution concentration φ at r ∼ r1 (limit of arm interpenetration in the semidilute
solution) [43]. Mass conservation implies that φ = φ1(1− cυ1)+ cυco, where φ1 =
(r1/r)(3−1/ν), c = φ/(Na f υ) is the number concentration of stars, υ is the monomer
volume, υ1 = (4π/3) r3

1 is the coat volume, and υco denotes the volume occupied by
the total number of monomers in the coat region. The term (1− cυ1) represents the
fraction of the total volume with uniform monomer concentration φ1, whereas the
term cυco reflects the coat contribution to the mean volume fraction. The crossover
φ∗ to the semidilute regime follows from the above relation for r1 = R (star radius)

yielding φ∗ = 3ν3ν(υc/Na f υ)3ν−1 ∼ f 2/5N−4/5
a where υc = (4π/3)r3

c ∼ f 3/2 is
the core volume. It follows that for similar molar masses, multiarm stars display
significantly lower φ∗ than linear chains in the same solvent.

The curvature-induced spatial inhomogeneous density distribution modifies the
free energy per unit volume in the semidilute regime, F = Fid + Fint, which in turn
alters the static and dynamic properties of the system. The free energy includes
the ideal mixing free energy contribution, Fid = c lnφ and the interaction term,
Fint = (1− cυ1)F(φ1)+ cFco which consists of the excluded-volume monomer in-
teractions and the arm stretching contributions. In the homogeneous φ1 region, the
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interpenetrating arms resemble linear chains in the semidilute regime and hence,

F(φ1) = (k/b3)φ3ν/(3ν−1)
1 where the numerical constant reflects the chain rigidity.

The term Fco = (k′/b3)υc[ln(r1/rc)] is the free energy of a coat region with k′ > k
being a numerical factor accounting for the (stronger) stretching of the arms inside
the coat region. The final result is [43]

Fint ≈ F(φ)
{

1 +[3ν(k′/k)/(3ν −1)ln(1/φ)−3ν −1](υc/Na f υ)φ−1/(3ν−1)
}

,

(3)
with F(φ) = (k/b3)φ3ν/(3ν−1) being the free energy of linear chains in semidilute
solution at volume fraction φ . Note that the uniform concentration in the coat region
is φ1 ≈ φ [1− (3ν − 1)(υc/Na f υ)φ−1/(3ν−1)] < φ and the correction term (due to
the star architecture) is υc/Na f υ ∼ f 1/2. Similarly, the correction term in (3) is
larger than Fid by a factor of υc ∼ f 3/2 and hence F ≈ Fint. The computed osmotic
modulus K = υφ2(∂ 2F/∂φ2) of the star solutions is lower than the corresponding
semidilute linear homopolymer solutions because of the lower contribution of the
monomers in the coat region. This is another architectural effect that reduces the
excluded-volume interactions of the star solution.

The exclusion of “foreign” arms (belonging to different stars) from the coat
region of a given star in nondilute solutions is clearly displayed in the simulated
monomer density profile of star polymer melts, as depicted in Fig. 2 [41]. Whereas
at low functionalities there is considerable star interpenetration, for f > 24 the in-
terpenetration becomes increasingly prohibited. This excluded volume effect causes
a liquid-like ordering as observed in solutions above φ∗ by small angle neutron
scattering (SANS) [26, 190] or in melts by small angle X-ray scattering (SAXS)
[176, 191]. The spacing of the structure, d, which is the most probable separation
between star cores distance between the cores was found to scale as d ∼ (f Na)

1/3

in agreement with the simulation of the pair correlation functions of the star centers
[41].

The static scattering intensity I(q → 0)/c as a function of concentration c is
a sensitive index of the (static) crossover concentration c∗, as shown in Fig. 10
[43, 192].

The values of c∗, which were obtained from the peak in the experimental
I(q = 0)/c vs multi-arm star concentration c, support the scaling prediction for the
stars as shown in the inset of Fig. 10. Above c∗, the decrease of I(q = 0)/c with con-
centration is reminiscent of the overlapping linear polymer physical networks [10,
193] with a slope close to (c/c∗)−1/(3ν−1) ∼ c−1.3. The star architecture seems re-
sponsible for the steeper drop of I(q = 0)/c∼ c/K due to the stronger, relative to ho-
mopolymers, concentration dependence of the osmotic modulus, i.e., I(q = 0)/c ∼
c−1/(3ν−1)[1+(3ν −1)/(3ν)3ν/(3ν−1) (k′/k)(c/c∗)−1/(3ν−1)]. The suppressed ther-
mal concentration fluctuations in semidilute polymer solutions relax via the cooper-
ative diffusion [10, 193] with the diffusion coefficient, Dc = sφ(∂ μ/∂φ) where s is
the sedimentation coefficient s = φξ 2 and μ = υ(∂F/∂φ) is the chemical potential.
For semidilute star solutions, s is locally non-uniform due the different ξ (φ), yield-
ing Dc = D0cν/(3ν−1)[1− (3ν − 1)/(3ν)3ν/(3ν−1)(k′/k−1)(c/c∗)−1/(3ν−1)] [43].
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Fig. 10 Normalized static scattering intensity vs reduced concentration c/c∗ for different polybu-
tadiene multiarm stars with f arms (nominal values 64–128) and arm molar masses Ma (nominal
values in the range 7–80kgmol−1: (circle) 6407 (i.e., f = 64, Ma = 7,000gmol−1), (triangle)
12807, (inverted triangle) 12814, (diamond) 12828, (left pointing triangle) 12856, (right pointing
triangle) 1280, and a linear polybutadiene of 165kgmol−1 (open square) [42, 43, 189, 192]. The
slope of −1.3 represents the scaling for the linear homopolymer. The inset depicts the conformity

of c∗ to the scaling prediction (c∗ ∼ f 2/5N−4/5
a )

The star architecture effects are more important for I(q → 0) than for Dc because
the ratio of the corresponding correction terms, k′/(k′ − k), is large when k′ ∼ k.
Nevertheless, the experimental Dc(c/c∗) reveals a stronger speed-up of Dc with
concentration in multiarm stars compared to the semidilute linear polymer solu-
tions. The hard core contribution to the osmotic pressure is essentially hidden in
the inhomogeneous density profile and the thermodynamic properties of the star
solutions are primarily determined by their polymeric character.

The particle character of the star is more pronounced in the intermediate scat-
tering function C(q,t), which is more complex than the polymeric counterpart.
Figure 11 depicts the C(q,t) at q = 0.035nm−1 (qRg = 1.5) for the largest polybuta-
diene star (Rg = 42nm) in cyclohexane solution with c = 0.016g mL−1 (c/c∗ = 6.8)
at 20◦C [43, 189]. The dynamics extend over 4 decades in time and the underly-
ing processes are best resolved by the inverse Laplace transformation (ILT) which
yields a continuum spectrum of relaxation times L(ln(τ)) [193]. At this concen-
tration, well above c∗, the fast diffusive process is identified with the cooperative
diffusion based on the increasing Dc (and decreasing intensity) associated with first
peak of L(ln(τ)). The third slowest process represents the relaxation of thermal
number density fluctuations and is associated with the self-diffusion of the stars as
verified by independent PFG–NMR measurements of the true self-diffusion coef-
ficient Ds in the same solutions [43, 189]. Self-diffusion is seen by light scattering
due to inherent functionality polydispersity of the stars that causes an incoherent
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Fig. 11 The dynamic structure factor C(q, t) of polybutadiene star 12880 (nominally f = 128,
Ma = 80kgmol−1) in cyclohexane at c1 = 0.016gmL−1 and q = 0.035nm−1, along with the fit
(solid line) from the ILT analysis. The corresponding relaxation distribution function L(ln(τ))
(shown here for c1 and c2 = 0.023gmL−1) embraces the cooperative diffusion (1), the collective
apparent diffusion (2), and the self-diffusion (3). The slowing-down of the middle structural mode
(2) and the increase of its intensity with q are shown in the upper inset whereas the lower cartoon
illustrates the liquid-like ordering [43, 189]. The core regions are drawn out of scale (larger) for
clarity

scattering in analogy to size polydispersity in colloidal dispersions [91, 194] and
composition polydispersity in diblock copolymers [195]. In the present case, the
finite functionality polydispersity (ε) of the stars can cause density fluctuations
due to the exchange of two effective populations, namely small f (1− ε) and large
f (1 + ε) stars. In the limit of small polydispersity ε 
 1, there is no phase sep-
aration and the process is driven by the ideal gas entropy of mixing of the two
types of stars and hence the intensity and decay rate of the slow process are [43]
Ip ∼ ( f 2ε2/Na)φ [(3v−3)/(3v−1)] ∼ φ−1/6 and Γp ≈ Dsq2, respectively. Note that, in
contrast to cooperative diffusion, Ds(c) decreases with increasing concentration fol-
lowing the viscosity of the system [42, 43].

The intermediate mode is associated with the correlations between the star
positions leading to liquid-like ordering. It describes the thermal relaxation of
the structure exhibiting distinct characteristics (upper inset to Fig. 11); its inten-
sity Icoll increases with q and the collective diffusion coefficient Dcoll (expressed
as Γcoll/q2, Γcoll being corresponding relaxation rate) decreases with q since the
fluctuations with wavelength of the order of the inter-star distance become more
probable and hence long-lived [195]. This is reflected on the colloid-like behavior
observed in dense suspensions of hard spheres [196] and is absent in homopolymer
solutions. Above c∗, the star positions are correlated in space and the cores im-
mersed in a sea of entangled arms (Fig. 9) undergo a collective diffusion controlled
by both hydrodynamic H(q) and thermodynamic S(q) interactions; for a hard-
sphere colloidal suspension, Dcoll = D0H(q)/S(q) [196]. The collective structural



From Polymers to Colloids: Engineering the Dynamic Properties of Hairy Particles

rearrangements, which reflect the colloidal nature of the high-functionality stars,
are also manifested in the viscoelastic response. As the functionality increases, in
addition to the arm retraction (a mechanism that governs the terminal, i.e., flow,
behavior of a star polymer), an additional slow relaxation process is observed and
assigned to the structural rearrangements of the liquid like ordered stars [197]. The
shift of the terminal flow to lower frequencies with increasing functionality is a
consequence of the increasing colloidal contribution due to the star topology. A
controlled manipulation of the latter at the synthesis level allows tailoring of the
mechanical response [42].

There is a host of other intriguing phenomena associated with the structure and
dynamics of stars, which we only list here. The inhomogeneous monomer density
distribution in Fig. 2 is responsible for temperature and/or solvency variation in anal-
ogy to polymer brushes attached on a flat solid surface [198]. In fact, multiarm star
solutions display a reversible thermoresponsive vitrification (see also Sect. 5) which,
in contrast to polymer solutions, occurs upon heating rather than on cooling [199].
Another effect is the organization of multiarm stars in filaments induced by weak
laser light due to action of electrostrictive forces [200]. This effect was recently at-
tributed [201] to local concentration fluctuations which provide localized-intensity
dependent refractive index variations. Hence, the structure factor specific to the par-
ticular material plays a crucial role in the pattern formation.

4.3 Dynamics of Core-Corona Systems: Block Copolymer
Micelles and Grafted Particles

We argue that the above features of star dynamics are generic for soft systems
of the core-shell type for which stars serve as prototype. Support for this comes
from the dynamic light scattering (DLS) investigation of large block copolymer
micelles, where all three relaxation modes, i.e., cooperative, structural and self-
diffusion are observed [188]. In particular, the star model discussed above applies
to core-shell particles with a small spherical core relative to the chain (shell) dimen-
sions. For a surface number density σ∗ = f/

(
4πr2

c

)
the polymer layer thickness

under good solvent conditions is L ∼ Nνσ∗(1−ν)/2 r(1−ν)
c = N3/5σ∗1/5 r2/5

c where
rc stands for the size of the micellar core [202–204]. For comparison, the size of
a swollen brush layer on a flat interface scales as L ∼ υ1/3Nσ∗1/3 with υ being
the excluded-volume parameter. This is a clear effect of the interface curvature
which changes the configurational statistics of the anchored chains and hence the
layer structure and interactions [203]. For intermediate curvatures, the expression

R5/3 −R5/3
c = 8R2/3

c N(4πσ∗)1/3/
(
3ν41/ν) was proposed [204] for the overall par-

ticle radius R in good solvents (ν ∼ 3/5). However, for an arbitrary rc/L ratio,
self-consistent-field-theory (SCFT) calculations are more reliable than these scal-
ing predictions [1195].

The form and the structure factor of the PEP–PEO star-like block-copolymer
micelles in aqueous solutions were thoroughly investigated by SANS [53–55, 205].
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The experimental form factor P(q) shown in Fig. 12a can be expressed as P(q) =
[bcFc(q,rc) + bsFs(q,rc,R)]2, where bc,bs are the contrast factors for the core (c)
and shell (s) with core radius rc and overall micelle radius R, whereas Fc(q), Fs(q)
are the scattering amplitudes of the core and shell, respectively. Under core contrast
conditions (bs ∼ 0), the expected first minimum for the compact sphere Fc(q) at high
q values falls outside the q-range, whereas under shell contrast conditions the power-
law behavior arising from blob (swollen PEO shell) scattering is observed. Hence,
the dual colloid-polymer character of the particle is clearly reflected in Fig. 12a.

The star-like micellar interactions lead to liquid-like ordering at volume fraction
φ ≈ φ∗ as seen in the S(q) of Fig. 12b (φ = 0.072) [55]. Except for the very low-
q region, all main features of S(q), i.e., peak positions and heights, are indentical
in multiarm stars of the same f . Above φ∗, the transition to a bcc polycrystalline
structure is evidenced by the Bragg peaks, the height (exceeding 2.8) of the first
peak of S(q) and the 2D SANS pattern [54].

In contrast to colloidal stars, the dynamic structure C(q, t) of other core-corona
systems is essentially unexplored because of the lack of well-characterized sys-
tems amenable to DLS experiments. The prerequisites for such studies include
sufficiently large particles (for light scattering), stability (in many micelles there is
exchange kinetics of constituent chains or non-equilibrium trapped core configura-
tions), large variety of grafting densities and grafted particles uncontaminated from
remaining free polymer chains. The few systems investigated so far are diblock
copolymer micelles with either glassy core [188] or fixed core by crosslinking [206]
and silica particles chemically grafted with poly(dimethyl siloxane) chains [101].

The low-q range of C(q,t) reveals the cooperative diffusion and self-diffusion
of the core-shell micelles. Whereas the features of the former (as discussed above)
appear to be generic, the latter is very much influenced by the internal structure
of the system. In particular, stable block copolymer micelles with rubbery (chem-
ically crosslinked) cores were shown to be responsive depending on the solvent
used. For a highly selective solvent (good for the grafted hairs and poor for the
core), a slowing-down of the self-diffusion with the (effective) volume fraction
was observed (Fig. 13) akin to that reported for other colloidal particles of varying
interactions (Fig. 8). On the other hand, it was found that a mutually good solvent
for core and corona yielded core swelling, and the core would shrink in turn at
high volume fractions as a result of the enhanced osmotic pressure and the asso-
ciated expulsion of solvent from the core. This shrinking, which we call osmotic
deswelling, had an impact on the reduced slowing-down of the self-diffusion co-
efficient (Fig. 13) with volume fraction and was confirmed by Brownian dynamic
simulations [206]. Remarkably, the inverse relative (to the solvent) zero-shear vis-
cosity is identical to the reduced (to that at c → 0) self-diffusion when plotted
against the effective volume fraction [206]. Note that similar osmotic deswelling
behavior (with consequences on tuning the rheology) has been reported recently for
polyelectrolyte microgel particles [156, 207].

The high-q region in the vicinity of the peak position q∗ of S(q) is dominated by
the collective diffusion with a weaker contribution of the arm relaxation. However,
in sharp contrast to the respective situation with hard sphere colloidal suspensions
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Fig. 12 (a) Partial form factor normalized to the volume fraction, I(q)/φ , in core contrast (closed
symbols) and shell contrast (open symbols) for h-PEP-dh-PEO in d-aqueous solutions. Data are
shown for two different micellar systems. Main plot: MPEP = 4.2kgmol−1, MPEO = 5.8kgmol−1,
f = 1,600 and φ = 5×10−4. Solid lines represent predictions and the limiting slope q−4 [54, 55].
Inset: MPEP = 1.2kgmol−1, MPEO = 21.5kgmol−1, f = 130 and φ = 10−3 [54,55]. The I ∼ q−5/3

law in the high-q region is typical of polymer chains in good solvent [173] and arises from the
swelling of PEO blobs in the shell, i.e., blob scattering [205]. (b) Structure factor S(q) of the
same PEP–PEO suspensions as those in the inset of (a) but in a water/DMF mixture with fraction
of DMF χDMF = 0.5 (yielding f = 63), compared to a respective multiarm polybutadiene star
( f = 64) in d-tolune, at φ/φ ∗ ≈ 1. The solid line is the theoretical prediction of S(q) based on the
Likos potential, (1). Taken from [55]
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Fig. 13 (a) Dependence of the diffusion coefficients of a poly (2-cinnamoylethyl acrylate)/poly
(butyl methacrylate) core/shell diblock copolymer micelle (with crosslinked core, f = 39 arms and
hydrodynamic radius in mutually good solvent toluene Rh = 48nm) on the effective hydrodynamic
volume fraction c/c∗h (based on Rh). Data are shown for the cooperative (red solid symbols) and
self-diffusion coefficients in two different solvents (toluene (black solid symbols) and cyclohexane
(red open symbols), the latter being poor for the core). Lines are drawn to guide the eye. The
slope of 1.75 is the cooperative diffusion scaling prediction for linear polymers [10]. (b) Brownian
dynamics simulations of the volume fraction dependence of the self-diffusion coefficient of a core-
shell particle (normalized to that at infinite dilution), depicted with solid squares. The case of
osmotic deswelling is accounted for by reducing the core size with volume fraction (open circles).
The data confirm the trend of apparent self-diffusion speed-up observed experimentally [206].
Lines are drawn to guide the eye

[196], Dcoll does not exhibit the thermodynamic slowing-down at q∗. This finding,
observed with block copolymer micelles [188], was attributed to the softness of
these particles (being the only difference from the hard-sphere particles of [196])
which apparently lead to peculiar, not yet fully understood, non-local H(q) inter-
actions. The fact that softness was the controlling parameter for this effect was
demonstrated by reducing the softness of the particles (from the ultrasoft micelles
of [188]) and observing the emergence of a weak slowing-down (weaker compared
to hard spheres) at q∗. Well-characterized hybrid particles consisting of a silica
core (rc = 250nm) grafted with poly(dimethyl siloxane) (PDMS) brush (thickness
L = 20nm) were recently synthesized and utilized for this purpose [101].

The short-time collective diffusion coefficient Dcoll(q) in concentrated suspen-
sion was measured by a combination of standard single and two-color dynamic
light scattering in order to suppress the effect of turbidity (which was at moder-
ate levels). The data revealed a weak slowing-down Dcoll(q) around the peak of S(q)
compared to hard sphere systems as seen in Fig. 14. These nearly-monodisperse par-
ticles with small corona can undergo crystallization by sedimentation, in accordance
with recently reported results with PMMA-coated silica particles having rc = 65nm
and L varying between 85 and 355 nm [204]. Despite these intriguing observations,
however, and in view of the rich parameter space (volume fraction, solvency, rc/L,
grafting density) as well as synthetic challenges with grafted particles (Sect. 2.3),
the elucidation of the dynamics of dense suspensions of core-shell particles is still
in its infancy.
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Fig. 14 Normalized Dcoll/D0 of PDMS coated silica suspension with φ = 0.3 in a symmetric
mixture of toluene and heptane (solid circles) along with hard sphere suspension (open squares)
at similar volume fraction. The hydrodynamic interactions expressed in H(q) for the two systems
(solid squares for the hard sphere suspension) are shown in the inset [101]. This system is crystal-
lized by sedimentation as seen in the photograph

The recent synthesis of model PMMA-grafted SiO2 nanoparticles with the flex-
ibility of tuning grafting density and rc/L [112] provided a means to continue the
investigations of C(q,t) along the already discussed path of parameter space. Their
dynamic response should display common and distinct features compared with the
established equilibrium dynamics of hard sphere colloids. The similarities should in-
clude the three aforementioned diffusion coefficients which are, however, expected
to be quantitatively different because of the significant alteration of the interaction
potential. In addition, the curvature-dependent brush-like nature of the polymeric
shell should be manifested in the osmotic pressure of the suspension and the asso-
ciated dynamics of the total density fluctuations.

The dynamic structure factor C(q, t) of two such PMMA-grafted SiO2 particles
(code DP150 with NPMMA = 150, f = 1,056 and code DP760 with NPMMA = 770,
f = 628, both grafted on the same silica core with rc = 10nm) was very re-
cently measured by PCS over a broad concentration range [205]. Three different
mechanisms contributed to the relaxation of φq(t) for q < q∗, and the diffusion
coefficients are plotted against volume fraction in Fig. 15. In the dilute regime
(φ < 5.10−3), C(q, t) exhibited a single-exponential decay with self-diffusion co-
efficient D0. Above this concentration, the onset of deviation from the single-
exponential shape of C(q,t) was detected and the normalized collective short-time
diffusion coefficient D(q → 0)/D0 decreased with q (cf Fig. 14) and with φ (inset to
Fig. 15) for both systems. For the present good-solvent conditions (for the PMMA
chains) the decrease of D(q → 0) reflects the increase of the friction coefficient
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Fig. 15 Normalized diffusion coefficients D(q → 0)/D0 as functions of the volume fraction φ for
PMMA-grafted silica particles DP 150 (open square) and DP 760 (open circle) in CCL4 (good
solvent for PMMA) at 20◦C [208]. The different crossover concentrations in the dynamics are
indicated by solid and vertical arrows. The inset shows in magnification the area bounded by the
rectangle around a normalized diffusion coefficient value of 1 in the main plot, using the same
colors and symbols (solid) for the two systems. Lines are drawn to guide the eye

with concentration. Above about φ = 0.01, D(q → 0) reverses its concentration
dependence following the sudden increase of the osmotic pressure, i.e., the strong
decrease of the intensity occurring at about φ∗ ∼ 5× 10−3 and 0.01 for the large
(DP760) and small (DP150) particles, respectively. This dominance of the ther-
modynamic contribution evolves from D0 and is not the only change around φ∗.
As seen in Fig. 15, two additional diffusive processes appear in the large DP760
at φ ≥ φ∗∗ ≈ 0.01, whereas for the smaller DP150 this dynamic splitting occurs at
much higher φ∗∗ ∼ 0.1. The fastest diffusive process associated with relatively weak
scattering intensity speeds-up with increasing concentration and hence it relates to
the polymeric (PMMA) cooperative diffusion which is expectedly absent in hard
sphere colloids but present in multiarm stars (Figs. 10 and 11). The slowest diffusion
process that exhibits strong slowing-down with concentration is associated to the
particle self-diffusion, as already discussed for the hard-sphere colloids, multiarm
stars and micelles. The inversion of the concentration dependence of the D(q → 0)
was also witnessed in the scattering intensity. According to Fig. 15 (see vertical
arrows), the bifurcation of D(q → 0) into cooperative and self-diffusion of the
core-shell particles occurs close to φ* for DP760 but at a different φ∗∗ ∼ 0.1 for the
DP150 system. The presence of the fastest diffusion that speeds-up with concen-
tration appears at about the bifurcation concentrations. Notably both dynamic and
intensity data can be represented (not shown) in a master plot against φ∗∗. Whereas
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this behavior reflects the dual polymeric-colloidal nature of the particles response,
a theoretical rationalization of the dynamic results of Fig. 15 remains a challenge.

4.4 Remarks on Crystallization

Well-characterized systems (hard or soft particles) are nearly monodisperse. This
implies that at high volume fractions (typically 0.5 for hard sphere systems [13])
colloidal crystallization is observed. This has indeed been the case of hard spheres
[13,91] and a number of soft sphere systems such as grafted particles with relatively
small brush length [204, 209], block copolymer micelles [67, 210–212], and micro-
gels [213–215]. We note that a typical way to suppress crystallization and transit
from a fluid to the glass state is by introducing size polydispersity into the sys-
tem [91]. However, for virtually monodisperse star polymers crystallization remains
a grand experimental challenge. It turns out that crystallization is indeed expected
for the stars at c∼ c∗ as a result of the concentration-induced enhanced osmotic pres-
sure which overbalances the elastic energy of the stretched arms [177]. At higher
concentrations the crystal melts and the semidilute polymer solution behavior is re-
covered. Moreover, based on the potential of (1) [29] various crystalline phases were
predicted (Fig. 16) [178]. However, there is only one reported direct experimental
observation of star crystallization [216] for nominal values of f = 128, Na = 130,
after gentle pre-shearing [217] (shear can of course influence spatial organization of
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Fig. 16 Calculated star phase diagram (inverse functionality f −1 again packing fraction η) [178].
The different regimes of the formed crystal phases (bcc, fcc, bco, diam) are indicated by dashed
curves. The calculated MCT glass line [224] is also shown (red closed circles and line through
them)
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colloidal systems in many ways [218–220]). There is also indication of approach to
crystallization based on indirect experimental information from PFG–NMR [182].

It is thus evident that stars do not crystallize as “easily” as, say, micelles (which
have a similar form). There are many possible reasons for this [221]: significant
fluctuations of the outer blobs of the stars (as well of the overall star position)
with amplitude exceeding the Linderman criterion limit, weak metastable state of
the stars, and difference between stars and micelles in relation to the presence
of a well-defined, solid core in the latter. Indeed, the difference in core size and
shape is important and can explain why star-like micelles could more easily crystal-
lize [54,58], whereas it also affects particles mechanical response and deformability
[222]. We note that a hybrid class of block copolymer stars, i.e., multiarm stars with
diblock arms [184] crystallized in selective solvents for the outer blocks (condi-
tions for stable micelle formation) [223]. With regard to the metastability issue, it
appears that stars at high packing fractions get trapped into glassy states, and the
original phase diagram of Fig. 16 was complemented with the glass lines calculated
from mode coupling theory (MCT) analysis [224]. Indeed, this glassy state has been
observed in stars [22,225] and star-like micelles [54,58]. But what would be the fate
of a star glass? Recently, molecular dynamics (MD) simulations demonstrated that
long annealing of a (thermally induced) star glass leads to a crystal [226]. Recent
experimental data appear to support this important finding [227]. In fact, Fig. 17
depicts the radial distribution function of a multiarm ( f = 128) star in the glassy
state (a) and the eventual crystalline state (b) after long aging.

5 Vitrification

It is evident from the above discussion that, upon increasing their volume frac-
tion, colloidal systems tend to reach a frozen state, either glassy or crystalline.
The glassy state is a non-equilibrium state, not well understood yet. In fact, it is
known that the glass transition represents one of the outstanding challenges in con-
densed matter physics [18, 228–232]. Whereas the phenomenology of hard spheres
colloidal glasses is well advanced [18] and various versions of the MCT serve as
a good framework to describe hard colloidal glasses [18, 231, 233–236], little at-
tention has been paid in the area of the soft colloids. To this end, the knowledge
acquired with hard sphere systems [18] serves as a guide for any further develop-
ment. In particular, hard-sphere-like colloidal glasses are characterized by repulsive
interactions, non-ergodicity and nearly time-independent MSD [237], enhanced,
nearly frequency-independent storage modulus [238], spatial and dynamic hetero-
geneity [239, 240], and very slow dynamics and aging [241, 242]. We attempt a
discussion in general terms of the glass transition of soft colloids, using the same
qualitative concept, that of caging [18].
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a

b

Fig. 17 Radial distribution function of a multiarm star (with nominal f = 128 and Ma =
56kgmol−1) star in n-decane at 50◦C (Rh = 42.4nm, c/c∗h = 1.17) in the glassy state (a) and
the crystalline state (b) after long aging [226]

5.1 Soft Colloids in the Glassy State

Dense systems are intimately related to packing (geometrical) constraints by their
neighbors. Starting from the limiting cases of linear flexible polymers and hard
sphere colloids (cf Fig. 1), we sketch the high volume fraction regime attempt-
ing at a generic qualitative description [233]. For long chain polymers (above the
entanglement limit) the topological constraints of the neighbors (entanglements)
in the concentrated regime (or in the melt) confine a test chain within a so-called
tube [11,243] as illustrated in Fig. 18a. The dynamics of this dense system is equiv-
alent to the escape of the chain from its tube, the so-called reptation [11, 244]. Due
to the very large number of chains, this is treated within the mean-field approach.
On the other hand, when colloidal hard spheres at φ ≈ 0.58 form a glass, a given
particle is constrained by a small number (not exceeding 12) of neighbors which re-
strict and eventually arrest its macroscopic motion (on the scale of its size), forming
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(a)  Entangled polymers:  tube model

(c)  Colloidal star polymers

(b)  Colloidal hard spheres: cage model

(d)  Attractive glass

φ ↑

Fig. 18 Schematic representation of crowded soft systems: (a) entangled polymers, (b) repulsive
colloidal hard spheres, (c) colloidal star polymers, and (d) attractive hard spheres. The former are
described by the tube model for entanglements, whereas the latter three by the general cage model
for colloidal glasses

an effective cage [91, 245, 246]. This is illustrated in Fig. 18b. Local motions of the
particle within its cage (resembling rattling) are of course possible (the so-called
β -relaxation). The escape of the particle from its cage (the so-called α-relaxation)
is the determining factor for the flow of the glass. In this case a mean-field descrip-
tion is not possible, and different approaches have been proposed, the mode coupling
theory being the most successful to date [18]. Thus, topological constraints at the
scale of the whole (end-to-end distance) system are discussed in the context of en-
tanglements in polymers and glass transition in colloids [233]. In the intermediate
case of soft colloids, one can consider a modified cage picture. The terminal mo-
tion of the dense star suspension signaling macroscopic flow is that of the center of
mass of the star [42, 197, 225]. The star is constrained within the cage of its neigh-
bors; however, at the same time, due to their inherent structure (Fig. 2) the stars
interpenetrate, forming effectively some engagements of the outer blobs (Fig. 9).
The star has to disengage from its neighbors (a process absent in hard spheres)
and move its center of mass (cage escape) for macroscopic flow to occur [225].
This is illustrated in Fig. 18c, and this interaction of the outer blobs of the stars has
consequences on their properties. For completeness, we discuss the cage concept
as applied to attractive colloidal glasses, i.e., the re-entrant glassy state induced in
colloid/non-absorbing polymer mixtures at large polymer concentration (depletion
strength) [16,17,247]. In that case, illustrated in Fig. 18d, a caged particle is bonded
to some neighbors. This bears analogies to the star glass cage, where the interstar
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engagement can well be considered as a type of transient bonding. Note, however,
that despite the interesting qualitative similarities, the physics of the two systems
(attractive glasses from hard sphere colloid/polymer mixtures and star glasses) is
not quite the same.

5.2 Signatures of Transitions and Rheology Manipulation

Here we focus on the main signatures of colloidal glassy states as extracted from
studies of dynamics. A dynamically arrested state (no matter whether it is a glass or a
gel) is characterized by non-ergodicity [91,237,247]. In Fig. 19a we depict a classic
set of experimental intermediate scattering functions from DLS measurements with
colloidal hard spheres over a range of volume fractions from the dilute to the glassy
regime, along with the respective MCT lines [237]. Vitrification is accompanied by a
non-relaxing (to zero) C(q,t), which is a clear sign of non-ergodicity. We also show
in Fig. 19b the experimentalC(q, t) of colloidal stars [248], exhibiting a qualitatively
identical behavior.

In accordance with the C(q,t), the MSD of a glassy suspension exhibits a plateau
in its time-dependence [18, 249, 250]. We show in Fig. 20 a specific example from
the calculated MSD (from MD simulations) of a colloidal star suspension, where
the necessary increase of the volume fraction to enter into the vitrified regime is
mediated by temperature [251] (the star size, and thus volume fraction, increases
with temperature [25, 26]).

A very rich rheological response characterizes colloidal glasses and can serve
as a means of identifying and/or distinguishing their different kinds [22, 252–255].

10−6 10−4 10−2 100 102 104 10−6 10−4 10−2 102100
0.0

0.5

1.0

t [s] t [s]

a b

C
(q

,t)

0.0

0.5

1.0

C
(q

,t)

Fig. 19 (a) Intermediate scattering function C(q, t) of hard sphere PMMA (Rh = 205nm) sus-
pension (in cis-decalin) at qR = 2.68, from the dilute to the glassy regimes (volume fraction: (+)
0.494, (open circle) 0.528, (open triangle) 0.535, (open square) 0.558, (×) 0.567, (diamond) 0.574,
(solid triangle) 0.581, (solid circle) 0.587). Solid lines represent MCT fits. Taken from [237]. (b)
Respective response of a colloidal polybutadiene star suspension (in good solvent cyclohexane, at
20◦C) at different values of the effective hydrodynamic volume fraction c/c∗h: (open circle) 0.06,
(open square) 0.72, (asterisk) 1.02, (open triangle) 1.48. Taken from [248]
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Fig. 20 Calculated star (nominal f = 128, Ma = 56kgmol−1) mean-square displacement as a
function of time for different temperatures: T = 35◦C (solid line) with estimated effective hydro-
dynamic volume fraction c/c∗h ≈ 0.895, 45◦C (dashed-dotted line) with c/c∗h ≈ 1.033, 50◦C (dotted
line) c/c∗h ≈ 1.168, and 55◦C (dashed line) c/c∗h ≈ 1.332. The observed emergence of plateau (for
50 and 55◦C) represents evidence of caging effects with increasing temperature. Data are taken
from [251]

Here we limit the discussion to the linear response. Small amplitude oscillatory
shear measurements (or dynamic frequency sweeps) provide information on the dy-
namics of these systems. We show such data for a hard sphere silica suspension (in
ethylene glycol) at various volume fractions [238] in Fig. 21a, b and for a glassy
microgel particle (PNIPAM-coated PS latex) aqueous suspension [256] in Fig. 21c.
We note that, as the volume fraction increases, the character of the suspension in
Fig. 21a, b expectedly changes from Newtonian liquid to viscoelastic liquid and
eventually to a viscoelastic solid (or glass). The latter exhibits a nearly frequency-
independent storage modulus (G′, Fig. 21a) and a frequency-dependent and much
lower in value loss modulus (G′′, Fig. 21b). Mode-coupling theory can success-
fully describe the linear viscoelastic spectrum. Based on this, the minimum in G′′
is assigned to the β -relaxation time, i.e., the in-cage local motion of the particle,
whereas the low-frequency crossover of G′ and G′′ (usually not reached experi-
mentally) to the α-relaxation, i.e., the macroscopic flow. Not surprisingly, the same
general features hold for soft colloids, as shown in Fig. 21c. There are of course
differences as discussed in the framework of the cage picture, which are reflected
in the values of moduli, extent of G′ plateau and whether it is a true plateau or a
weak power law, and the low-frequency response. Recently, an effort was made to
extend the rheological data to longer times. This is done with colloidal star poly-
mers [225]. As seen from the extracted frequency-dependent viscoelastic moduli
in Fig. 22a, the near plateau G′ and minimum in G′′ features of a colloidal glass are
preserved. In addition however, there is a low-frequency G′′ peak which is attributed
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Fig. 21 (a, b) The frequency dependencies of the storage G′ (a) and loss G′′ (b) moduli for
different volume fractions of uncoated silica hard spheres (Rh = 210nm) dispersed in ethylene
glycol [238]. The solid lines represent MCT predictions. (c) Respective data (G′: solid square; G′′:
open square) for an aqueous glassy microgel suspension (PNIPAM-coated PS latex particles, over-
all radius 105.3 nm and effective volume fraction 0.585 at 10◦C), along with the MCT lines [256].
The minimum of G′′ marks the inverse β -relaxation time
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Fig. 22 (a) Frequency-dependent linear viscoelastic moduli (G′: red circles; G′′: blue squares)
of a colloidal star (with nominal f = 128, Ma = 80kgmol−1) suspension in the glassy state in
squalene (at c/c∗h = 2.1) at 25◦C, along with the MCT fit (solid lines) [225]. (b) Respective data
for a star polybutadiene melt (with nominal f = 128, Ma = 14kgmol−1) at reference temperature
Tref =−94◦C [176,197], depicting characteristic relaxation times as indicated: (1) rattling time (of
outer parts of arms); (2) arm disengagement time; (3) time for star overall motion (center of mass)

to the star arm disengagement (cf Fig. 18), but the macroscopic flow occurs at even
lower frequencies. This intermediate (peak) arm relaxation is also observed in star
melts (Fig. 22b) where excluded volume interactions on the scale of the star size
dictate the system’s response [197] and is characteristic of the softness of these sys-
tems (imparted by the arms). It can also be considered as a kind of debonding, and



D. Vlassopoulos and G. Fytas

the arm viscoelasticity clearly plays a role in detecting it. In the case of attractive
glasses such a mode has not been clearly distinguished in the linear viscoelastic
spectrum [257].

Remarkably, MCT describes well the key glassy features around the β -relaxation
for both G′ and G′′ without essentially any adjustable parameters: the plateau G′

p and
minimum G′′

β values are taken from the experiments, whereas the additional mode
coupling parameters (usually referred to as a′, b′, and B) assume constant values
for all test systems [225, 256]. It is also worth noting that MCT describes the pre-
transitional approach to the glass for hard spheres [238], and it was successfully
applied well within the glassy state for ultrasoft colloids [225].

These results confirm the high sensitivity of rheology to transitions, and at the
same time challenge us to find ways to tailor the rheology of soft colloids. This can
have profound consequences in a wide range of technologies where glassy materials
with substantial thermodynamic and kinetic stability are needed (e.g., [258]). In
general, one can in many ways enhance the viscoelastic properties and create a
stronger glass or do the opposite and fluidize a glass. The former can be easily
performed by adding material and the latter by applying load and causing yielding
of the glass [158,160,186,257,259–262]. Here, we do not discuss these possibilities,
but instead briefly mention the not-so-obvious effects of thermodynamic forces in
achieving vitrification and melting.

When soft colloids (such as stars, block copolymer micelles, or particles ster-
ically stabilized with grafted chains) are suspended in solvents of intermediate
quality at high concentrations, an increase of temperature leads to an increase of
their effective volume fraction, which in turn can yield vitrification [26, 190, 199].
A representative example is depicted in Fig. 23a for a star with nominal f = 128 and
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Fig. 23 (a) Frequency-dependent linear viscoelastic moduli (G′: closed symbols; G′′: open sym-
bols) of a colloidal star with nominal values f = 128arms and Ma = 80kgmol−1 at a concentration
5 wt% in n-tetradecane and different temperatures (circles: 40◦C, squares: 50◦C, triangles: 55◦C).
A liquid-to-solid transition is marked between 50 and 55◦C. Lines with slopes 1 and 2 indicate
terminal behavior of G′′ and G′, respectively. Inset: The temperature dependence of the hydrody-
namic radius Rh of the same star, indicating swelling. (b) Respective moduli for the same system
at 40◦C in two different solvents, n-decane (circles, solid-like behavior) and n-tetracane (triangles,
liquid-like behavior) [26]
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Na = 1,480 in n-tetradecane, where the rheology changes from Newtonian liquid to
a glass with increasing temperature. This is due to the swelling of the star with tem-
perature (demonstrated in the inset of Fig. 23a), which reflects a volume fraction
increase. Such an effect was also explained using a temperature-dependent [25] star
potential and performing MD simulations [251]. The MSD vs time behavior ex-
hibits a long-time plateau at high temperatures (cf Fig. 20). This opens the route for
rheology manipulation via selection of different solvents, as the varying quality im-
parts different size and thus volume fraction. For example, Fig. 23b shows the same
star at the same temperature in two different solvents. Whereas in n-tetradecane
the suspension remains in the fluid state, in n-decane (better quality) it is already
vitrified.

Another example of rheology manipulation concerns mixtures involving soft
spheres. Here the starting point is the knowledge from colloid-polymer mixtures
and in particular the depletion effects of non-absorbing polymers [15, 17, 263, 264]
and the recent discovery of re-entrant attractive glasses [16, 247]. The question
of interest is what happens when softness comes into play. Mixtures involving
model soft spheres and in particular star polymers were recently investigated in de-
tail [20, 248, 265, 266]. In one type of mixtures the additive was a small (compared
to the star) linear homopolymer with the same chemistry. The other type involved
small stars. Whereas the findings have been recently summarized [22] we only men-
tion here the key results of relevance to rheology tailoring. With the original big star
suspension in the glassy state, it was found that addition of a small additive, linear
or star, affected the viscoelastic properties a great deal via depletion mechanism.
By tuning the strength (additive concentration) and range (size ratio) of depletion,
the rheology changed at wish: from glass to fluid to re-entrant glass. A host of dif-
ferent glassy states were discovered which are still under investigation [267], and
which are not seen in mixtures involving hard spheres [268]. Of particular interest
is the recently discovered asymmetric caging of binary mixtures with small size dif-
ference and large fraction of added small component, akin to sheared hard sphere
glasses [267]. The softness of interactions appears responsible for these phenomena,
as it has a distinct signature on the depletion interactions [19,248]. For example, the
range of size ratios is much larger compared to colloid/polymer mixtures, and more
types of multiple glassy states are observed. We show here two characteristic ex-
amples of depletion-induced rheology alteration, for a star/linear polymer (Fig. 24a)
and a star/star mixture (Fig. 24b).

In closing this section we note that aging is an inherent problem in colloidal
glasses, hard and soft alike. For soft colloids there is only fragmental evidence on
this important parameter [269,270], suggesting the scaling of viscoelastic properties
with the so-called waiting (i.e., aging) time, and more work is currently underway.
Related to aging and shear rejuvenation (i.e., shear-induced melting or rheological
homogenization) [157, 225] is the problem of thixotropy in these systems [271].
Despite the ample rheological literature on the subject, systematic thixotropy inves-
tigations with well-defined protocols and well-behaving systems (not necessarily
model systems, i.e., systems of unknown interaction potential) began only recently
[272, 273].
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Fig. 24 (a) Star/linear polymer mixtures: effects of adding small homopolymer chains in melting
a big star colloidal glass. Dynamic frequency sweeps of a polybutadiene star glass (with nominal
f = 270 and Ma = 43kgmol−1, c = 2.5wt% in good solvent toluene, yielding an effective hydrody-
namic volume fraction of 1.4) at 10◦C and several mixtures with linear homopolymer of molecular
mass 22.6kgmol−1 and different concentrations, Clin: (filled circles, open circles) 0.6 wt%, (filled
triangles, open triangles) 1.53 wt%, (filled stars, open stars) 2.51 wt% (solid symbols: G′; open
symbols: G′′). [19, 265]. Solid lines with slopes 1 and 2 represent the terminal scaling for G′′ and
G′, respectively. Arrow indicates the effect of added linear chains in inducing glass melting. (b)
Respective rheological data of asymmetric binary star mixtures in toluene at 20◦C [20, 266]. G′
(bold symbols) and loss G′′ (open symbols) moduli as function of frequency for different mixtures
consisting of a big star 12880 at c12880 = 2.55wt% in the glassy state and a small star 3210 (nomi-
nally f = 32 and Ma = 10kgmol−1) at different concentrations: c3210: 0 wt% (circles), 0.066 wt%
(diamonds), 0.21 wt% (triangles), 0.50 wt% (stars), 0.82 wt% (squares). It is evident that adding
small stars to a big stars glass leads to fluidization (with increasing c3210), as indicated by the arrow

6 Hybrid Systems and Other Emerging Applications

Extensive research in the past decade has focused on the structure-property relations
of bulk polymer nanocomposites, motivated by the perspectives of exploiting the
particular properties of nanoscale materials to achieve polymer composite materials
with new functionalities and greatly enhanced strength. Research on clay-polymer
hybrid materials [274] was initiated after the first invention by researchers at Toyota
[275] (mica in nylon). The focus shifted later to particles with well-defined shape,
size, and surface modification [276–282]. Nevertheless, contradictory results on the
improvement of mechanical properties have been obtained in different laboratories,
and thus many questions about the mechanism of enhancement in nanoparticle-filled
polymer materials remain open [278–284]. In these prior studies the importance of
the dispersed state of the particle fillers as well as of the interfacial interactions be-
tween the particle filler and polymer matrix components were recognized [285].
If nanoparticles are segregated, the optimum performance is that of traditional
fillers. Traditionally, the dispersion of particles in polymers has proven difficult due
to entropy loss of the polymer chains in the absence of an offset by favored en-
thalpic interactions. The understanding of and control over the interactions might
have important implications in structural engineering of the composites via a di-
rected spatial particle distribution [286], as well as in many biomedical applications
since the nanoparticle-mediated cellular response can be size-dependent [287].
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The dispersion of nanoparticles in polymer matrices has shown to be related
to the subtle interplay between enthalpic and entropic interactions that depend on
the chemistry and architecture of both polymer-coated particle and matrix polymer.
Owing to the vast parameter space which might affect the still missing structure-
property relationship, both theoretical and experimental studies are focused on the
size of the two mixture constituents and the surface functionalization of the nanopar-
ticles, in addition to their volume fraction. For nanoparticle-filled homopolymers,
miscibility is achieved when R < Rg where R denotes the effective particle radius
(i.e., the sum of core radius and shell thickness) [288], in agreement with theoretical
considerations [289, 290]. The polymer can accommodate the small particles with-
out substantial entropy penalty resulting from the chain stretching, in order to avoid
the impenetrable particles, but expels the large particles due to substantial confor-
mational entropy penalty. The anticipated increase in Rg (entropically unfavorable)
should be compensated by a negative interaction parameter (χ) in addition to the
usual favorable entropy of mixing (ΔSmix > 0, consistent with homogeneous disper-
sion). This enthalpy term ΔH is χN for chains of N monomers and ΔH = 4πR2χ
for the hybrid (polymer/nanoparticle) system.

The effect of the well-dispersed nanoparticle on the polymer dimension is con-
troversial since all possible situations (increase, decrease, or no change at all) on Rg

have already been reported in the literature [291,292]. Based on a very recent SANS
study [293], the dispute is attributed to the ill-defined equilibrium morphology of the
investigated dispersions. Even if the disordered state is thermodynamically stable,
it might be kinetically inaccessible unless a suitable processing strategy is adopted.
To assist access to that physical state in a mixture of polystyrene and chemically
identical nanoparticles (PS microgels), its solution in a common solvent (toluene)
was dripped into a non-solvent (methanol), inducing rapid precipitation. The scat-
tering wavevector dependence of the SANS intensity, I(q), from a PS/nanoparticle
with 2% dPS of similar molar mass (Mw) revealed miscibility for R < Rg and im-
miscibility for R > Rg. For the well-dispersed mixture, the d-PS was found to swell
by about 15% in the presence nanoparticles with φ = 0.1.

Computer simulations treating melt densities properly need to include nanopar-
ticle mobility and account for mixing entropy and enthalpic interactions in order
to predict a nanoparticle-induced polymer swelling [294]. One limitation of the
computational studies is the neglect of the polymeric surfactant shell bound to
the particle surface [276]. Earlier work [295–299] on the stabilization of grafted
colloids in polymer melts suggested that compatibilization requires the molecu-
lar weight of the surface-bound polymer to exceed the molecular weight of the
chemically identical matrix polymer. Moreover, attractive interactions between the
grafted polymer chains and the mobile melt chains can induce structural changes
(e.g., swelling) to the brush and thus enable the interpenetration of the melt free
chains [109, 296, 300, 301]. However, experimental tests of the effect of grafting
density, size, and shape of the particles and molecular weight of both grafted and
free chains on the physical state of the hybrid mixtures have been rare [288].

Polymer architectural complexity is also a key feature in the morphology of the
hybrid mixture since, in addition to the basic thermodynamic forces, microphase
separation of polymers can be utilized to direct the spatial distribution of the
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nanoparticles and thereby dictate the properties of the composite material. For
example, the self-assembly of diblock copolymers provides host microenvironments
for the nanoparticles and tuning their final location (e.g., interfacial vs selective-
layer arrangement) can influence the materials optimal performance [302]. From
the experience with the homopolymers/nanoparticle blends, however, the block
copolymer morphologies are not always expected to template the particle spa-
tial distribution; alternatively, the orientation and the morphology of the polymer
microdomains can be modified by the nanoparticle characteristics [286,303]. As al-
ready discussed, the two main parameters that are considered important for the
structure of particle-block copolymer blends are the conformational entropy and
the enthalpic contribution. They are controlled by the size of the nanoparticles and
the nanoparticle ligand (grafted) chains. Because of the entropic penalty, large parti-
cles are expelled from the diblock copolymers (polymers have to stretch around the
impenetrable particle) and reside in the center of either block’s domain (depending
on the nanoparticle ligand chains), whereas smaller particles are more uniformly
dispersed [298, 303–307].

On the experimental side, this size exclusion has been observed in the case for
diblock copolymers [308] in which nanoparticles of different size but same nanopar-
ticle ligand chains assume distinct locations within the microstructure (Fig. 25) and
for particle interpenetration into polymer brushes [309].

Fig. 25 Transmission electron micrographs (TEM) of a ternary nanocomposite of PS-poly(ethyl
propylene) (PEP) diblock copolymer with two types of nanoparticle-ligand systems: AuR1- and
SiO2R2-functionalized (R1,R2 are alkyl groups) nanoparticles of total volume fraction 0.02. The
former appear along the interface of the lamellar microdomains, whereas the latter reside in the
center of PEP microphases. Schematically, the nanoparticle distribution is shown in the inset. Taken
from [308]
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The spatial distribution of particles can be also driven by enthalpic interactions
through appropriate surface functionalization defining the grafting density σ∗ and
the polymer ligand molecular weight [302, 305]. A crude estimate of the critical
grafting density σ∗

c , below which the core-shell nanoparticles (of particle core ra-
dius rc and attached chain radius of gyration Rg) are directed to the interface of a

lamellar diblock, suggests σ∗
c ∼ [(rc + Rg)/rcRg

]2
, in good agreement with exper-

iment [305]. Therefore, the right combination of such thermodynamic forces can
guide the particle placement within a diblock copolymer matrix. This ability can be
utilized to create “gradient materials” [308, 310] by blending diblock copolymers
with bidisperse particles and compositionally heterogeneous structured silica hy-
brids through the right choice of the size of silica core-shell nanoparticles and the
size of the hydrophilic block of the block copolymer [311]. Conversely, the nanopar-
ticles can alter the morphology of the diblock copolymers as already mentioned.
This is due to the stretching of the matrix chains (caused by the particle excluded
volume) and the reduction of the interfacial energy for particle localization at the in-
terface between the incompatible blocks, which change the free energy of the block
copolymer, leading to a transition from one microphase to another. Directing gold
nanoparticles functionalized by thiol-terminated PS to the interface between PS and
poly (2-vinylpyridine)(P2VP) microdomains, a transition from a lamellar to bicon-
tinuous morphology of the PS-P2VP copolymer was observed [312], in agreement
with theoretical predictions [313]. This microphase transition can also be induced
by increasing the particle volume fraction for both symmetric (lamellar to hexago-
nally packed cylinders) and asymmetric (cylinders to lamellae) block copolymers.
These phase transformations are captured by advanced computer simulations that
combine the appropriate methods to correctly describe both the polymeric and col-
loidal nature of the composites [307]. In a similar context, a symmetric diblock
sandwiched between two solid surfaces changes its lamellar orientation from par-
allel to perpendicular to the surfaces after blending with nanoparticles [286, 314].
More complexity, but also more possibilities for tunability, can be imparted under
the influence of external fields, such as flow (e.g., [218, 315]).

Studies on the thermodynamic properties of mixtures of nanoparticles and bi-
nary polymer blends and the effect of particle characteristics (size, volume fraction,
surface functionality) on the phase behavior of the composite are relatively few. It
is known that phase separation kinetics and morphology are affected by the pref-
erential wetting of a solid surface by one component of the mixture. Therefore,
inclusion of particles drastically affects the pattern evolution of phase separation,
driving the particles into the more wetting phase. Since the coupling between wet-
ting and phase separation is dynamic, the pattern evolution depends strongly on
the particle mobility. The volume fraction of particles is a crucial parameter for the
resulting morphology since imbalanced coverage of the particles causes attractive
depletion forces. Theoretically, this wetting-induced depletion leads to an unusual
re-entrant morphological transformation, where the more wetting phase is altered
from network to droplet to network with increasing particle concentration [316].
With regard to the influence of the size of the nanoparticles on the miscibility of
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binary polymer blends, theoretical calculations have shown that a decrease of the
size can drive a phase separating system into the miscible one-phase region [317].

The nanoparticle/polymer mixtures (of respective size ratio R/Rg) display new
material properties not inherent to the constituent components, while many more are
expected to emerge. An entropy-driven effect is the migration of nanoparticles with
R ∼ Rg into cracks [318]. This suggests ways for designing self-healing systems
to restore their original mechanical strength. In contrast, smaller particles remain
in the polymer matrix without a substantial entropic penalty. The optical proper-
ties of diblock copolymer/nanoparticle blend depend sensitively on the materials
microstructure. The absorbance spectra reveal a significant decrease in the trans-
parency with a red shift in the case of interfacial particle segregation as opposed to
the selective-layer uniform particle dispersion [302]. The optical turbidity can be
suppressed through the control of the polymer coatings, which allow adjusting the
light scattering of the embedded nanoparticles. Because of the large surface area per
particle volume, the polymer ligands play a significant role in determining the prop-
erties of the nanoparticles. Thus the effective refractive index of SiO2-PS core-shell
nanoparticles can be tuned by the appropriate choice of the grafting density and de-
gree of polymerization of the grafted chains in the shell [112]. Promising photonic
and phononic properties of assembled mixtures of polymers and nanoparticles are
essentially unexplored [319–321].

The main research challenge remains the relation of the morphology of the
nanoparticle-filled polymers to their thermomechanical performance, which is of
paramount importance for the use of particle-based nanocomposites in technological
applications. In general, mixing rigid fillers with polymers increases the elastic mod-
ulus of the material [274, 275]. In the case of the nanofillers, the induced changes
are not well-understood, primarily due to their poor dispersion. There have been
relatively few theoretical and experimental studies of the thermomechanical behav-
ior of hybrid composites with well-defined spatial distribution of nanoparticles. Self
consistent field theory (SCFT) was applied to study the elastic properties of sym-
metric block copolymers with spherical particles (R ∼ Rg, φ = 0.15) sequestered in
the lamellar phase of one block [322]. While the shear modulus was unaffected, the
tensile modulus of the material decreased, due primarily to the swelling of the lamel-
lar block. The composite’s elastic constants reflect, in principle, volume (packing)
and/or energetics (high strength bonds); their influence on the dynamics and glass
transition of the polymeric system due to the addition of nanoparticles is essentially
unexplored. Computer simulations of the segmental dynamics of a polymer melt
surrounding a nanoscopic filler suggest close similarity to the behavior of ultrathin
films in the sense that the shift of glass transition temperature, Tg, is fully correlated
with the polymer filler interactions [323]. An attempt to quantify this analogy ex-
perimentally relies on well-characterized SiO2-PS core-shell particles and particle
spatial distribution [324]. For the entropic mixtures of CdSe-PS core-shell with lin-
ear PS, both the Young modulus E and the Tg were found to decrease with increasing
nanoparticle fraction. The trivial plasticization effect due to the short ligand chains
was excluded and the weakening effect was attributed to a possible formation of a
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depletion region around the nanoparticle [325]. Notably, when enthalpic (cohesive)
interactions become a significant factor, an increase of Tg and a slowing-down of
the segmental dynamics have been reported [326].

The matrix transport properties such as viscosity are severely affected by the
presence of nanoparticles, but in an unanticipated manner. A strong decrease of
the zero-shear viscosity was observed in entropic mixtures of PS nanogel parti-
cles (R ≤ Rg) with PS homopolymers [276]. This highly unusual reduction was
tentatively ascribed to a disruption of the polymer chain packing that leads to an
increase of the free volume. However, there was no accompanying decrease in the
Tg of the blend. It remains to be seen whether new physical phenomena (in addition
to the classical hydrodynamic interactions) become relevant for nanosized filler ad-
ditives. In [276], the PS nanoparticles were produced by dripping a solution of PS
chains with different amount of pendant crosslinking groups into a hot non-solvent
to activate the crosslinking process, and deformability cannot be excluded. On the
other hand, the studies with core-shell particles also point to an additional problem
for the interpretation of the thermomechanical properties of filled polymers, i.e., the
detachment of ligands during the thermal annealing cycle that is necessary to relieve
stress from the spin-cast films. This cleavage is a consequence of the weak covalent
bonding of most ligand-particle chemistries and effectively results in plasticization
of the matrix polymer with low molecular weight ligand molecules. The use of
core-shell particles, however, offers structural flexibility and enables the control of
the density profile, i.e., reduced crowding with increasing distance from the particle
center via grafting density and ligand chain molecular weight. This will form the
basis for the hypothesis that the grafted-chain density is an important parameter for
the thermomechanical properties of polymer nanocomposite mixtures.

Knowledge of the bulk mechanical behavior of the particle-filled hybrids
necessitates access to the elastic properties of the structured particles. Forces
which can be negligible in macroscopic systems (such as surface tension, depletion,
and confinement effects) often become significant at the nanoscale. Therefore, the
behavior of the same materials in nanoscopic systems can deviate considerably from
the bulk [327]. The nanomechanical properties in structured materials are a precon-
dition to realize specific needs in structural engineering applications. Conventional
dynamic rheological measurements of the macroscopic systems are usually not
sufficient as they cannot extend to the needed high frequencies. The latter relate to
the vibrational modes confined in the individual particles as a result of the elastic
motion at the nanoscale. These modes should sensitively depend on the geometrical,
architectural, interfacial and mechanical characteristics of the nanoparticles. It turns
out that there is a paucity of appropriate non-destructive experimental techniques
to probe these particle vibrations (sometimes called “music of spheres” [327])
since both high-frequency resolution and sensitivity are required to measure a few
eigenfrequencies. Raman scattering [328] has been utilized to detect few eigen-
frequencies of nanoparticles with dimension below 10 nm whereas Brillouin light
scattering (BLS) [193, 329] and optical pulse-probe techniques [330] can probe
respectively the spontaneous and stimulated vibrations confined in sub-micrometer
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particles. In the latter technique, the excited acoustic oscillations are observed in
the form of modulations of the transient reflectivity of the probe laser and hence the
particles must possess good reflectance (e.g., gold). In BLS, laser light is scattered
inelastically by the density fluctuations (phonons) associated with these particle
localized modes at thermal equilibrium and there are no such limitations. BLS
is basically a coherent scattering phenomenon [193, 331] and therefore capable
to record the phonon dispersion ω(k), where ω is the phonon frequency and k the
scattering wavevector. For non-transparent media, where a well-defined k is not pos-
sible due to multiple scattering effects, BLS can be applied only to reveal localized,
k-independent modes confined in space. Figure 26 shows two characteristic BLS
spectra [332] for bare silica spheres with R = 90nm and a silica-PMMA core-shell
particles with the same core and PMMA thickness of 112 nm. The spectra can be
well represented by up to nine Lorentzian line shapes as shown by the solid lines in
the Stokes side of the spectra. The peak position of these spectral lines yields the
resonance frequencies of the particle eigenmodes. While for the bare silica only two
resonance frequencies were resolved, the BLS spectrum of the core-shell system
(with about double radius) is much richer. These frequencies relate to the spheroidal
(i,l) modes with i being the i-th mode of the l-th spherical harmonic, and depend on
the mass density ρ and two sound velocities cl and ct with longitudinal and trans-
verse polarization, respectively, of the core and shell materials. Hence, the Poison
ratio σ =

(
c2

l −2c2
t

)(
2c2

l − c2
t

)
, the Young modulus E = ρc2

l (1+σ)/(1−2σ), and
the shear modulus G = ρc2

t can be obtained [332]. These values which are not a pri-
ori known for such systems and length scales can be obtained from the comparison
of the experimental eigenfrequencies with the theoretically computed density-of-
state spectra. Each resonance mode appearing at frequency f (i, l) matches the
corresponding experimental frequency by adjusting the materials elastic constants.

Fig. 26 Left: Scanning electron microscopy (SEM) pictures of silica (R = 90nm) and silica-
PMMA core-shell particles (R = 202nm). Right: BLS eigenmode spectra of the bare silica core
(top) and core-shell particle (bottom). The various solid lines on the Stokes-side (positive frequen-
cies) indicate the representation by a sum of up to nine Lorentzian line shapes. Taken from [332]



From Polymers to Colloids: Engineering the Dynamic Properties of Hairy Particles

The feasibility of BLS to measure the high frequency moduli was first demonstrated
in dilute suspensions of giant core-shell micelles [333].

Another promising use of colloidal particles in polymeric systems is related to the
manipulation and control of the properties of biphasic systems. Recently, colloidal
particles were used effectively as compatibilizers in polymer blends [334, 335],
a technologically important phenomenon similar to the Pickering emulsions, i.e.,
particle-stabilized emulsions [336]. An important related development was the
possible stabilization and arrest of the bicontinuous interface in a binary liquid
demixing via spinodal decomposition using particles that are neutrally wetted by
both liquids [337, 338]. The resulting new class of soft solids, named bijels (bicon-
tinuous interfacially jammed emulsions gel) could have many potential applications,
for example, in microfluidics and as micro-reaction media. Three-dimensional sam-
ples of bijel in which the interfaces are stabilized by essentially a single layer of
particles were recently produced and the mean interfacial separation in these bijels
was tuned [338, 339]. We believe that this is a very exciting field and the various
possibilities offered will be explored in great detail in the near future.

These examples constitute another proof of the reachness of soft hairy particles
and the ample possibilities one has to engineer their properties.

7 Conclusions and Outlook

The main message of this review is the fact that softness imparts an incredibly large
range of flexibility for tuning the properties of colloidal systems. Through various
examples involving the use of well-characterized model systems, it has been demon-
strated that it is possible to manipulate interactions and transitions in soft colloids
with the chemical (grafting, core-to-corona size ratio) and physical (temperature,
solvent, depletion, fraction of enthalpic contribution) parameters of the systems.
This, in turn, provides the key for tailoring their dynamics and rheology. Of course,
the use of other external fields such as flow and electric field can induce microstruc-
tural changes and are associated with a host of interesting phenomena (such as
ordering, shear banding, shear thickening). These aspects are not addressed in this
review, but the interested reader is referred to recent publications [218, 340–351].
In fact, directed colloidal self-assembly under non-equilibrium conditions (e.g., ex-
ternal fields) is an emerging promising field of research with potentially important
technological implications [352].

The significant recent advances in both colloidal and polymer chemistries have
enabled the successful fabrication of complex, defect-free nanostructures following
a bottom-up approach [353]. Two recent related examples are mentioned to stress
the point. Recently, triblock copolymer with divalent counter-ions in mixed sol-
vents led to the formation of particles with tunable internal structure mimicking
lipid anphiphiles for potential use in drug delivery. The mechanism of formation
involves either nanophase separation within the triblock copolymer nanoparticle
upon addition of water or microemulsion formation similar to that in lipid systems
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[354]. The second example is the formation of patchy nanoparticles. Bottom-up
approaches depend on the availability of well-defined building blocks and their
directed self-assembly into the predesigned structure of interest. The self-assembly
of soft particles is controlled by the strength, size, and distribution of attractive and
repulsive forces at their surface where the interaction with their surroundings (be-
ing other building blocks or solvent) occurs [355–357]. The strength and direction
of these forces on the surface is referred to as patchiness. Soft patchy nanopar-
ticles were studied and materialized with binary AB and BC diblock copolymers
where the patchiness was driven by the immiscibility of the A and B blocks at
the particle surface, or the assembly of colloidal particles with prebuilt patchiness
and sometimes formation of anistropic objects [358–361]. Soft patchy nanopar-
ticles can be found in proteins and viruses, whereas non-biological soft patchy
particles are very rare. Polyhedral structures were formed by colloidal spheres us-
ing capillary forces [362–364], whereas in a controlled guest-host chemistry the
degree of random patchiness can be adjusted by the guest-host ratio during the self-
assembly [365].

In the context of the newly emerging decorated colloids and engineering of effec-
tive interparticle potentials, a promising development is the covalent attachment of
DNA oligonucleotide on solid cores. This was realized more than 10 years ago with
the assembly of DNA-based gold nanoparticles upon addition of linking DNA du-
plex [366], and this field has received considerable interest in the colloid chemistry
community [367]. The choice of the attached DNA sequences and the DNA link-
ing molecules can direct different micrometer-sized crystalline gold nanoparticle
structures [368]. Aside the many promising applications of these oligonucleotide-
decorated nanoparticles, they exemplify patchy colloids with selective interactions
and certain valency, i.e., number of cites that prevent multiple bonding on the same
site simultaneously. These unique features can allow for unprecedented modifica-
tions of the phase diagram of this new class of colloids. For example, the region
in the T − φ plane in which clustering and gelation is expected, shifts towards
lower φ and/or lower T with decreasing valence (patchiness), in contrast to the hard
spheres colloidal suspensions when the range of added attractive interactions is de-
creased [369, 370]. This initial theoretical work and the new possibilities these new
materials promise will soon trigger the missing experimental investigations of their
structural and dynamic properties in a rich parameter space, which in turn will mo-
tivate additional theoretical efforts [371].

It has been known for more than two decades that light can manipulate (move,
trap, and guide) particles [372]. Electrostrictive forces hold transparent particles
larger than 100 nm in the brightest part of the beam; this effect led to the prolific
method of optical tweezers. Efficient optical trapping of silver and gold nanopar-
ticles has been extended to particles diameters down to 20 nm which. due to the
strong scattering by surface plasmons, allow for a concurrent optical visualization
[373]. The potential antimicrobial properties and the ease of surface functionaliza-
tion make these metal nanoparticles an obvious choice for nanomarkers in medical
applications.

The guiding of the particles in the focus of the light source changes the
refractive index in the colloidal suspensions and this induced Kerr effect can
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create self-focusing that counterbalances the natural diffraction and enhance light
transmission. The optical beam is therefore self-trapped by this induced waveg-
uide, creating the so-called optical spatial solitons (OSS) predicted and observed
in various materials [374, 375] including colloidal solutions [201, 376]. Due to the
nonlinearities, modulational instabilities further lead to the break-up of single soli-
ton (filament) propagation into self-ordered OSS (multi-filaments) arrays in those
media [377]. The variety of nonlinearities and the richness of colloid science along
with the elimination of the beam spatial spreading could provide ways for new
investigations of OSS with impact in optics and photonics [378].

The recent progress in describing the structure of soft colloids (e.g., the star pair
interaction potential) and the complexity of the chemistry and resulting internal
structure of the hairy particles available necessitate the development of predictive
tools for gaining a thorough understanding of their performance and designing novel
systems. In particular, for dense colloids mode couling theory in different versions
remains the reference framework. Recent approaches [236, 379] with more micro-
scopic information appear promising. On the other hand, a number of alternative
or complementary coarse-grained methodologies have recently emerged, notably
the soft glassy rheology (SGR) model [380–382], the responsive particle dynamics
(RPD) mesoscopic model [383–386], and the multiple-particle-collision dynamics
(MPC) [387, 388] or stochastic rotation dynamics [389] models that account for
hydrodynamic interactions mediated by the solvent (as alternatives to Stokesian
dynamics [390]). These approaches hold the premise of a rigorous understand-
ing (based on knowledge of structure) and control of complex phenomena such
as shear-induced melting and/or deformation, aging, thixotropy and shear banding
in a wide range of soft materials [225, 257, 270–273, 340–346, 377, 384, 391–396].
To this end, novel high-resolution rheo-physical experiments will be indispensable
[397–400]. At the same time, our understanding of complex phenomena in the bulk
such as yielding, could be enhanced greatly by parallel model studies in confined
space. This was recently demonstrated with the rheological study of flocculated two-
dimensional suspensions [401]. This study was possible thanks to the emergence of
interfacial rheometry instrumentation, which holds the promise for further advances
in this direction [402–404]. As a result of that work, possible mechanisms for cluster
break-up under flow were suggested [401, 405].

This is a very exciting area of research with many potential cutting-edge techno-
logical applications, and we can anticipate several new developments and applica-
tions. Pandora’s box has been just opened.
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Nonlinear Rheological Properties of Dense
Colloidal Dispersions Close to a Glass Transition
Under Steady Shear

Matthias Fuchs

Abstract The nonlinear rheological properties of dense colloidal suspensions
under steady shear are discussed within a first principles approach. It starts from
the Smoluchowski equation of interacting Brownian particles in a given shear flow,
derives generalized Green–Kubo relations, which contain the transients dynamics
formally exactly, and closes the equations using mode coupling approximations.
Shear thinning of colloidal fluids and dynamical yielding of colloidal glasses arise
from competition between a slowing down of structural relaxation because of
particle interactions, and enhanced decorrelation of fluctuations caused by the shear
advection of density fluctuations. The integration through transients (ITT) approach
takes account of the dynamic competition, translational invariance enters the con-
cept of wavevector advection, and the mode coupling approximation enables one
to explore quantitatively the shear-induced suppression of particle caging and the
resulting speed-up of the structural relaxation. Extended comparisons with shear
stress data in the linear response and in the nonlinear regime measured in model
thermo-sensitive core-shell latices are discussed. Additionally, the single particle
motion under shear observed by confocal microscopy and in computer simulations
is reviewed and analysed theoretically.

Keywords Colloidal dispersion · Flow curve · Glass transition · Integration through
transients approach · Linear viscoelasticity · Mode coupling theory · Nonlinear
rheology · Non-equilibrium stationary state · Shear modulus · Steady shear
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1 Introduction

Rheological and elastic properties under flow and deformations are highly charac-
teristic for many soft materials like complex fluids, pastes, sands, and gels, viz. soft
(often metastable) solids of dissolved macromolecular constituents [1]. Shear de-
formations, which conserve volume but stretch material elements, often provide the
simplest experimental route to investigate the materials. Moreover, solids and fluids
respond in a characteristically different way to shear, the former elastically, the lat-
ter by flow. The former are characterized by a shear modulus G∞, corresponding to
a Hookian spring constant, the latter by a Newtonian viscosity η0, which quantifies
the dissipation.

Viscoelastic materials exhibit both elastic and dissipative phenomena depending
on external control parameters like temperature and/or density, and depending on
frequency or time-scale of experimental observation. Viscoelastic fluids differ from
pastes and sands in the importance of thermal fluctuations causing Brownian mo-
tion, which enables them to explore their phase space without external drive like
shaking that would be required to fluidize granular systems. The change between
fluid and solid like behavior in viscoelastic materials can have diverse origins, in-
cluding phase transitions of various kinds, like freezing and micro-phase separation,
and/or molecular mechanisms like entanglement formation in polymer melts. One
mechanism existing quite universally in dense particulate systems is the glass tran-
sition, that structural rearrangements of particles become progressively slower [2]
because of interactions/collisions, and that the structural relaxation time grows dra-
matically.

Maxwell was the first to describe the viscoelastic response at the fluid-to-glass
transition phenomenologically. He introduced a time-dependent shear modulus
g(t) describing the response of a viscoelastic fluid to a time-dependent shear
deformation,

σ(t) =
∫ t

0
dt ′ g(t − t ′) γ̇(t ′) . (1)
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Here σ is the (transverse) stress, the thermodynamic average of an off-diagonal
element of the microscopic stress tensor, and γ̇(t) is the time-dependent shear
rate impressed on the material starting at time t = 0. Maxwell chose the Ansatz
g(t) = G∞ exp{−(t/τ)}, which interpolates between elastic behavior σ(t → 0) ≈
G∞ γ(t) for short times t 
 τ and dissipative behavior, σ(t)≈ η0 γ̇(t) for long times
t � τ; the strain γ(t) is obtained from integrating up the strain rate, γ(t)=

∫ t
0 dt ′γ̇(t ′).

Maxwell found the relation η0 = G∞ τ which connects the structural relaxation time
and the glass modulus G∞ to the Newtonian viscosity. He thus explained the in-
crease of the viscosity at the glass transition by the slowing down of the structural
dynamics (viz. the increase of τ), and provided a definition of an idealized glass
state where τ = ∞. It responds purely elastically.

Above relation (1) between σ and γ̇ is exact in linear response, where nonlinear
contributions in γ̇ are neglected in the stress. The linear response modulus (to be
denoted as glr(t)) itself is defined in the quiescent system and describes the small
shear-stress fluctuations always present in thermal equilibrium [1, 3]. Often, oscil-
latory deformations at fixed frequency ω are applied and the frequency dependent
storage- (G′(ω)) and loss- (G′′(ω)) shear moduli are measured in or out of phase,
respectively. The former captures elastic while the latter captures dissipative con-
tributions. Both moduli result from Fourier-transformations of the linear response
shear modulus glr(t), and are thus connected via Kramers–Kronig relations.

The stationary, nonlinear rheological behavior under steady shearing provides
additional insight into the physics of dense colloidal dispersions [1, 3]. Here, the
shear rate is constant, γ̇(t) ≡ γ̇ , and the stress σ(γ̇) in the stationary state achieved
after waiting sufficiently long (taking t → ∞ in (1)) is of interest. Equation (1) may
be interpreted under flow to state that the non-linearity in the stress vs shear rate
curve (the relation σ(γ̇) is termed “flow curve”) results from the dependence of the
(generalized) time-dependent shear modulus g(t, γ̇) on shear rate. The (often) very
strong decrease of the viscosity, defined via η(γ̇) = σ(γ̇)/γ̇, with increasing flow
rate is called “shear thinning,” and indicates that the particle system is strongly af-
fected by the solvent flow. One may thus wonder whether the particles’ non-affine,
random motion relative to the solvent differs qualitatively from the Brownian mo-
tion in the quiescent solution. Taylor showed that this is the case for dilute solutions.
A single colloidal particle moves super-diffusively for long times along the direction
of the flow. Its mean squared non-affine displacement grows with the third power
of time, much faster than the linear in time growth familiar from diffusion in the
quiescent system1. A priori it is thus not clear, whether the mechanisms relevant
during glass formation in the quiescent system also dominate the nonlinear rheol-
ogy. Solvent mediated interactions (hydrodynamic interactions, HI), which do not
affect the equilibrium phase diagram, may become crucially important. Also, shear
may cause ordering or layering of the particles leading to heterogeneities of various
kinds [4].

1 This effect that flow speeds up the irreversible mixing is one mechanism active when stirring a
solution. The non-affine motion even in laminar flow prevents the effect that stirring backwards
would reverse the motion of the dissolved constituents.
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Within a number of theoretical approaches a connection between steady state
rheology and the glass transition has been suggested. Brady worked out a scaling
description of the rheology based on the concept that the structural relaxation arrests
at random close packing [5]. In the soft glassy rheology model, the trap model of
glassy relaxation by Bouchaud was generalized by Cates and Sollich and coworkers
to describe mechanical deformations and ageing [6–8]. The mean field approach to
spin glasses was generalized to systems with broken detailed balance in order to
model flow curves of glasses under shear [9, 10]. The application of these novel
approaches to colloidal dispersions has led to numerous insights, but has been hin-
dered by the use of unknown parameters in the approaches.

Dispersions consisting of colloidal, slightly polydisperse (near) hard spheres
arguably constitute one of the most simple viscoelastic systems, where a glass tran-
sition has been identified. It has been studied in detail by dynamic light scattering
measurements [11–19], confocal microscopy [20], linear [21, 22], and non-linear
rheology [23–33]. Computer simulations are also available [34–36]. Mode coupling
theory (MCT) has provided a semi-quantitative explanation of the observed glass
transition phenomena, albeit neglecting ageing effects [37] and decay processes at
ultra-long times that may cause (any) colloidal glass to flow ultimately [2, 38, 39]. It
has thus provided a microscopic approach recovering Maxwell’s phenomenological
picture of the glass transition; G∞ and τ could be calculated starting from the particle
interactions as functions of the thermodynamic control parameters. MCT was also
generalized to include effects of shear on time dependent fluctuations [40–42], and,
within the integrations through transients (ITT) approach, to describe quantitatively
all aspects of stationary states under steady shearing [43–45].

The MCT-ITT approach thus provides a microscopic route to calculate the gener-
alized shear modulus g(t, γ̇) and other quantities characteristic of the quiescent and
the stationary state under shear flow. While MCT has been reviewed thoroughly,
see, e.g., [2, 38, 39], the MCT-ITT approach shall be reviewed here, including its
recent tests by experiments in model colloidal dispersions and by computer sim-
ulations. The recent developments of microscopy techniques to study the motion
of individual particles under flow and the improvements in rheometry and prepa-
ration of model systems, provide detailed information to scrutinize the theoretical
description, and to discover the molecular origins of viscoelasticity in dense col-
loidal dispersions even far away from thermal equilibrium.

The outline of the review is as follows. First the microscopic starting points, the
formally exact manipulations, and the central approximations of MCT-ITT are de-
scribed in detail. Section 3 summarizes the predictions for the viscoelasticity in the
linear response regime and their recent experimental tests. These tests are the quan-
titatively most stringent ones, because the theory can be evaluated without technical
approximations in the linear limit; important parameters are also introduced here.
Section 4 is central to the review, as it discusses the universal scenario of a glass
transition under shear. The shear melting of colloidal glasses and the key physi-
cal mechanisms behind the structural relaxation in flow are described. Section 5
builds on the insights in the universal aspects and formulates successively simpler
models which are amenable to complete quantitative analysis. In the next section,
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those models are compared to experimental data on the microscopic particle motion
obtained by confocal microscopy, to data on the macroscopic stresses in dispersions
of novel model core-shell particles close to equilibrium and under steady flow, and
to simulations providing the same information for binary supercooled mixtures. In
the last section, recent generalizations and open questions are addressed.

2 Microscopic Approach

MCT considers interacting Brownian particles, predicts a purely kinetic glass
transition, and describes it using only equilibrium structural input, namely the equi-
librium structure factor Sq [3, 46] measuring thermal density fluctuations. MCT-ITT
extends this statistical mechanics, particle based many-body approach to dispersions
in steady flow assuming a linear solvent velocity profile, but neglecting the solvent
otherwise.

2.1 Interacting Brownian Particles

N spherical particles with radius RH are considered, which are dispersed in a vol-
ume V of solvent (viscosity ηs). Homogeneous shear is imposed corresponding to
a constant linear solvent velocity profile. The flow velocity points along the x-axis
and its gradient along the y-axis. The motion of the particles (with positions ri(t)
for i = 1, . . . ,N) is described by N coupled Langevin equations [46]

ζ
(

dri

dt
−vsolv(ri)

)
= Fi + fi . (2)

Solvent friction is measured by the Stokes friction coefficient ζ = 6πηsRH. The
interparticle forces Fi = −∂/∂riU(

{
r j
}
) derive from potential interactions of par-

ticle i with all other colloidal particles; U is the total potential energy. The solvent
shear-flow is given by vsolv(r) = γ̇ y x̂, and the Gaussian white noise force satisfies
(with α,β denoting directions)

〈 f α
i (t) f β

j (t ′)〉 = 2ζ kBT δαβ δi j δ (t − t ′) ,

where kBT is the thermal energy. Each particle experiences interparticle forces, sol-

vent friction, and random kicks from the solvent. Interaction and friction forces on
each particle balance on average, so that the particles are at rest in the solvent on
average, giving for their affine motion 〈ri(t)〉 = ri(0)+ γ̇ t yi(0) x̂. The Stokesian
friction is proportional to the particle’s motion relative to the solvent flow at its po-
sition; the latter varies linearly along the y-direction. The random force on the level
of each particle satisfies the fluctuation dissipation relation.
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Even though (2) has been obtained under the assumption that solvent fluctuations
are close to equilibrium, the Brownian particle system described by it may reach
macroscopic states far from thermal equilibrium. Moreover, under (finite) shear, this
holds generally because the friction force from the solvent in (2) cannot be derived
from a conservative force field. It has non-vanishing curl, and thus the stationary
distribution function Ψ describing the probability of the particle positions ri cannot
be of Boltzmann–Gibbs type [47].

The microscopic starting (2) of MCT-ITT already carries two important approx-
imations. The first is the neglect of hydrodynamic interactions (HI), which would
arise from the proper treatment of the solvent flow around moving particles [3, 46].
As vitrification is observed in molecular systems without HI, MCT-ITT assumes that
HI are not central to the glass formation of colloidal dispersions. The interparticle
forces are assumed to dominate and to hinder and/or prevent structural rearrange-
ments close to arrest into an amorphous, metastable solid. MCT-ITT assumes that
pushing the solvent away only provides some additional instantaneous friction, and
thus lets short-time transport properties (like single and collective short-time dif-
fusion coefficients, high frequency viscoelastic response, etc.) depend on HI. The
second important approximation in (2) is the assumption of an homogeneous shear
rate γ̇ . This assumption may be considered as a first step, before heterogeneities and
confinement effects are taken into account. The interesting phenomena of shear lo-
calization and shear banding and shear driven clustering [48–52] are therefore not
addressed. All difficulties in (2) are thus connected to the many-body interactions
given by the forces Fi, which couple the N Langevin equations. In the absence of
interactions, Fi ≡ 0, (2) immediately leads to the super-diffusive particle motion
mentioned in the introduction, which often is termed “Taylor dispersion” [46].

As is well known, the considered microscopic Langevin equations, are equiv-
alent to the reformulation of (2) as a Smoluchowski equation; it is a variant of a
Fokker–Planck equation [47]. It describes the temporal evolution of the distribution
function Ψ ({ri} , t) of the particle positions

∂tΨ({ri} ,t) = Ω Ψ({ri} , t) , (3a)

employing the Smoluchowski operator (SO) [3, 46],

Ω =
N

∑
j=1

[
D0

∂
∂r j

·
(

∂
∂r j

− 1
kBT

F j

)
− γ̇

∂
∂x j

y j

]
, (3b)

built with the Stokes–Einstein–Sutherland diffusion coefficient D0 = kBT/ζ of a
single particle. Averages performed with the distribution function Ψ agree with
those obtained from the explicit Lagevin equations.

The Smoluchowski equation is a conservation law for the probability distribution
in coordinate space,

∂t Ψ + ∇ · j = ∂t Ψ +
N

∑
i=1

∂
∂ri

· ji = 0 ,
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formed with probability current j. Stationary distributions, which clearly obey
∂t Ψs = 0, which are not of equilibrium type, are characterised by a non-vanishing
probability flux js

i �= 0, where

js
i = D0

[
− ∂

∂ri
+

1
kBT

Fi + γ̇ yix̂
]

Ψs .

Under shear, js cannot vanish, as this would require the gradient term to balance
the term proportional to γ̇ which, however, has a non-vanishing curl; the “potential
conditions” for an equilibrium stationary state are violated under shear [47].

The ITT approach formally exactly solves the Smoluchowski equation, following
the transients dynamics into the stationary state. In this way the kinetic competi-
tion between Brownian motion and shearing, which arises from the stationary flux,
is taken into account in the stationary distribution function. To compute it explic-
itly, but approximatively, using ideas based on MCT, MCT-ITT approximates the
obtained averages by following the transient structural changes encoded in the tran-
sient density correlator.

2.2 Integration Through Transients Approach

2.2.1 Generalized Green–Kubo Relations

Formally, the H-theorem valid for general Fokker–Planck equations states that the
solution of (3) becomes unique at long times [47]. Yet, because colloidal particles
have a non-penetrable core and exhibit excluded volume interactions, corresponding
to regions where the potential is infinite, and the proof of the H-theorem requires
fluctuations to overcome all barriers, the formal H-theorem may not hold for non-
dilute colloidal dispersions. Nevertheless, we assume that the system relaxes into a
unique stationary state at long times, so that Ψ (t → ∞) =Ψs holds. This assumption
is self-consistent, because later on MCT-ITT finds that under shear all systems are
“ergodic” and relax into the stationary state. In cases where phase space decomposes
into disjoint pockets (“nonmixing dynamics”), the distribution function calculated
in (4) averages over all compartments, and thus cannot be used.

As alread stated, homogeneous, amorphous systems are assumed so that the
stationary distribution function Ψs is translationally invariant but anisotropic. The
formal solution of the Smoluchowski equation for the time-dependent distribution
function

Ψ (t) = eΩ t Ψe (4a)

can, by taking a derivative and integrating it up to t = ∞, be brought into the form
[43, 44]

Ψs = Ψe +
γ̇

kBT

∫ ∞

0
dt Ψe σxy eΩ†t , (4b)
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where the adjoint Smoluchowski Ω † operator arises from partial integrations over
the particle positions (anticipating that averages built later on with Ψ are done
by integrating out the particle positions). It acts on the quantities to be averaged
with Ψs. The assumption of spatial homogeneity rules out the considerations of
thermodynamic states where the equilibrium system would, e.g., be crystalline. The
equilibrium state is described by Ψe, which denotes the equilibrum canonical dis-
tribution function, Ψe ∝ e−U/(kBT ), which is the time-independent solution of (3a)
for γ̇ = 0; in (4b) it gives the initial distribution at the start of shearing (at t = 0).
The potential part of the stress tensor σxy = −∑N

i=1 Fx
i yi entered via ΩΨe = γ̇ σxyΨe.

The simple, exact result (4b) is central to the ITT approach as it connects steady state
properties to time integrals formed with the shear-dependent dynamics. Advanta-
geously, the problem to perform steady state averages, denoted by 〈. . .〉(γ̇), has been
simplified to performing equilibrium averages, which will be denoted as 〈. . .〉 in the
following, and contain the familiar Ψe. The transient dynamics integrated up in the
second term of (4b) contains slow intrinsic particle motion, whose handling is cen-
tral to the MCT-ITT approach. Generalized Green–Kubo relations, formally valid
for arbitrary γ̇ , can be derived from (4b).

The adjoint Smoluchowski operator was obtained using in the partial integrations
over the particle positions the incompressibility condition, Trace{κ} = 0, which
should always holds for the solvents of interest in this review. It takes the explicit
form (where boundary contributions are neglected throughout, simplifying the par-
tial integrations):

Ω † = ∑
i
(∂ i + Fi + ri ·κT ) ·∂ i .

This formula already uses a handy notation2 employing the shear rate tensor
κ = γ̇ x̂ŷ (that is, καβ = γ̇δαxδβ y), and dimensionless quantities. They are intro-
duced by using the particle diameter d as unit of length (throughout we convert
d = 2RH), the combination d2/D0 as unit of time, and kBT as unit of energy, where-
upon the shear rate turns into the bare Peclet number Pe0 = γ̇d2/D0. It measures
the effect of affine motion with the shear flow compared to the time it takes a sin-
gle Brownian particle to diffuse its diameter d. One of the central questions of the
nonlinear rheology of dense dispersions concerns the origin of very strong shear-
dependences in the viscoelasticity for (vanishingly) small bare Pe0 numbers. Thus
we will simplify by assuming Pe0 
 1, and search for another dimensionless num-
ber characterizing the effect of shear.

The formally exact general result for Ψs in (4b) can be applied to compute the
thermodynamic transverse stress, σ(γ̇) = 〈σxy〉/V . Equation (4b) leads to an exact
non-linear Green–Kubo relation:

σ(γ̇) = γ̇
∫ ∞

0
dt g(t, γ̇) , (5a)

2 The simplified notation with dimensionless quantities is used in the sections containing formal
mainpulations, and in a number of original publications.
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where the generalized shear modulus g(t, γ̇) depends on shear rate via the
Smoluchowski operator from (3b):

g(t, γ̇) =
1

kBTV
〈σxy eΩ†t σxy 〉(γ̇=0) . (5b)

This relation is nonlinear in shear rate, because γ̇ appears in the time evolution
operator Ω †, the adjoint of (3b). In MCT-ITT, the slow stress fluctuations in g(t, γ̇)
will be approximated by following the slow structural rearrangements, encoded in
the transient density correlators.

However, before discussing approximations, it’s worth pointing out that for-
mally exact explicit expressions for arbitrary steady-state averages can be obtained
from (4b). Using the definition f (γ̇) ≡ 〈 fq=0〉(γ̇)/V , where q is the wavevector, and
fq=0 =

∫
dr f (r) denotes the integral over an arbitrary density f (r), one finds the

general generalized Green–Kubo relation:

f (γ̇) = 〈 fq=0〉/V +
γ̇
V

∫ ∞

0
dt 〈σxy eΩ† t Δ fq=0 〉 , (5c)

where the symbol ΔX for the fluctuation in X was introduced, ΔX = X−〈X〉, be-
cause all mean values (which are constants for these purposes) drop out of the ITT
integrals, leaving only the fluctuating parts to contribute. Generalizations of (5c)
valid for structure functions (see, e.g., (6b)) and stationary correlation functions
(see (8)) are presented in [44]. Note that all the averages, denoted 〈. . .〉, are evalu-
ated within the (Boltzmann) equilibrium distribution Ψe. Why only q = 0 appears in
(5c) is discussed in Sect. 2.2.2.

It is these generalized Green–Kubo relations (5c) which are formally exact even
for arbitrary strong flows, and which form the basis for approximations in the MCT-
ITT approach. These approximations are guided by the evident aspect that slow
dynamics strongly affects the time integral in (5c). Therefore, in MCT-ITT approx-
imations are employed that aim at capturing the slow structural dynamics close to
a glass transition. It would be interesting also to employ the generalized Green–
Kubo relations in other contexts, where, e.g., entanglements lead to slow dynamics
in polymer melts.

2.2.2 Aspects of Translational Invariance

The generalized Green–Kubo relations contain quantities integrated/averaged over
the whole sample volume. Thus, the aspect of translational invariance/homogeneity
does not become an issue in (5) yet. A system is translational invariant if the cor-
relation between two points r and r′ depends on the distance r− r′ between the
two points only. The correlation must not change if both points are shifted by the
same amount. (Additionally, any quantity depending on one space point r only,
must be constant.) A system would be isotropic if, additionally, the correlation only
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depended on the length of the distance vector, |r− r′|; but this obviously cannot be
expected, because shear flow breaks rotational symmetry of the SO in (3b). Shear
flow also breaks translational symmetry in the SO of (3b), and therefore it is a pri-
ori surprising, that translational invariance holds under shear. Moreover, discussion
of translational invariance introduces the concept of an advected wavevector, which
will become important later on.

The time-dependent distribution function Ψ(t) from (4a) can be used to show
that a translationally invariant equilibrium distribution function Ψe leads to a trans-
lationally invariant steady state distribution Ψs, even though the SO in (3b) is not
translationally invariant itself. To show this, a point in coordinate space (r1, . . . ,rN)
shall be denoted by Γ , and shall be shifted, Γ → Γ ′, with r′i = ri + a for all i; a is
an arbitrary constant vector. This gives

Ω †(Γ ) = Ω †(Γ ′)−a κT P , with P = ∑
i

∂ i ,

explicitly stating that the SO is not translationally invariant. From (4a) it follows
that

Ψ (Γ ′,t) = eΩ(Γ )t−Pκ a t Ψe(Γ ) ,

where Ψe(Γ ′) = Ψe(Γ ) was used. The SO Ω and the operator Pκ a commute, be-
cause the shear rate tensor satisfies κ · κ = 0, and because the sum of all internal
forces vanishes due to Newton’s third law:

(Pκa) Ω −Ω (Pκa)

= ∑
i j

{[
∂ i

(
∂ j · ∂U

∂ r j

)
−
(

∂ j · ∂U
∂ r j

)
∂ i

]
κa− [

(aκT ∂ i) (r jκT ∂ j)− (∂ jκr j)(∂ iκa)
]}

= ∑
j

{[
∂ j

(
· ∂
∂ r j

(
∑

i

∂U
∂ ri

κa

))]
− [

(aκT ·κT ∂ j)
]}

= 0 .

Therefore, the Baker–Hausdorff theorem [53] simplifies (4a) to

Ψ(Γ ′, t) = eΩ(Γ )t e−Pκ a t Ψe(Γ ) = eΩ(Γ )t e−(∑i Fi)κ a t Ψe(Γ ) = eΩ(Γ )t Ψe(Γ ) ,

where the last equality again holds because the sum of all internal forces vanishes.
Therefore,

Ψ(Γ ′,t) = Ψ(Γ ,t)

holds, proving that the time-dependent and consequently the stationary distribution
function Ψs(Γ ) = limt→∞Ψ(Γ ,t) are translationally invariant. This applies at least
in cases without spontaneous symmetry breaking. Formally, the role of such sym-
metry breaking is to discard some parts of the steady state distribution function
and keep others (with the choice dependent on initial conditions). The distribu-
tions developed here discard nothing, and would therefore average over the disjoint
symmetry-related states of a symmetry-broken system.



66 M. Fuchs

Appreciable simplifications follow from translational invariance for steady-state
quantities of wavevector-dependent fluctuations:

fq(Γ ,t) = eΩ† t ∑
i

X f
i (Γ ) eiq·ri ,

where, e.g., Xρ
i = 1 describes density fluctuations ρq(t), while Xσ

i = δαβ +

(1/2)∑′
j(rα

i − rα
j )du(|ri − r j|)/drβ

i gives the stress tensor element σαβ (q) for
interactions described by the pair-potential u. Translational invariance in an infinite
sheared system dictates that averages are independent of identical shifts of all par-
ticle positions. As the integral over phase space must agree for either integration
variables Γ or Γ ′, steady-state averages can be non-vanishing for zero wavevector
only:

1
V

〈 fq(t)〉(γ̇) = f0(γ̇) δq,0 .

The average density n = N/V and the shear stress σ(γ̇) = 〈σxy〉(γ̇)/V are impor-
tant examples. Wavevector-dependent steady-state structure functions under shear
become anisotropic but remain translationally invariant, so that introduction of a
single wavevector suffices. The structure factor built with density fluctuations shall
be abbreviated by

Sq(γ̇) =
1
N

〈δρ∗
q δρq〉(γ̇) . (6a)

It needs to be kept apart from the equilibrium structure factor, denoted by

Sq =
1
N

〈δρ∗
q δρq〉 , (6b)

which is obtained by averaging over the particle positions using the equilibrium
distribution function Ψe. It will be one of the hallmarks of a shear molten, yielding
glass state, that even in the limit of vanishing shear rate both structure factors do not
agree: Sq(γ̇ → 0) �= Sq in a shear molten glassy state.

Translational invariance of sheared systems takes a special form for two-time
correlation functions, because a shift of the point in coordinate space from Γ to Γ ′
gives

〈δ f ∗q eΩ† t δgk〉(γ̇) = e−i(k·κ t+k−q)·a 〈δ f ∗q eΩ† t δgk〉(γ̇) ,

while obviously both averages need to agree. Therefore, a fluctuation with wavevec-
tor q is correlated with a fluctuation of k = q(t) with the advected wavevector

q(t) = q−q ·κ t (7)

at the later time t; only then does the exponential in the last equation become unity;
fluctuations with other wavevector combinations are decorrelated. The advected
wavevector’s y-component decreases with time as qy(t) = qy− γ̇ t qx, corresponding
to an (asymptotically) decreasing wavelength, which the shear-advected fluctuation
exhibits along the y-direction; see Fig. 1. Taking into account this time-dependence
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q(0)

λx

Δy

t>0

t=0

q(t)

λy

Δx

Fig. 1 Shear advection of a fluctuation with initial wavevector in x-direction, q(t=0) = q(1,0,0)T ,
and advected wavevector at later time q(t >0) = q(1,−γ̇t,0)T ; from [45]. While λx is the wave-
length in x-direction at t = 0, at later time t , the corresponding wavelength λy in (negative)
y-direction obeys λx/λy = Δx/Δy = γ̇t . At all times, q(t) is perpendicular to the planes of constant
fluctuation amplitude. Note that the magnitude q(t) = q

√
1+(γ̇t)2 increases with time. Brownian

motion, neglected in this sketch, would smear out the fluctuation

of the wavelength of fluctuations, a stationary time-dependent correlation function
characterized by a single wavevector can be defined:

Cf g;q(t) =
1
N
〈δ f ∗q eΩ† t δgq(t)〉(γ̇) . (8)

Application of (4, 5) is potentially obstructed by the existence of conservation
laws, which may cause a zero eigenvalue of the (adjoint) SO, Ω †. The time integra-
tion in (4b, 5) would then not converge at long times. This possible obstacle when
performing memory function integrals, and how to overcome it, is familiar from
equilibrium Green–Kubo relations [54]. For Brownian particles, only the density
ρ is conserved. Yet density fluctuations do not couple in linear order to the shear-
induced change of the distribution function [44]. The (equilibrium) average

〈σxy eΩ†t ρq〉 = 0

vanishes for all q, at finite q because of translational invariance, and at q = 0 because
of inversion symmetry. Thus, the projector Q can be introduced:

Q = 1−P , with P = ∑
q

δρq 〉 1
NSq

〈δρ∗
q . (9)

It projects any variable into the space perpendicular to linear density fluctuations.
Introducing it into (5c) is straightforward because couplings to linear density can
not arise in it anyway. One obtains

f (γ̇) = 〈 fq=0〉/V +
γ̇
V

∫ ∞

0
dt 〈σxy Q eQΩ† Qt QΔ fq=0 〉 , (5d)
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The projection step is exact, and also formally redundant at this stage; but it will
prove useful later on, when approximations are performed.

2.2.3 Coupling to Structural Relaxation

The generalized Green–Kubo relations leave us with the problem of how to approx-
imate time-dependent correlation functions in (5). Their physical meaning is that,
at time zero, an equilibrium stress fluctuation arises; the system then evolves under
internal and shear-driven motion until time t, when its correlation with a fluctua-
tion Δ fq=0 is determined. Integrating up these contributions for all times since the
start of shearing gives the difference of the shear-dependent quantities to the equi-
librium ones. During the considered time evolution, the projector Q prevents linear
couplings to the conserved particle density.

The time dependence and magnitudes of the correlations in (5) shall now be ap-
proximated by using the overlaps of both the stress and Δ fq=0 fluctuations with
appropriately chosen “relevant slow fluctuations.” For the dense colloidal disper-
sions of interest, the relevant structural rearrangements are assumed to be density
fluctuations. Because of the projector Q in (5d), the lowest nonzero order in fluctu-
ation amplitudes, which we presume dominant, must then involve pair-products of
density fluctuations, ρk ρp (in simplified notation dropping δ ).

The mode coupling approximation may be summarized as a rule that applies to
all fluctuation products that exhibit slow structural relaxations but whose variables
cannot couple linearly to the density. Their time-dependence is approximated as:

Q eQΩ†Qt Q ≈ ∑
k>p

Qρk(−t) ρp(−t) 〉
Φk(−t)(t) Φp(−t)(t)

N2Sk Sp
〈 ρ∗

k ρ∗
p Q (10a)

The fluctuating variables are thereby projected onto pair-density fluctuations, whose
time-dependence follows from that of the transient density correlators Φq(t)(t),
defined in (12). These describe the relaxation (caused by shear, interactions and
Brownian motion) of density fluctuations with equilibrium amplitudes. Higher order
density averages are factorized into products of these correlators, and the reduced
dynamics containing the projector Q is replaced by the full dynamics. The entire
procedure is written in terms of equilibrium averages, which can then be used to
compute nonequilibrium steady states via the ITT procedure. The normalization in
(10a) is given by the equilibrium structure factors such that the pair density correla-
tor with reduced dynamics, which does not couple linearly to density fluctuations,
becomes approximated to:

〈ρ∗
k ρ∗

p Q eQΩ†Qt Qρk(t) ρp(t) 〉 ≈ N2Sk Sp Φk(t) Φp(t) . (10b)

This equation can be considered as central approximation of the MCT [38] and
MCT-ITT approach. While the projection onto density pairs, which is also con-
tained/implied in (10a), may be improved upon systematically by including higher
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order density or other fluctuations, see [55, 56] for examples, no systematic way to
improve upon the breaking of averages in (10b) has been discovered up to now, to
the knowledge of the author.

The mode coupling approximations introduced above can now be applied to the
exact generalized Green–Kubo relations (5d). Steady state expectation values are
approximated by projection onto pair density modes, giving

f (γ̇) ≈ 〈 f0〉/V +
γ̇

2V

∫ ∞

0
dt ∑

k

kxky(−t)S′k(−t)

k(−t) S2
k

V f
k Φ2

k(−t)(t) , (11a)

with t the time since switch-on of shear. To derive this, the property Φ∗
k = Φ−k = Φk

was used; also the restriction k > p when summing over wavevectors was dropped,
and a factor 1

2 introduced in order to have unrestricted sums over k. Within (11a) we
have already substituted the following explicit result for the equal-time correlator of
the shear stress with density products:

〈σxy Q ρk(−t) ρp(−t)〉 = N
kx ky(−t)

k(−t)
S′k(−t) δk(−t),−p(−t) =

N
γ̇

∂t Sq(−t) δk,−p . (11b)

It’s an exact equality using the equilibrium distribution function and (6)

〈σxy Q ρk ρ∗
k〉 = 〈σxy ρk ρ∗

k〉 =
∫

dΓΨe

(
−∑

i
Fx

i yi

)
ρk ρ∗

k

=
∫

dΓΨe

(
∑

i
∂ x

i yi

)
ρk ρ∗

k = ikx ∑
i j
〈yi(eik(ri−r j) − e−ik(ri−r j))〉

Equation (11a), as derived via the mode-coupling rule detailed above, contains
a “vertex function” V f

k , describing the coupling of the desired variable f to density
pairs. This denotes the following quantity, computed using familiar thermodynamic
equalities:

V f
k ≡ 〈ρ∗

kρk Q Δ f0〉/N = 〈ρ∗
kρk Δ f0〉/N −S0

(
Sk + n

∂Sk

∂n

)
∂ 〈 f0〉/V

∂n

)
T
. (11c)

In ITT, the slow stress fluctuations in g(t, γ̇) are approximated by following the
slow structural rearrangements, encoded in the transient density correlators. The
generalized modulus becomes, using the approximation (10a) and the vertex (11b):

g(t, γ̇) =
kBT

2

∫
d3k

(2π)3

k2
xkyky(−t)
k k(−t)

S′kS′k(−t)

S2
k

Φ2
k(−t)(t) , (11d)

Summation over wavevectors has been turned into integration in (11d) considering
an infinite system.
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The familiar shear modulus of linear response theory describes thermodynamic
stress fluctuations in equilibrium, and is obtained from (5b, 11d) by setting γ̇ = 0
[1, 3, 57]. While (5b) then gives the exact Green–Kubo relation, the approxima-
tion (11d) turns into the well-studied MCT formula (see (17)). For finite shear
rates, (11d) describes how affine particle motion causes stress fluctuations to explore
shorter and shorter length scales. There the effective forces, as measured by the gra-
dient of the direct correlation function, S′k/S2

k = nc′k = n∂ck/∂k, become smaller,
and vanish asympotically, c′k→∞ → 0; the direct correlation function ck is connected
to the structure factor via the Ornstein–Zernicke equation Sk = 1/(1−nck), where
n = N/V is the particle density. Note that the equilibrium structure suffices to quan-
tify the effective interactions, while shear just pushes the fluctuations around on the
“equilibrium energy landscape”.

While in the linear response regime, modulus and density correlator are measur-
able quantities; outside the linear regime, both quantities serve as tools in the ITT
approach only. The transient correlator and shear modulus provide a route to the sta-
tionary averages because they describe the decay of equilibrium fluctuations under
external shear and their time integral provides an approximation for the stationary
distribution function. Determination of the frequency dependent moduli under large
amplitude oscillatory shear has only recently become possible [58], and requires an
extension of the present approach to time dependent shear rates in (3) [59].

2.2.4 Transient Density Correlator

In ITT, the evolution towards the stationary distribution at infinite times is approx-
imated by following the slow structural rearrangements, encoded in the transient
density correlator Φq(t). It is defined by [43, 44]

Φq(t) =
1

NSq
〈δρ∗

q eΩ†t δρq(t) 〉(γ̇=0) . (12)

It describes the fate of an equilibrium density fluctuation with wavevector q, where
ρq = ∑N

j=1 eiq·r j , under the combined effect of internal forces, Brownian motion, and
shearing. Note that because of the appearance of Ψe in (4), the average in (12) can
be evaluated with the equilibrium canonical distribution function, while the dynam-
ical evolution contains Brownian motion and shear advection. The normalization
is given by Sq, the equilibrium structure factor [3, 46] for wavevector modulus
q = |q|. The advected wavevector from (7) enters in (12). The time-dependence in
q(t) results from the affine particle motion with the shear flow of the solvent. Again,
irrespective of the use ofΨe in (12), orΨs in (8), in both cases translational invariance
under shear dictates that at a time t later, the density fluctuation δρ∗

q has a nonva-
nishing overlap only with the advected fluctuation δρq(t). Figure 1 again applies,
where a non-decorrelating fluctuation is sketched under shear. In the case of vanish-
ing Brownian motion, viz. D0 = 0 in (3b), we find Φq(t) ≡ 1, because the advected
wavevector takes account of simple affine particle motion. The relaxation of Φq(t)
thus heralds decay of structural correlations by Brownian motion, affected by shear.
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2.2.5 Zwanzig–Mori Equations of Motion

Structural rearrangements of the dispersion affected by Brownian motion is encoded
in the transient density correlator. Shear induced affine motion, viz. the case D0 = 0,
is not sufficient to cause Φk(t) to decay. Brownian motion of the quiescent corre-

lator Φ(γ̇=0)
k (t) leads at high densities to a slow structural process which arrests at

long times in (metastable) glass states. Thus the combination of structural relaxation
and shear is interesting. The interplay between intrinsic structural motion and shear-
ing in Φk(t) is captured by (1) first a formally exact Zwanzig–Mori type equation
of motion, and (2) second a mode coupling factorisation in the memory function
built with longitudinal stress fluctuations [43–45]. The equation of motion for the
transient density correlators is

∂tΦq(t)+Γq(t)
{

Φq(t)+
∫ t

0
dt ′ mq(t,t ′) ∂t′ Φq(t ′)

}
= 0 , (13)

where the initial decay rate Γq(t) = D0 q2(t)/Sq(t) generalizes the familiar result
from linear response theory to advected wavevectors; it contains Taylor dispersion
mentioned in the introduction, and describes the short time behavior, Φq(t → 0) →
1−Γq(0)t + . . ..

2.2.6 Mode-Coupling Closure

The memory equation contains fluctuating stresses and, like g(t, γ̇) in (11d), is cal-
culated in mode coupling approximation using (10a) giving:

mq(t,t ′) =
1

2N ∑
k

Vqkp(t,t ′) Φk(t′)(t − t ′) Φp(t′)(t − t ′) , (14a)

where we abbreviated p = q − k. The vertex generalizes the expression in the
quiescent case, see (18c) below, and depends on twice capturing that shearing decor-
relates stress fluctuations [43–45]:

Vqkp(t,t ′) =
Sq(t) Sk(t′) Sp(t′)

q2(t)q2(t ′)
Vqkp(t) Vqkp(t ′) ,

Vqkp(t) = q(t) · (k(t) nck(t) + p(t) ncp(t)
)
. (14b)

With shear, wavevectors in (14b) are advected according to (7).
The summarized MCT-ITT equations form a closed set of equations determining

rheological properties of a sheared dispersion from equilibrium structural input [43–
45]. Only the static structure factor Sq is required to predict (1) the time dependent
shear modulus within linear response, glr(t) = g(t, γ̇ = 0), and (2) the stationary
stress σ(γ̇) from (5a).
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2.3 A Microscopic Model: Brownian Hard Spheres

In the microscopic ITT approach, the rheology is determined from the equilibrium
structure factor Sq alone. This holds at low enough frequencies and shear rates, and
excludes a single time scale, to be denoted by the parameter t0 in (22b), which
needs to be found by matching to the short time dynamics. This prediction has as a
consequence that the moduli and flow curves should be a function only of the ther-
modynamic parameters characterizing the present system, viz. its structure factor.
Because the structure factor for simple fluids, far from demixing and other phase
separation regions, can be mapped onto the one of hard spheres, the system of hard
spheres plays a special role in the MCT-ITT approach. It provides the most sim-
ple microscopic model where slow structural dynamics can be studied. Moreover,
other experimental systems can be mapped onto it by chosing an effective packing
fraction φeff = (4π/3)nR3

H and particle radius so that the structure factors agree.
The claim that the rheology follows from Sq is supported if the rheological prop-

erties of a dispersion only depend on the effective packing fraction, if particle size
is taken account of properly. Obviously, appropriate scales for frequency, shear rate
and stress magnitudes need to be chosen to observe this; see Sect. 6.2. The depen-
dence of the rheology (via the vertices) on Sq suggests that kBT sets the energy scale
as long as repulsive interactions dominate the local packing. The length scale is set
by the average particle separation, which can be taken to scale with RH. The time
scale of the glassy rheology within ITT is given by t0, which should scale with the
measured dilute diffusion coefficient D0. Thus the rescaling of the rheological data
can be done with measured parameters alone.

Because the hard sphere system thus provides the most simple system to test and
explore MCT-ITT, numerical calculations only for this model will be reviewed in
the present overview. Input for the structure factor is required, which, for simplic-
ity, will be taken from the analytical Percus–Yervick (PY) approximation [2, 3].
Straightforward discretization of the wavevector integrals will be performed as dis-
cussed below, and in detail in the quoted original papers.

2.4 Accounting for Hydrodynamic Interactions

Solvent-particle interactions (viz. the HI) act instantaneously if the particle mi-
crostructure differs from the equilibrium one, but do not themselves determine the
equilibrium structure [3, 46]. If one assumes that glassy arrest is connected with the
ability of the system to explore its configuration space and to approach its equilib-
rium structure, then it appears natural to assume that the solvent particle interactions
are characterized by a finite time scale τHI and that they do not shift the glass tran-
sition nor affect the frozen glassy structure. HI would thus only lead to an increase
of the high frequency viscosity above the solvent value; this value shall be denoted
as η∞:

g(t, γ̇) → g(t, γ̇)+ η∞δ (t −O+) . (15a)
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The parameter η∞ would thus characterize a short-time, high frequency viscosity
and model viscous processes which require no structural relaxation. It can be mea-
sured from the high frequency dissipation

G′′(ω → ∞) = η∞ ω . (15b)

For identical reasoning, the short time diffusion in the collective (and single particle)
motion will also be affected by HI. The simplest approximation is to adjust the initial
decay rate

Γq(t) = Ds q2(t)/Sq(t) , (15c)

where the collective short time diffusion coefficient Ds accounts for HI and other
(almost) instantaneous effects which affect the short time motion, and which are not
explicitly included in the MCT-ITT approach.

The naive picture sketched here is not correct for a number of reasons. It is well
known that for hard spheres without HI the quiescent shear modulus diverges for
short times, glr,HSnoHI(t → 0) ∼ t−1/2. Lubrication forces, which keep the particles
apart, eliminate this divergence and render glr,HI(t → 0) finite [60]. Thus, the simple
separation of the modulus into HI and potential part is not possible for short times,
at least for particles with a hard core. Moreover, comparison of simulations with-
out and with HI has shown that the increase of (η0 −η∞)/η∞ depends somewhat on
HI, and thus not just on the potential interactions as implied.

Nevertheless the sketched picture provides the most basic view of a glass tran-
sition in colloidal suspensions, connecting it with the increase of the structural
relaxation time τ . Increased density or interactions cause a slowing down of particle
rearrangements which leave the HI relatively unaffected, as these solvent medi-
ated forces act on all time scales. Potential forces dominate the slowest particle
rearrangements because vitrification corresponds to the limit where they actually
prevent the final relaxation of the microstructure. The structural relaxation time τ
diverges at the glass transition, while τHI stays finite. Thus close to arrest a time
scale separation is possible, τ � τHI.

2.5 Comparison with Other MCT Inspired Approaches
to Sheared Fluids

The MCT-ITT approach aims at describing the steady state properties of a con-
centrated dispersion under shear. Stationary averages are its major output, obtained
via the integration through transients (ITT) procedure from (approximate) transient
fluctuation functions, whose strength is the equilibrium one, and whose dynamics
originates from the competition between Brownian motion and shear induced decor-
relation. In this respect, the MCT-ITT approach differs from the interesting recent
generalization of MCT to sheared systems by Miyazaki, Reichman and coworkers
[40, 41]. These authors considered the stationary but time-dependent fluctuations
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around the steady state, whose amplitude is the stationary correlation function,
e.g., in the case of density fluctuations it is the distorted structure factor Sq(γ̇) (6a).
In the approach by Miyazaki et al. this structure factor is an input-quantity required
to calculate the dynamics, while it is an output quantity, calculated in MCT-ITT from
the equilibrium Sq of (6b). Likewise, the stationary stress as function of shear rate,
viz. the flow curve σ(γ̇), is a quantity calculated in MCT-ITT, albeit using mode
coupling approximations, while in the approach of [40, 41] additional ad-hoc ap-
proximations beyond the mode coupling approximation are required to access σ(γ̇).
Thus, while the scenario of a non-equilibrium transition between a shear-thinning
fluid and a shear molten glass, characterized by universal aspects in, e.g., σ(γ̇) –
see the discussion in Sect. 4 – forms the core of the MCT-ITT results, this scenario
cannot be directly addressed based on [40, 41].

Because the recent experiments and simulations reviewed here concentrated on
the universal aspects of the novel non-equilibrium transition, focus will be laid
on the MCT-ITT approach. Reassuringly, however, many similarities between the
MCT-ITT equations and the results by Miyazaki and Reichman exist, even though
these authors used a different, field theoretic approach to derive their results. This
supports the robustness of the mechanism of shear-advection in (7) entering the
MCT vertices in (11d, 14), which were derived independently in [40, 41] and
[43–45] from quite different theoretical routes. This mechanism had been known
from earlier work on the dynamics of critical fluctuations in sheared systems close
to phase transition points [61], on current fluctuations in simple liquids [62], and
on incoherent density fluctuations in dilute solutions [63]. Different possibilities
also exist to include shear into MCT-inspired approaches, especially the one worked
out by Schweizer and coworkers including strain into an effective free energy [42].
This approach does not recover the (idealized) MCT results reviewed below but
starts from the extended MCT where no true glass transition exists and describes a
crossover scenario without, e.g., a true dynamic yield stress as discussed below.

3 Microscopic Results in Linear Response Regime

Before turning to the properties of the stationary non-equilibrium states under shear,
it is useful to investigate the quiescent dispersion close to vitrification. Consensus
on the ultimate mechanism causing glassy arrest may yet be absent; however the
so-called “cage effect” has led to a number of fruitful insights into glass formation
in dense colloidal dispersions. For example, it was extended to particles with a short
ranged attraction leading to at first surprising predictions [64–70].

Figure 2 shows a section of the cell of a Monte Carlo simulation of hard disks
moving in two dimensions (for simplicity of visualization). The density is just below
freezing and the sample was carefully equilibrated. Only 100 disks were simulated,
so that finite size effects cannot be ruled out. Picking out a disk, it is surrounded
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Fig. 2 Positions of hard disks in two dimensions from a Monte Carlo simulation at a density
close to freezing; courtesy of Th. Franosch. A particle and its shell of neighbours is highlighted by
different colors/shadings

by a shell of on average 6 neighbours (in 2 dimension, of 12 neighbours in 3 di-
mension), which hinder its free motion. In order for the central particle to diffuse
at long times, it needs to escape the shell of neighbours. In order for a gap in this
shell to open at higher concentrations, the neighbours have to be able to move some-
what themselves. Yet each neighour is hindered by its own shell of neighbours, to
which the originally picked particle belongs. Thus one can expect a cooperative
feedback mechanism that with increasing density or particle interactions particle re-
arrangements take more and more time. It appears natural that, consequently, stress
fluctuations also slow down and the system becomes viscoelastic.

MCT appears to capture the cage-effect in supercooled liquids and predicts that it
dominates the slow relaxation of structural correlations close to the glass transition
[2, 38]. Density fluctuations play an important role because they are well suited to
describe the structure of the particle system and its relaxation. Moreover, stresses
that decay slowly because of the slow particle rearrangements, MCT argues, can
also be approximated by density fluctuations using effective potentials. Density fluc-
tuations are not great at large wavelengths; it is wavelengths corresponding to the
average particle distance that turn out to be the dominant ones. In agreement with the
picture of the caging of particles by structural correlations, the MCT glass transition
is independent of whether the particles move ballistically in between interactions
with their neighbors (say collisions for hard spheres) or by diffusion. Structural ar-
rest happens whenever the static density correlations for wavelengths around the
average particle distance are strong enough. The arrest of structural correlations en-
tails an increase in the viscosity of the dispersion connected to the existence of a
slow Maxwell-process in the shear moduli. While the MCT solutions for density
fluctuations have been thoroughly reviewed, the viscoelastic spectra have not been
presented in such detail.
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3.1 Shear Moduli Close to the Glass Transition

3.1.1 MCT Equations and Results for Hard Spheres

The loss and storage moduli of small amplitude oscillatory shear measurements
[1, 3] follow from (5b) in the linear response case at γ̇ = 0:

G′(ω)+ iG′′(ω) = iω
∫ ∞

0
dt e−iω t glr(t) . (16a)

Here, the shear modulus in the linear response regime is, again like the transient one
in (5b), obtained from equilibrium averaging:

glr(t) =
1

kBTV
〈σxy eΩ†

e t σxy 〉(γ̇=0) , (16b)

yet, different from the transient one, the equilibrium one contains the equilibrium
SO Ωe, which characterizes the quiescent system:

Ωe =
N

∑
j=1

D0
∂

∂r j
·
(

∂
∂r j

− 1
kBT

F j

)
, (16c)

The linear response modulus thus quantifies the small stress fluctuations, which are
excited thermally, and relax because of Brownian motion.

Predictions of the (idealized) MCT equations for the potential part of the equi-
librium, time-dependent shear modulus glr(t) of hard spheres for various packing
fractions φ are shown in Fig. 3 and calculated from the limit of (11d) for vanishing
shear rate:

glr(t) ≈ kBT
60π2

∫ ∞

0
dk k4

(
∂ lnSk

∂k

)2

Φ2
k (t) , (17)

The normalized density fluctuation functions are calculated self-consistently within
MCT from (13, 14) at vanishing shear rate [2, 38], which turn into quiescent MCT
equations:

∂tΦq(t)+Γq

{
Φq(t)+

∫ t

0
dt ′ mq(t − t ′) ∂t′ Φq(t ′)

}
= 0 , (18a)

where the initial decay rate Γq = Ds q2/Sq describes diffusion with a short-time
diffusion coefficient Ds differing from the D0 because of HI; Ds = D0 will be taken
for exemplary calculations, while Ds �= D0 is required for analyzing experimental
data. The memory kernel becomes (again with abbreviation p = q−k)

mq(t) =
1

2N ∑
k

Vqkp Φk(t) Φp(t) , (18b)
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Fig. 3 Equilibrium potential or linear response shear modulus G(t) = glr(t) (in units of kBT/R3
H)

for Brownian hard spheres with radius a = RH for packing fractions close to vitrification at φc;
from [71]. Densities are measured by the separation parameter ε = (φ −φc)/φc = ±10−|n|/3, and
labels denote the value n. Positive values belong to glass (ε > 0), negative to fluid states (ε < 0);
the label c gives the transition. The inset shows a subset of the curves on a linear time axis; the
increase of glr(t) for short times cannot be resolved

Vqkp =
Sq Sk Sp

q4 (q · [k nck + p ncp ])2 . (18c)

Packing fractions are conveniently measured in relative separations ε = (φ −φc)/φc

to the glass transition point, which for this model of hard spheres lies at φc = 0.516
[38, 72]. Note that this result depends on the static structure factor S(q), which
is taken from Percus–Yevick theory, and that the experimentally determined value
φ expt.

c = 0.58 lies somewhat higher [13, 14]. The wavevector integrals were dis-
cretized using M = 100 wavevectors chosen from kmin = 0.1/RH up to kmax =
19.9/RH with separation Δk = 0.2/RH for Figs. 3–5, or using M = 600 wavevectors
chosen from kmin = 0.05/RH up to kmax = 59.95/RH with separation Δk = 0.1/RH

for Figs. 6 and 7, and in Sect. 6.2 in Fig. 23. Time was discretized with initial
step-width dt = 210−7R2

H/Ds, which was doubled each time after 400 steps. Slightly
different discretizations in time and wavevector of the MCT equations were used in
Sects. 3.2.1 and 4, causing only small quantitative differences whose discussion goes
beyond the present review. The quiescent density correlators Φq(t) corresponding
to the following linear response moduli have thoroughly been discussed in [72].

For low packing fractions, or large negative separations, the modulus decays
quickly on a time-scale set by the short-time diffusion of well separated par-
ticles. The strength of the modulus increases strongly at these low densities,
and its behavior at short times presumably depends sensitively on the details of
hydrodynamic and potential interactions; thus Fig. 3 is not continued to small times,
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Fig. 4 Storage part of the shear modulus G′(ω) corresponding to Fig. 3. The inset shows storage
and loss moduli (only for fluid states) for a number of densities
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Fig. 5 Loss part of the shear modulus G′′(ω) corresponding to Fig. 3. The inset shows the same
data in a double logarithmic representation

where the employed model (taken from [72, 73]) is too crude3. Approaching the
glass transition from below, ε ↗ 0, little changes in glr(t) at short times, because
the absolute change in density becomes small. Yet, at long times a process in glr(t)

3 The MCT shear modulus at short times depends sensitively on the large cut-off kmax for hard
spheres [57], g(t, γ̇ = 0) = (n2kBT/60π2)

∫ kmax
kmin

dkk4(c′k)
2 S2

k Φ2
k (t) gives the qualitatively correct

[60, 75] short time glr(t → 0) ∼ t−1/2, or high frequency divergence G′(ω � D0/R2
H) ∼√

ω only
for kmax → ∞.
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Fig. 7 The moduli for a glass state at effective packing fraction φeff = 0.622; storage (diamonds
and solid lines) and loss (squares and broken lines) moduli from [32]. MCT fits are shown as
blue lines with parameters: ε = 0.03, DS

D0
= 0.08, and η∞ = 0.3kBT/(D0RH); moduli scale factor

cy = 1.4. For the other lines see [32]

becomes progressively slower upon taking ε to zero. It can be considered the MCT
analog of the phenomenological Maxwell-process. MCT finds that it depends on
the equilibrium structural correlations only, while HI and other short time effects
only shift its overall time scale. Importantly, this overall time scale applies to
the slow process in coherent and incoherent density fluctuations as well as in the
stress fluctuations [74]. This holds even though, e.g., HI are known to affect short
time diffusion coefficients and high frequency viscosities differently. Upon crossing
the glass transition, a part of the relaxation freezes out and the amplitude G∞ of the
Maxwell-process does not decay; the modulus for long times approaches the elastic
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constant of the glass glr(t → ∞) → G∞ > 0. Entering deeper into the glassy phase
the elastic constant increases quickly with packing fraction.

The corresponding storage G′(ω) and loss G′′(ω) moduli are shown as functions
of frequency in Figs. 4 and 5, respectively. The slow Maxwell-process appears as a
shoulder in G′ which extends down to lower and lower frequencies when approach-
ing glassy arrest, and reaches zero frequency in the glass, G′(ω = 0) = G∞. The
slow process shows up as a peak in G′′ which in parallel motion (see inset of Fig. 4)
shifts to lower frequencies when ε ↗ 0. Including hydrodynamic interactions into
the calculation by adjusting η∞ would affect the frequency dependent moduli at
higher frequencies only. For the range of smaller frequencies which is of interest
here, only a small correction would arise.

3.1.2 Comparison with Experiments

Recently, it has been demonstrated that suspensions of thermosensitive particles
present excellent model systems for measuring the viscoelasticity of dense con-
centrations. The particles consist of a solid core of polystyrene onto which a
thermosensitive network of poly(N-isopropylacrylamide) (PNIPAM) is attached
[31, 32]. The PNiPAM shell of these particles swells when immersed in cold water
(10–15◦C). Water gets expelled at higher temperatures leading to a considerable
shrinking. Thus, for a given number density the effective volume fraction φeff can
be adjusted within wide limits by adjusting the temperature. Senff et al. (1999) were
the first to demonstrate the use of these particles as model system for studying the
dynamics in concentrated suspensions [23, 24]. The advantage of these systems over
the classical hard sphere systems are that dense suspensions can be generated in situ
without shear and mechanical deformation. The previous history of the sample can
be erased by raising the temperature and thus lowering the volume fraction to the
fluid regime.

Frequency dependent moduli were measured spanning a wide density and fre-
quency range by combining different techniques. The moduli exhibit a qualitative
change when increasing the effective packing fraction from around 50% to above
60%. For lower densities (see Fig. 6), the spectra G′′(ω) exhibit a broad peak or
shoulder, which corresponds to the final or α-relaxation. Its peak position (or al-
ternatively the crossing of the moduli, G′ = G′′) is roughly given by ωτ = 1. These
properties characterize a viscoelastic fluid. For higher density, see Fig. 7, the storage
modulus exhibits an elastic plateau at low frequencies. The loss modulus drops far
below the elastic one. These observations characterize a soft solid4.

The linear response moduli are affected by the presence of small crystallites. At
low frequencies, G′(ω) and G′′(ω) increase above the behavior expected for a solu-
tion (G′(ω → 0) → η0 ω and G′′(ω → 0) → cω2) even at low density, and exhibit

4 The loss modulus rises again at very low frequencies, which may indicate that the colloidal glass
at this density is metastable and may have a finite lifetime (an ultra-slow process is discussed in
[32]).
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elastic contributions (apparent from G′(ω) > G′′(ω)); see Fig. 6. This effect tracks
the crystallisation of the system during the measurement after a strong preshearing at
γ̇ = 100 s−1. Only data can be considered which were collected before the crystalli-
sation time; they lie to the right of the vertical bar in Fig. 6. While this experimental
restriction limits more detailed studies of the shapes of the spectra close to the glass
transition, the use of a system with a rather narrow size distribution provides the
quantitatively closest comparison with MCT calculations for a monodisperse hard
sphere system. The magnitude of the stresses and the effective densities can be in-
vestigated quantitatively.

Included in Figs. 6 and 7 are calculations using the microscopic MCT given by
(16–18) evaluated for hard spheres in PY approximation. The only a priori un-
known, adjustable parameter is a frequency or time scale, which was adjusted by
varying the short time diffusion coefficient Ds appearing in the initial decay rate in
(18a). Values for Ds/D0 are reported in the captions. The viscous contribution to
the stress is mimicked by including η∞ as in (15); it can be directly measured at the
highest frequencies. Gratifyingly, the stress values computed from the microscopic
approach are close to the measured ones; they are too small by only 40%, which
may arise from the approximate structure factors entering the MCT calculation; the
Percus–Yevick approximation was used here [3]. In order to compare the shapes
of the moduli the MCT calculations were scaled up by a factor cy = 1.4 in Figs. 6
and 7. Microscopic MCT also does not hit the correct value for the glass transition
point [2, 38]. It finds φMCT

c = 0.516, while experiments give φ exp
c ≈ 0.58. Thus,

when comparing, the relative separation from the respective transition point needs
to be adjusted as, obviously, the spectra depend sensitively on the distance to the
glass transition; the fitted values of the separation parameter ε are included in the
captions.

Overall, the semi-quantitative agreement between the linear viscoelastic spectra
and first-principles MCT calculations is very promising. Yet, crystallization effects
in the data prevent a closer look, which will be given in Sect. 6.2, where data from a
more polydisperse sample are discussed.

3.2 Distorted Structure Factor

3.2.1 Linear Order in γ̇

The stationary structural correlations of a dense fluid of spherical particles undergo-
ing Brownian motion, neglecting hydrodynamic interactions, change with shear rate
γ̇ in response to a steady shear flow. In linear order, the structure is distorted only
in the plane of the flow, while already in second order in γ̇ , the structure factor also
changes under shear for wavevectors lying in the plane perpendicular to the flow.
Consistent with previous theories, MCT-ITT finds regular expansion coefficients in
linear and quadratic order in γ̇ for fluid (ergodic) suspensions [76]. For the steady
state structure factor Sq(γ̇) of density fluctuations under shearing in plain Couette
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flow defined in (6a), the change from the equilibrium one in linear order in shear
rate is given by the following ITT-approximation:

Sq(γ̇) = Sq + γ̇
{

qxqy

q
S′q

∫ ∞

0
dt Φ2

q (t)
}

+O(Pe2) . (19)

This relation follows from (11a) in the limit of small γ̇ , where the quiescent density
correlators can be taken from quiescent MCT in (18).

3.2.2 Comparison with Simulations

Figure 8 shows the contribution δS(γ̇)
q to the distorted structure factor in leading

linear order in γ̇ for packing fractions φ = 0.36,0.44, and 0.46. Data taken from
Brownian dynamics simulations at φ = 0.43 and 0.5 from [77] are also included. In
both cases the data were divided by a factor γ̇qxqy/q2 which is the origin of the triv-

ial anisotropy in the leading linear order. The distortion δS(γ̇)
q of the microstructure
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Fig. 8 Contribution δ Sγ̇
q linear in shear rate to the distorted structure factor Sq(γ̇) normalized

to γ̇qxqy/q2 (black solid lines); from [76]. Here D denotes the hard sphere diameter. Decreasing

the relative separations from the critical point as ε = −0.2,−0.15,−0.1, the magnitude of δ S(γ̇)
q

increases. The dashed-dotted red curves are Brownian dynamics simulation data from [77] using

the same normalization at ε = −0.259,−0.138. The right inset shows the unnormalized S(γ̇)
q along

the extensional axis qx = qy = q/
√

2 at ε = −0.1 and, from bottom to top, Pe = γ̇τ = 0 (green-
solid), 1/8, 1/4 and 1/2 (all black-dashed), where Φqp (t = τ) = 0.1 defines τ . Pe/Pe0 = 1.66
holds at this ε . The left inset shows the data of the main figure rescaled with the dressed Peclet

number, δ S(γ̇,aniso)
q /(Pe qxqy/q2); for ε = −0.1,−0.05, and −0.01 (with increasing peak height)

the values Pe/Pe0 = 1.66, Pe/Pe0 = 8.06, and Pe/Pe0 = 419 are used
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grows strongly with φ because of the approach to the glass transition. The δS(γ̇)
q is

proportional to the α-relaxation time τ , as proven in the left inset of Fig. 8. Here, τ
is estimated from Φqp(t = τ) = 0.1, where qp denotes the position of the primary
peak in Sq. Rescaling the data with Pe collapses the curves at different distances to
the glass transition. The strongest shear-dependence occurs for the direction of the
extensional component of the flow, qx = qy. Here, the mesoscale order of the disper-

sion grows; the peak in δS(γ̇)
q increases and sharpens. The ITT results qualitatively

agree with the simulations in these aspects [77].
The most important finding of Fig. 8 concerns the magnitude of the distortion of

the microstructure, and the dimensionless parameter measuring the effect of shear
relative to the intrinsic particle motion. This topic can be discussed using the linear
order result, and is not affected by considerations of hydrodynamic interactions, as
can be glanced from comparing Brownian dynamics simulations [77] and experi-
ments on dissolved particles [78]. In previous theories, shear rate effects enter when
the bare Peclet number Pe0 becomes non-negligible. In the present ITT approach the
dressed Peclet/Weissenberg number Pe = γ̇τ governs shear effects; here, τ is the
(final) structural relaxation time. Shear flow competes with structural rearrange-
ments that become arbitrarily slow compared to diffusion of dilute particles when
approaching the glass transition. The distorted microstructure results from the com-
petition between shear flow and cooperative structural rearrangements. It is thus no
surprise that previous theories using Pe0, which is characteristic for dilute fluids or
strong flows, had severely underestimated the magnitude of shear distortions in hard
sphere suspensions for higher packing fractions; [77, 79] report an underestimate by
roughly a decade at φ = 0.50. The ITT approach actually predicts a divergence of

limγ̇→0(S
(γ̇)
q − Sq)/γ̇ for density approaching the glass transition at φc ≈ 0.58, and

for (idealized) glass states, where τ = ∞ holds in MCT following Maxwell’s phe-
nomenology, the stationary structure factor becomes non-analytic, and differs from

the equilibrium one even for γ̇ → 0. The distortion δS(γ̇)
q thus qualitatively behaves

like the stress, which goes to zero linear in γ̇ in the fluid, but approaches a yield
stress σ+ in the glass for γ̇ → 0.

The reassuring agreement of ITT results on S(γ̇)
q with the data from simulations

and experiments shows that in the ITT approach the correct expansion parameter
Pe has been identified. This can be taken as support for the ITT-strategy to connect
the non-linear rheology of dense dispersions with the structural relaxation studied
at the glass transition.

4 Universal Aspects of the Glass Transition in Steady Shear

The summarized microscopic MCT-ITT equations contain a non-equilibrium
transition between a shear thinning fluid and a shear-molten glassy state; it is
the central novel transition found in MCT-ITT [43]. Close to the transition, (rather)
universal predictions can be made about the non-linear dispersion rheology and the
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steady state properties. Following [32, 80], the central predictions are introduced in
this section and summarized in the overview Fig. 9; the following results sections
contain more examples. Figure 9 is obtained from the schematic model which is
also often used to analyse data, and which is introduced in Sect. 5.2.

A dimensionless separation parameter ε measures the distance to the transi-
tion which lies at ε = 0. A fluid state (ε < 0) possesses a (Newtonian) viscosity,
η0(ε < 0) = limγ̇→0 σ(γ̇)/γ̇ , and shows shear-thinning upon increasing γ̇ . Via the
relation η0 = limω→0 G′′(ω)/ω , the Newtonian viscosity can also be taken from
the linear response loss modulus at low frequencies, where G′′(ω) dominates over
the storage modulus. The latter varies like G′(ω → 0) ∼ ω2. A glass (ε ≥ 0), in the
absence of flow, possesses an elastic constant G∞, which can be measured in the
elastic shear modulus G′(ω) in the limit of low frequencies, G′(ω → 0,ε ≥ 0) →
G∞(ε). Here the storage modulus dominates over the loss one, which drops like
G′′(ω → 0) ∼ ω . The high frequency modulus G′

∞ = G′(ω → ∞) is characteristic
of the particle interactions, see Footnote 4, and exists, except for the case of hard
sphere interactions without HI, in fluid and solid states. The dissipation at high fre-
quencies G′′(ω → ∞) → η∞ω also shows no anomaly at the glass transition and
depends strongly on HI and solvent friction.

Enforcing steady shear flow melts the glass. The stationary stress of the shear-
molten glass always exceeds a (dynamic) yield stress. For decreasing shear rate, the
viscosity increases like 1/γ̇, and the stress levels off onto the yield-stress plateau,
σ(γ̇ → 0,ε ≥ 0) → σ+(ε).

Close to the transition, the zero-shear viscosity η0, the elastic constant G∞, and
the yield stress σ+ show universal anomalies as functions of the distance to the
transition.

The described results follow from the stability analysis of (13, 14) around an
arrested, glassy structure fq of the transient correlator [43, 80]. Considering the
time window where Φq(t) is close to arrest at fq, and taking all control parameters
like density, temperature, etc., to be close to the values at the transition, the stability
analysis yields the “factorization” between spatial and temporal dependences

Φq(t) = f c
q + hq G(t/t0,ε, γ̇t0 )+ . . . , (20)

where the (isotropic) glass form factor f c
q and critical amplitude hq describe the

spatial properties of the metastable glassy state. The critical glass form factor f c
q

gives the long-lived component of density fluctuations right at the transition ε = 0,
while Φq(t → ∞,ε ≥ 0, γ̇ = 0) = fq > 0 characterizes states even deep in the glass
with fq obeying [38]

fq

1− fq
=

1
2N ∑

k
Vqkp fk fp , (21)

with Vqkp from (18c) as follows from (13, 14) asymptotically in the limit of van-
ishing shear rate [80]. Figure 10 shows dynamic light scattering data for the glass
form factors at a number of densities in PMMA hard sphere colloids, comparing
them to solutions of (21) evaluated for hard spheres using the PY structure factor;
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Fig. 10 Glass form factors fq as function of wavevector q in a colloidal glass of hard spheres
for packing fractions φ as labeled. Data obtained by van Megen and coworkers by dynamic light
scattering are qualitatively compared to MCT computations using the PY-Sq at φ values chosen
ad hoc to match the experimental data; from [12]. The PY structure factor at the glass transition
density φ = 0.58 is shown as broken line, rescaled by a factor 1/10

it is included in Fig. 10 for the packing fraction φc = 0.58 of the experimental glass
transition. The glass form factor varies with the average particle separation and in
phase with the structure factor. Both fq and hq thus describe local correlations, the
so-called “cage-effect”, and can be taken as constants independent on shear rate
and density, as they are evaluated from the vertices in (14) at the transition point
(ε = 0, γ̇ = 0).

All time-dependence and (sensitive) dependence on the external control param-
eters is contained in the function G, which is often called “β -correlator” and obeys
the non-linear stability equation [43, 45, 80]

ε̃ − c(γ̇) (γ̇t)2 + λ G2(t) =
d
dt

∫ t

0
dt ′ G(t − t ′) G(t ′) , (22a)

with initial condition
G(t → 0) → (t/t0)−a . (22b)

The two parameters λ and c(γ̇) in (22a) are determined by the static structure
factor at the transition point, and take values around λ ≈ 0.73 and c(γ̇) ≈ 0.7
for the PY Sq for hard spheres. The transition point then lies at packing fraction
φc = 4π

3 ncR3
H ≈ 0.52 (index ‘c’ for critical), and the separation parameter measures

the relative distance, ε̃ = C ε with ε = (φ − φc)/φc and C ≈ 1.3. The “critical” ex-
ponent a is given by the exponent parameter λ via λ = Γ (1−a)2/Γ (1−2a), as had
been found in quiescent MCT [2, 38].
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The time scale t0 in (22b) provides the means to match the function G(t)
to the microscopic, short-time dynamics. Equations (13, 14) contain a simpli-
fied description of the short time dynamics in colloidal dispersions via the initial
decay rate Γq(t). From this model for the short-time dynamics, the time scale
t0 ≈ 1.610−2R2

H/D0 is obtained. Solvent mediated effects on the short time dy-
namics are well known and are neglected in Γq(t) in (13). The most simple minded
approximation to account for HI is given in (15). It only shifts the value of t0. Within
the ITT approach, this finding holds more generally. Even if HI lead to more sub-
stantial changes of (13), all of the mentioned universal predictions would remain
true, as long as HI do not affect the mode coupling vertex in (14). As in the qui-
escent MCT [74], in MCT-ITT hydrodynamic interactions can thus be incorporated
into the theory of the glass transition under shear, and amount to a rescaling of the
matching time t0 only.

The parameters ε , λ , and c(γ̇) in (22a) can be determined from the equilibrium
structure factor Sq at or close to the transition and, together with t0 and the shear
rate γ̇ , they capture the essence of the rheological anomalies in dense dispersions.
A divergent viscosity follows from the prediction of a strongly increasing final re-
laxation time in G in the quiescent fluid phase [2, 38]:

G(t → ∞,ε < 0, γ̇ = 0) →−(t/τ)b , with
t0
τ

∝ (−ε)γ . (23)

The entailed temporal power law, termed von Schweidler law, initiates the final
decay of the correlators, which has a density and temperature independent shape
Φ̃q(t̃). In MCT, the (full) correlator thus takes the characteristic form of a two-step
relaxation. The final decay, often termed α-relaxation, depends on ε only via the
time scale τ(ε) which rescales the time, t̃ = t/τ . Equation (22) establishes the cru-
cial time scale separation between t0 and τ , the divergence of τ , and the stretching
(non-exponentiality) of the final decay; it also gives the values of the exponents via
λ = Γ (1+b)2/Γ (1+2b), and γ = (1/a+1/b)/2. Using (17), the MCT-prediction
for the divergence of the Newtonian viscosity follows [2, 38]. During the final de-
cay the quiescent shear modulus also becomes a function of rescaled time, t̃ = t/τ ,
leading to η0 ∝ τ(ε); its initial value is given by the elastic constant at the transition,
Gc

∞.
The two asymptotic temporal power-laws of MCT also affect the frequency

dependence of G′′ in the minimum region. The scaling function G describes the
minimum as crossover between two power laws in frequency. The approximation
for the modulus around the minimum in the quiescent fluid becomes [38]

G′′(ω) ≈ Gmin

a + b

[
b

(
ω

ωmin

)a

+ a
(ωmin

ω

)b
]

. (24)

The parameters in this approximation follow from (22, 23) which give Gmin ∝
√−ε

and ωmin ∝ (−ε)1/2a. Observation of this handy expression requires that the relax-
ation time τ is (very) large, viz. that time scale separation holds (extremely well)
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for (very) small −ε; even in the exemplary Fig. 9, the chosen distances to the glass
transition are too large in order for the (24) to agree with the true β -correlator G,
which is also included in Fig. 9. The reason for this difficulty is the aspect that the
expansion in (20) is an expansion in

√
ε , which requires very small separation pa-

rameters ε for corrections to be negligible. For packing fractions too far below the
glass transition, the final relaxation process is not clearly separated from the high
frequency relaxation. This holds in the experimental data shown in Fig. 6, where the
final structural decay process only forms a shoulder.

On the glassy side of the transition, ε ≥ 0, the transient density fluctuations stay
close to a plateau value for intermediate times which increases when going deeper
into the glass:

G(t0 
 t 
 1/|γ̇|,ε ≥ 0) →
√

ε̃
1−λ

+O(ε). (25)

Entered into (17), the square-root dependence of the plateau value translates into the
square-root anomaly of the elastic constant G∞, and causes the increase of the yield
stress close to the glass transition.

For vanishing shear rate, γ̇ = 0, an ideal glass state exists in the ITT ap-
proach for steady shearing. All density correlators arrest at a long time limit,
which from (25) close to the transition is given by Φq(t → ∞,ε ≥ 0, γ̇ = 0) =
fq = f c

q +hq
√

ε̃/(1−λ )+O(ε). Consequently the modulus remains elastic at long
times, g(t → ∞,ε ≥ 0, γ̇ = 0) = G∞ > 0. Any (infinitesimal) shear rate, however,
melts the glass and causes a final decay of the transient correlators. The function G
initiates the decay around the critical plateau of the transient correlators and sets the
common time scale for the final decay under shear:

G(t → ∞) →−
√

c(γ̇)

λ − 1
2

|γ̇t| ≡ − t
τγ̇

, with τγ̇ =

√
λ − 1

2

c(γ̇)
1
|γ̇| . (26)

Under shear all correlators decay from the plateau as function of |γ̇t|; see,
e.g., Figs. 11, 12, 21, and 22. Steady shearing thus prevents non-ergodic arrest
and restores ergodicity. Shear melts a glass and produces a unique steady state at
long times. This conclusion is restricted by the already discussed assumption to ne-
glect aging of glassy states. It could remain because of non-ergodicity in the initial
quiescent state, which needs to be shear-molten before ITT holds. Ergodicity of the
sheared state, however, suggests aging to be unimportant under shear, and that it
should be possible to melt initial non-ergodic contributions [8, 9]. The experiments
in model colloidal dispersions reported in Sects. 3.1.2 and 6.2 support this notion,
as history independent steady states could be achieved at all densities5.

5 An ultra-slow process causing the metastability of glassy states even without shear may have
contributed to restore ergodicity in [32, 33].
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The described universal scenario of shear-molten glass and shear-thinnig fluid
makes up the core of the MCT-ITT predictions derived from (11–14). Their conse-
quences for the nonlinear rheology will be discussed in more detail in the following
sections, while the MCT results for the linear viscoelasticity were reviewed in
Sect. 3. Yet, the anisotropy of the equations has up to now prevented more com-
plete solutions of the MCT-ITT equations of Sect. 2. Therefore, simplified MCT-ITT
equations become important, which can be analysed in more detail and recover the
central stability equations (20, 22). The two most important ones will be reviewed
next, before the theoretical picture is tested in comparison with experimental and
simulations’ data.

5 Simplified Models

Two progressively more simplified models provide insights into the generic scenario
of non-Newtonian flow, shear melting and solid yielding which emerge from the ITT
approach.

5.1 Isotropically Sheared Hard Sphere Model

On the fully microscopic level of description of a sheared colloidal suspension,
affine motion of the particles with the solvent leads to anisotropic dynamics. Yet
recent simulation data of steady state structure factors indicate a rather isotropic
distortion of the structure for Pe0 
 1, even though the Weissenberg number Pe
is already large [10, 81]. Confocal microscopy data on concentrated solutions sup-
port this observation [30]. The shift of the advected wavevector in (7) with time
to higher values, intially is anisotropic, but becomes isotropic at longer times,
when the magnitude of q(t) increases along all directions. As the effective po-
tentials felt by density fluctuations evolve with increasing wavevector, this leads
to a decrease of friction functions, speed-up of structural rearrangements, and
shear-fluidization. Therefore, one may hope that an “isotropically sheared hard
spheres model” (ISHSM), which for γ̇ = 0 exhibits the nonlinear coupling of den-
sity correlators with wavelength equal to the average particle distance (viz. the
“cage-effect”), and which, for γ̇ �= 0, incorporates shear-advection, captures some
spatial aspects of shear driven decorrelation.

5.1.1 Definition of the ISHSM

Thus, in the ISHSM, the equation of motion for the density fluctuations at time t
after starting the shear is approximated by that of the quiescent system, namely (18a)
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(with Γq = q2Ds/Sq). The memory function is also taken as isotropic and modeled
close to the unsheared situation [43, 80]

mq(t) ≈ 1
2N ∑

k
V (γ̇)

qkp(t) Φk(t)Φp(t) , (27a)

with

V (γ̇)
qkp(t) =

n2SqSkSp

q4

[
q ·k ck̄(t) + q ·p cp̄(t)

]
[q ·k ck + q ·p cp] (27b)

where p = q−k, and the length of the advected wavevectors is approximated by
k̄(t) = k(1 +(t γ̇/γc)2)1/2 and equivalently for p̄(t). Note, that the memory function
thus only depends on one time, and that shear advection leads to a dephasing of the
two terms in the vertex (27b), which form a perfect square in the quiescent vertex
of (18c) without shear. This (presumably) is also the dominant effect of shear in the
full microscopic MCT-ITT memory kernel in (14). The fudge factor γc is introduced
in order to correct for the underestimate of the effect of shearing in the ISHSM6.

The expression for the potential part of the transverse stress may be simplified to

σ = γ̇
∫ ∞

0
dt g(t, γ̇), with g(t, γ̇) ≈ kBT

60π2

∫
dk

k5 c′k S′
k̆(t)

k̆(t)S2
k

Φ2
k̆(t)(t) , (27c)

where, in the last equation (27c), the advected wavevector is chosen as k̆(t) =
k(1 +(t γ̇)2/3)1/2, as follows from straight forward isotropic averaging of k(t). For
the numerical solution of the ISHSM for hard spheres using Sq in PY approxi-
mation, the wavevector integrals were discretized as discussed in Sect. 3.1.1 and
following [72], using M = 100 wavevectors from kmin = 0.1/R up to kmax = 19.9/R
with separation Δk = 0.2/R. Again, time was discretized with initial step-width
dt = 210−7R2/Ds, which was doubled each time after 400 steps [82]. The model’s
glass transition lies at φc = 0.51591, with exponent parameter λ = 0.735 and
c(γ̇) ≈ 0.45/γ2

c ; note that these values still change somewhat if the discretization
is made finer. The separation parameter ε = (φ −φc)/φc), and γ̇ are the two relevant
control parameters determining the rheology.

5.1.2 Transient Correlators

The shapes of the transient density fluctuation functions can be studied with spatial
resolution in the ISHSM. Figure 11 displays density correlators at two densities,
just below (panel (a)) and just above (panels (b,c)) the transition, for varying shear
rates. Panel (b) and (c) compare correlators at different wavevectors to exemplify

6 Except for the introduction of the parameter γc, further quantitatively small, but qualitatively
irrelevant, differences exist between the ISHSM defined here and used in Sect. 6.1 according to
[45], and that originally defined in [43] and shown in Sect. 5.1; see [45] for discussion.



Nonlinear Rheology 91

−4 −2 0 2 4 6 8

log10 tD0/d2

log10 tD0/d2

log10 tD0/d2

0.0

0.2

0.4

0.6

0.8

1.0

Φq(t)

−3 −2 −1 0 1
log10t/τ

log10t/τ

0.0

0.2

0.4

Φq(t)

φ = φc -10
-4

a

b

c

−4 −2 0 2 4 6 8
0.0

0.2

0.4

0.6

0.8

1.0

Φq(t)

−3 −2 −1 0 1
0.0

0.2

0.4

Φq(t)

φ = φc +10
-4

−2 0 2 4 6 8
0.0

0.2

0.4

0.6

0.8

Φq(t)

φ =  1.01 φc

Pe0 = 0

log
10 (Pe0) =1

qpR = 3.5

−7−6−5−4 −3−2−10

Fig. 11 Normalized transient density correlators Φq(t) of the ISHSM at wavevector q = 3.4/d
below (panel (a) at φ = φc − 10−4) and above (panel (b) at φ = φc + 10−4) the transition for
increasing shear rates Pe0 = 9n ∗10−8 with n = 0, . . . ,10 from right to left; the distances correspond
to ε = ±10−3.53. Curves for n = 9, 10 carry short dashes and for n = 8 long dashes; note the
collapse of the two short dashed curves in (a). The insets show the data rescaled so as to coincide
at Φ(t = τ) = 0.1. Panel (c) shows glass correlators at another wavevector q = 7/d for parameters
as labeled; from [80]
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Fig. 12 Transient non-Newtonian shear modulus g(t, γ̇) of the ISHSM in units of kBT/d3 for the
packing fractions φ = φc ± 10−3 (ε = ±10−2.53; dashed/dotted lines, respectively) for increasing
shear rates Pe0 = 9n ×10−6 with n = 0, . . . ,8 from right to left; note the collapse of fluid lines for
the smallest Pe0; from [80]. The solid line gives g(t, γ̇) for φ = φc and Pe0 = 10−6. The inset shows
the data rescaled so as to coincide at g(t = τ , γ̇) = 5; note the collapse of the n = 6,7 & 8 curves
for both φ > φc and φ < φc

the spatial variation. In almost all cases the shear rate is so small that the bare Peclet
number Pe0 is negligibly small and the short-time dynamics is not affected.

In the fluid case, the final or α-relaxation is also not affected for the two smallest
dressed Peclet Pe values, but for larger Pe it becomes faster and less stretched; see
the inset of Fig. 11(a).

Above the transition, the quiescent system forms an (idealized) glass [2, 38],
whose density correlators arrest at the glass form factors fq from Fig. 10, and which
exhibits a finite elastic constant G∞ that describes the (zero-frequency) Hookian
response of the amorphous solid to a small applied shear strain γ: σ = G∞γ for
γ → 0; the plateau G∞ can be seen in Fig. 3 and for intermediate times in Fig. 12. If
steady flow is imposed on the system, however, the glass melts for any arbitrarily
small shear rate. Particles are freed from their cages and diffusion perpendicular to
the shear plane also becomes possible. Any finite shear rate, however small, sets a
finite longest relaxation time, beyond which ergodicity is restored; see Figs. 11(b,c)
and 12.

The glassy curves at ε > 0, panels (b,c), exhibit a shift of the final relaxation with
τγ̇ from (26) and asymptotically approach a scaling function Φ+

q (t/τγ̇ ). The master
equation for the “yielding” scaling functions Φ+

q in the ISHSM can be obtained
from eliminating the short-time dynamics in (18a). After a partial integration, the
equation with ∂tΦq(t) = 0 is solved by the scaling functions:
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Φ+
q (t̃) = m+

q (t̃)− d
dt̃

∫ t̃

0
dt̃ ′ m+

q (t̃ − t̃ ′) Φ+
q (t̃ ′) , (28a)

where t̃ = t/τγ̇ , and the memory kernel is given by

m+
q (t̃) =

1
2N ∑

k
V ( ˜̇γ)

q,k (t̃) Φ+
k (t̃)Φ+

|q−k|(t̃) . (28b)

While the vertex is evaluated at fixed shear rate, ˜̇γ =

√
λ− 1

2
c(γ̇) , it depends on the

equilibrium parameters. The initialization for the correlator is given by

Φ+
q (t̃ → 0) = fq , (28c)

with glass form factor taken from (21). The two-step relaxation and the shift of the
final relaxation with τγ̇ are quite apparent in Fig. 11.

Figure 12 shows the transient shear modulus g(t, γ̇) of the ISHSM from (27c),
which determines the viscosity via η =

∫ ∞
0 dt g(t, γ̇). It is the time derivative of the

shear stress growth function η+(t, γ̇) (or transient start up viscosity; here, the + la-
bels the shear history [1, 83]), g(t, γ̇) = d

dt η+(t, γ̇), and in the Newtonian-regime
reduces to the time dependent shear modulus, glr(t). The g(t, γ̇) shows all the fea-
tures exhibited by the correlator of the density correlators in the ISHSM, and thus
the discussion based on the stability analysis in Sect. 4 and the yielding scaling law
carries over to it: g(t, γ̇) = Gc

∞ + hgG + . . .; the dependence of the final relaxation
step on rescaled time t/τγ̇ is apparent in the glass curves. However, in contrast to
the density correlators Φq(t), the function g(t, γ̇) becomes negative (oscillatory) in
the final approach towards zero, an effect more marked at high Pe. This behavior
originates in the general expression for g(t, γ̇), (27c), where the vertex reduces to a
positive function (complete square) only in the absence of shear advection. A over-
shoot and oscillatory approach of the start up viscosity to the steady state value,
η+(t → ∞, γ̇) → η(γ̇), therefore are generic features predicted from our approach.

5.1.3 Flow Curves

As discussed in Sect. 4, in the fluid, MCT-ITT finds a linear or Newtonian regime in
the limit γ̇ → 0, where it recovers the standard MCT approximation for Newtonian
viscosity η0 of a viscoelastic fluid [2, 38]. Hence σ → γ̇ η0 holds for Pe 
 1,
as shown in Fig. 13, where Pe calculated with the structural relaxation time τ is
included. As discussed, the growth of τ (asymptotically) dominates all transport
coefficients of the colloidal suspension and causes a proportional increase in the
viscosity η . For Pe > 1, the non-linear viscosity shear thins, and σ increases sublin-
early with γ̇ . The stress vs strain rate plot in Fig. 13 clearly exhibits a broad crossover
between the linear Newtonian and a much weaker (asymptotically) γ̇-independent
variation of the stress. In the fluid, the flow curve takes a S-shape in double loga-
rithmic representation, while in the glass it is bent upward only.
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Fig. 13 Steady state shear stress σ in units of kBT/d3 vs Pe0 = γ̇d2/D0, for the ISHSM at various
distances from its glass transition, φ − φc as labeled; circles correspond to fluid, diamonds to the
critical, and squares to glassy densities; from [80], where the additional lines are discussed. For
the fluid cases, φ < φc, dashed lines indicate Newtonian fluid behavior, σ = ηγ̇, while vertical
bars mark Pe= γ̇τ = 1, with the structural relaxation time taken from Φq=7/d(t = τ) = 0.1. The
additional stress which would arise from the background solvent viscosity, σ = γ̇η∞, is marked by
a dot-dashed line. For the critical density, φc, the critical yield stress, σ+

c = 6.04, is shown by a
horizontal bar. The inset shows the rise of the dynamical yield stress σ+ = σ (ε ≥ 0, γ̇ → 0+) in
the glass together with a fitted power-law asymptote, σ+ = σ+

c +112
√

φ −φc

Above the transition, the glass melts for any shear rate. Nonetheless, a finite
limiting stress (yield stress) must be overcome in order to maintain the flow of the
glass:

σ(γ̇,ε ≥ 0) ≥ σ+(ε ≥ 0) = lim
γ̇→0

σ(γ̇,ε > 0) .

For ε ≥ 0 and γ̇ → 0, the time τ(γ̇) for the final decay, (26), can become arbitrarily
slow compared to the time characterizing the decay onto fq. Inserting the scaling
functions Φ+ from (28) into the expression (27c) for the stress, the long time con-
tribution separates out. Importantly, the integrands containing the Φ+ functions
depend on time only via t̃ = t/τγ̇ ∝ γ̇t, so that nontrivial limits for the stationary
stress follow in the limit γ̇ → 0. In the ISHSM for ε ≥ 0, the yield stress is given by

σ+ =
kBT ˜̇γ
60π2

∫ ∞

0
dt̃
∫

dk k5
S′kS′

k̆(t̃)

k̆(t̃)S2
k

(
Φ+

k̆(t̃)
(t̃)
)2

, (28d)

The existence of a dynamic yield stress in the glass phase is thus seen to arise from
the scaling law in (28), which is clearly borne out in Figs. 11 and 12. The yield
stress arises from those fluctuations which require the presence of shearing to pre-
vent their arrest. Even though σ+ requires the solution of dynamical equations, in



Nonlinear Rheology 95

MCT-ITT it is completely determined by the equilibrium structure factor Sq. This
may suggest a connection of MCT to the potential energy paradigm for glasses, as
recently discussed [84, 85]. One might argue that σ+ arises because the external
driving allows the system to overcome energy barriers so that different metastable
states can be reached. This interpretation would agree with ideas from spin-glass [9]
and soft-glassy rheology [6–8]. MCT-ITT indicates how shear achieves this in the
case of colloidal suspensions. It pushes fluctuations to shorter wavelengths where
smaller particle rearrangements cause their decorrelation.

The increase of the amplitude of the yielding master functions Φ+ in (28)
originates in the increase of the arrested structure in the unsheared glass (25). In
consequence the yield stress should rapidly increase as one moves further into the
glass phase, σ+ −σ+

c ∝
√

ε should (approximately) hold; see however [86] for the
more complicated rigorous expression. Indeed, the inset of Fig. 12 shows a good fit
of this anomalous increase to the numerical data. It is one of the hallmarks of the
weakening of the glass upon approaching the glass transition from the low temper-
ature or high density side.

5.2 Schematic F(γ̇)
12 -model

The universal aspects described in Sect. 4 are contained in any ITT model that con-
tains the central bifurcation scenario and recovers (20, 22). Equation (20) states that
spatial and temporal dependences decouple in the intermediate time window. Thus
it is possible to investigate ITT models without proper spatial resolution. Because
of the technical difficulty to evaluate the anisotropic functionals in (11d, 14), it is
useful to restrict the description to few or to a single transient correlator. The best

studied version of such a one-correlator model is the F(γ̇)
12 -model.

5.2.1 Definition and Parameters

In the schematic F(γ̇)
12 -model [80] a single “typical” density correlator Φ(t), conve-

niently normalized according to Φ(t → 0)= 1−Γ t, obeys a Zwanzig–Mori memory
equation which is modeled according to (13)

∂tΦ(t)+Γ
{

Φ(t)+
∫ t

0
dt ′ m(t − t ′) ∂t′Φ(t ′)

}
= 0 . (29a)

The parameter Γ mimics the short time, microscopic dynamics, and depends on
structural and hydrodynamic correlations. The memory function describes stress
fluctuations which become more sluggish together with density fluctuations, be-
cause slow structural rearrangements dominate all quantities. A self consistent
approximation closing the equations of motion is made mimicking (14a). In the



96 M. Fuchs

F (γ̇)
12 -model one includes a linear term (absent in (14a)) in order to sweep out the

full range of λ values in (21), and in order to retain algebraic simplicity:

m(t) =
v1 Φ(t)+ v2 Φ2(t)

1 +(γ̇t/γc)
2 (29b)

This model, for the quiescent case γ̇ = 0, was introduced by Götze in 1984 [38,
87] and describes the development of slow structural relaxation upon increasing the
coupling vertices vi ≥ 0; they mimic the dependence of the vertices in (14b) at γ̇ = 0
on the equilibrium structure given by Sq. Under shear an explicit time dependence of
the couplings in m(t) captures the decorrelation by shear in (14b). The parameter γc

sets a scale that is required in order for the accumulated strain γ̇t to matter. Shearing
causes the dynamics to decay for long times, because fluctuations are advected to
smaller wavelengths where small scale Brownian motion relaxes them. Equations
(29a,b) lead, with Φ(t) = f c + (1− f c)2G(t,ε, γ̇), and the choice of the vertices
v2 = vc

2 = 2, and v1 = vc
1 +ε (1− f c)/ f c, where vc

1 = 0.828, to the critical glass form
factor f c = 0.293 and to the stability equation (22), with parameters

λ = 0.707 , c(γ̇) = 0.586/γ2
c , and t0 = 0.426/Γ .

The F (γ̇)
12 -model possesses a line of glass transitions where the long time limit f =

Φ(t →∞) jumps discontinuously; it obeys the equivalent equation to (21). The glass
transition line is parameterized by (vc

1,v
c
2) = ((2λ −1),1)/λ 2 with 0.5≤ λ < 1, and

f c = 1−λ . The present choice of transition point (vc
1,v

c
2) is a typical one, which

corresponds to the given typical λ -value. The separation parameter ε is the crucial
control parameter as it takes the system through the transition.

For simplicity, the quadratic dependence of the generalized shear modulus on
density fluctuations is retained from the microscopic (11d). It simplifies because
only one density mode is considered, and as, for simplicity, a dependence of the
vertex (prefactor) vσ on shear is neglected:

g(t, γ̇) = vσ Φ2(t)+ η∞ δ (t −0+) . (29c)

The parameter η∞ characterizes a short-time, high frequency viscosity and mod-
els viscous processes which require no structural relaxation, like in the general
case (15). Together with Γ , it is the only model parameter affected by HI. Steady
state shear stress under constant shearing, and viscosity then follow via integrating
up the generalized modulus:

σ = η γ̇ = γ̇
∫ ∞

0
dt g(t) = γ̇

∫ ∞

0
dt vσ Φ2(t)+ γ̇ η∞ . (30)

Also, when setting shear rate γ̇ = 0 in (29a, b), so that the schematic correlator
belongs to the quiescent, equilibrium system, the frequency dependent moduli are
obtained from Fourier transforming:
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G′(ω)+ iG′′(ω) = iω
∫ ∞

0
dt e−iω t vσ Φ2(t)

∣∣
γ̇=0 + iω η∞ . (31)

Because of the vanishing of the Fourier-integral in (31) for high frequencies, the
parameter η∞ can be identified as high frequency viscosity:

lim
ω→∞

G′′(ω)/ω = ηω
∞ , with ηω

∞ = η∞ . (32)

At high shear, on the other hand, (29b) leads to a vanishing of m(t), and (29a) gives
an exponential decay of the transient correlator, Φ(t) → e−Γ t for γ̇ → 0. The high
shear viscosity thus becomes

ηγ̇
∞ = lim

γ̇→∞
σ(γ̇)/γ̇ = η∞ +

vσ
2Γ

= ηω
∞ +

vσ
2Γ

. (33)

5.2.2 Correlators and Stability Analysis

Representative solutions of the F(γ̇)
12 -model are summarized in Fig. 9; these bring

out the discussed universal aspects included in all ITT models. For small separa-
tion parameters and shear rates the correlators develop a stretched dynamics located
around the critical plateau value fc, according to (20–22). The discussion of the dy-
namics around this plateau was a topic of Sect. 4. Figure 14 shows these aspects in

the F (γ̇)
12 -model and presents typical correlators and the corresponding β -correlators.
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Fig. 14 Numerically obtained transient correlators Φ (t) (solid lines) for ε = 0.01 (red, 1), ε = 0

(orange, 2), ε =−0.005 (green, 3) and ε =−0.01 (blue, 4) for the F(γ̇)
12 -model from [86]. All curves

were calculated with γ̇ = 10−7. The dashed lines show the corresponding numerically obtained
functions fc +(1− fc)

2G (t)
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The latter describe how the glassy structure, which is present on intermediate times,
is molten either because the density is too low, or the temperature too high, or, al-
ternatively, because of the effect of shearing. For long times G (t) merges into the
linear asymptote −t/τγ̇ from (26). In the liquid region, for short times G (t) fol-

lows (t/t0)
−a from (22b), and merges into the second power law −(t/τ0)

b from
(23) for intermediate times with the von MCT Schweidler exponent [38]. In the
transition region close to ε = 0, after following (t/t0)

−a the function G (t) merges
directly into the long time asymptote −t/τγ̇ . In the yielding glass region, G (t) fol-
lows (t/t0)

−a, arrests on the plateau value
√

ε/(1−λ ) for intermediate times, and
merges into the linear asymptote −t/τγ̇ only for long times. So we can summarize
that the short- and long time asymptotes are common for all ε if γ̇ �= 0 is common.
Figure 15 shows an overview of the properties of G (t).

The present β -scaling law bears some similarity to that presented by Götze and
Sjögren for the description of thermally activated processes in glasses [55, 88]. In
both cases, ideal glass states are destroyed by additional decay mechanisms. Yet, the
ITT equations and the generalised MCT equations differ qualitatively in the mech-
anism melting the glass. The similarity between both scaling laws thus underlines
the universality of the glass stability analysis, which is determined by quite funda-
mental principles. In (22), the shear rate can only be a relevant perturbation (at long
times) if it appears multiplied by time itself. Symmetry dictates the appearance of
(γ̇t)2, because the sign of the shear rate must not matter. The aspect that shear melts
the glass determines the negative sign of (γ̇t)2.
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Fig. 15 An overview of the properties of G (t) (solid lines) for the same values for ε and γ̇ as
in Fig. 14; from [86]. The dotted lines show the leading asymptotes for the corresponding time
scales: the critical decay (t/t0)−a (a), the von Schweidler law −(t/τ0)b (b), the arrest on the
plateau value

√
ε/(1−λ ) (c) and the shear-induced linear asymptote −t/τγ̇ (d). The dashed

line shows a generalization of the latter law evaluated to higher order with a fitted parameter
a1 (at ε = 0)
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Fig. 16 The numerically determined master function of the yielding-process obeying a “time-
shear-superposition principle” (dotted line) Φ+(t̃) = Φ̃0 (t̃) (label 0); from [86]. The solid lines
show numerically obtained transient density correlators for ε = 0 and γ̇ = 10−7 (red, a), γ̇ = 10−9

(green, b) and γ̇ = 10−12 (blue, c), plotted as functions of the rescaled time t̃. The plots demonstrate
that the rescaled correlators converge to the yield master function Φ̃0 (t̃) from the analog of (28)

in the F(γ̇)
12 -model for γ̇ → 0; the blue curve (c) is already quite close to the master curve (0).

The dashed line shows Φ̃0 (t̃)+ a1 |γ̇ |c Φ̃1 (t̃) for γ̇ = 10−7 and the same numerical value for a1
as in Fig. 15, using the leading correction Φ̃1 (t̃) (1), which is shown in the lower panel. This first
order expansion already describes quite well the shear-induced decay of the red curve (a). The
inset demonstrates that the master function Φ̃0 (t̃) (dotted line) can be well approximated by an
exponential function (solid line); the curves overlap completely

The melting of the glassy structure during the yield process of (28) can be explic-

itly evaluated in the schematic F (γ̇)
12 -model at ε = 0. The yield master function does

not depend on γ̇ , and while its form is model-dependent, its initial decay follows
from the universal stability equation (22). Figure 16 shows numerical results, which
can be well approximated by an exponential function.

The qualitative agreement between the transient correlators of the ISHSM and the

schematic F (γ̇)
12 -model support the simplification to disregard the spatial structure.

The only cost to be paid, is the fixed plateau value fc, which can be varied with
wavevector in the ISHSM, but not in the schematic model.

5.2.3 Asymptotic Laws of Flow Curves

A major advantage of the simplified F (γ̇)
12 -model is that it allows for asymptotic ex-

pansions that qualitatively capture the flow curves. They can thus be investigated in
detail addressing such questions as, e.g., for the existence of power-law shear thin-
ning [1], or the dependence of the yield stress on separation parameter. Figure 17
shows an overview of the numerically obtained flow curves and the corresponding
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Fig. 17 Overview of the numerically obtained flow curves (solid lines) and the asymptotic
Λ -formula evaluated numerically (dashed lines); from [86]. The liquid curves in the upper panel
are shown for ε = −10−7 (red, 1), ε = −10−6 (orange, 2), ε = −10−5 (green, 3) and ε = −10−4

(blue, 4). The lower panel shows the glassy curves for ε = 0 (red, 1), ε = 10−5 (orange, 2),

ε = 10−4 (green, 3) and ε = 10−3 (blue, 4). Crosses mark the points with |ε | = εγ̇ = |γ̇t0|
2a

1+a .
The natural upper boundary for the shear rate, γ̇∗, where the range of validity of the Λ -formula
is left, is also indicated. For ε < 0, the natural lower limits for the shear rates, below which the
Λ -formula does not describe the flow curves, are marked by diamonds

asymptotic results given by the so-called Λ -formula. While the glass flow curves ex-
hibit an upward curvature only, the fluid curves show a characteristic S-shape, where
the initial downward curvature changes to an upward one for increasing shear rate.
Both behaviors are captured by the asymptotic expansions. For positive separation
parameters the range of validity of the Λ -formula is given by |ε| 
 1 and |γ̇t0| 
 1.
These two requirements ensure that G (t) describes the dynamics of Φ (t) with a
sufficiently high accuracy; see Figs. 14 and 15. For sufficiently small negative sep-
aration parameters, the Λ -formula is valid in finite shear rate windows only, as it
does not reproduce the linear asymptotes for low shear rates. Precise criteria for the
range of its validity are known [86], and Fig. 17 presents an overview of the flow
curves and their asymptotic laws.

While the detailed discussion of the flow curves and their asymptotics leads be-
yond the present review, see [86], the important conclusions from Fig. 17 in the
present context are that the universal aspects discussed in Sect. 4 are recovered, that
qualitative agreement is obtained with the results of the ISHSM, and that analytical
expressions for the flow curves can be obtained. For example, the critical flow curve
follows a generalized Herschel–Bulkley law:

σ (ε = 0, γ̇) = σ+
c

3

∑
n=0

cn |γ̇/γ̇∗|mn ,
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where σ+
c is the critical dynamic yield stress and γ̇∗ defines a natural scale for the

shear rates in the asymptotic expansion; the upper limit 3 of the summation is dis-
cussed in [86]. At the transition, this law describes the flow curve correctly for
sufficiently small shear rates; see Fig. 17. This result also implies a generalized
power-law weakening of the yield stress σ+(ε) when approaching the glass tran-
sition for ε ↘ 0+, which is shown in the inset of Fig. 13. In fluid states for ε < 0,
the flow curves in double logarithmic presentation, viz. log10 (σ) as function of
log10 (γ̇), show an inflection point defined by

d2 (log10 (σ))
d (log10 (γ̇))2 = 0 .

But then in some finite shear rate windows the flow curves can be approximated by
the corresponding inflection tangents. The slopes p of the inflection tangents can be
interpreted as exponents occurring in some pseudo power laws:

σ ∝ γ̇ p , ⇔ η ∝ γ̇ p−1 .

Figure 18 shows some examples. The asymptotic formula also describes the neigh-
borhood of the inflection point correctly for sufficiently small ε , but does not
represent a real power law. In the framework of asymptotic expansions, there is
thus no real exponent p. The power-law shear thinning, often reported in the litera-
ture, in the ITT-flow curves is thus a trivial artifact of the double logarithmic plot.
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Fig. 18 The upper panel shows numerically obtained flow curves (solid lines) for ε = −10−3

(red, 1), ε = −10−2 (green, 2) and ε = −10−1 (blue, 3). The dotted lines show the corresponding
inflection tangents, with exponents p = 0.16, 0.35, and 0.63 from left to right. The dashed line
shows the numerically evaluated Λ -formula for ε =−10−3. The shear rate with ε =−εγ̇ is marked
by a cross. The lower panel shows the corresponding results for the viscosity; from [86]
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Rather, the flow curves on the fluid side exhibit a characteristic S-shape. While this
shape is rather apparent when plotting stress vs shear rate, plotting the same data as
viscosity as function of shear rate hides it, because the vertical axis gets appreciably
stretched.

5.2.4 Test of Asymptotics in a Polydisperse Dispersion

While the asymptotic expansions in the previous section provide an understanding
of the contents of the MCT-ITT scenario, experimental tests of the asymptotic laws
require flow curves over appreciable windows in shear rate.

Figures 19 and 20 show experimental data recently obtained by Siebenbürger
et al. [33] on polydisperse dispersions of the thermosensitive core-shell particles
introduced in Sect. 3.1.2 [31]. In all cases stationary states were achieved after
shearing long enough, proving that ageing could be neglected even for glassy states.
Because of the appreciable poyldispersity in particle size (standard deviation 17%)
crystallization could efficiently be prevented and flow curves over extremely wide
windows could be obtained. Two flow curves from their work can be used to test the
asymptotic results.

Figure 19 shows the result for a liquid-like flow curve where the asymptotic
Λ -formula holds for approximately four decades. The pseudo power law resulting
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Fig. 19 Reduced flow curves for a core-shell dispersion at an effective volume fraction of φeff =
0.580; data from [33], analysis from [86]. Here RH denotes the hydrodynamic radius and D0 the
self diffusion coefficient of the colloidal particles; kBT is the thermal energy. The solid line (red)

shows the result for the fitted F(γ̇)
12 -model with vc

2 = 2.0. The fitted parameters are: ε = −0.00042,
γc = 0.14, vσ = 70kBT/R3

H, Γ = 80D0/R2
H, and η∞ = 0.394kBT/RHD0. The dashed line shows

the corresponding result for the Λ -formula. The dotted line shows the inflection tangent of the
numerically determined flow curve with a slope of p = 0.12. The inset shows the corresponding
results for the viscosity
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Fig. 20 Reduced flow curves for a core-shell dispersion at an effective volume fraction of
φeff = 0.629; quantities as defined in the caption of Fig. 19. The solid line (red) shows the re-

sult for the fitted F(γ̇)
12 -model with vc

2 = 2.0. The fitted parameters are: ε = 0.000021, γc = 0.16,
vσ = 115kBT/R3

H, Γ = 120D0/R2
H, and η∞ = 0.431kBT/RHD0. The dashed line shows the corre-

sponding result for the Λ -formula. The dotted line shows the fitted Herschel–Bulkley law given by
(34) with the analytically calculated exponent m̃ = 0.489; data from [33], analysis from [86]

from the inflection tangent of the flow curve holds for approximately two decades
within the range of validity of the Λ -formula.

Figure 20 shows the result for a flow curve, where a small positive separation
parameter was necessary to fit the flow curve and the linear viscoelastic moduli
simultaneously. The data are compatible with the (ideal) concept of a yield stress,
but fall below the fit curves for very small shear rates. This indicates the exis-
tence of an additional decay mechanism neglected in the present approach [32, 33].
Again, the Λ -formula describes the experimental data correctly for approximately
four decades. For higher shear rates, an effective Herschel–Bulkley law

σ(γ̇∗ 
 |γ̇| 
 Γ ,ε = 0) = σ̃0 + σ̃1 |γ̇t0|m̃ (34)

with constant amplitudes and exponent m̃ = 0.49 can be fitted in a window of ap-
proximately two decades. The constant σ̃0 is not the actual yield stress, σ+, which
is obtained in the limit of vanishing shear rate, σ+ = σ(γ̇ → 0), but is larger,

The experimental data of the polydisperse samples, which exhibit structural dy-
namics over large windows, and their fits with the full schematic model, will be
taken up again in Sect. 6.2, where additionally the linear response moduli are con-
sidered, as had been done in Sect. 3.1.2 for the less polydisperse samples affected
by crystallization.
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6 Comparison of Theory and Experiment

As MCT-ITT contains uncontrolled approximations, justification to studying it can
be obtained only from its power to rationalize experimental observations. Because
the transient density fluctuations are the central quantity in the approach, density
correlators shall be considered first. Flow curves have been studied in most detail
experimentally and in simulations, and thus are considered next.

6.1 ISHSM and Single Particle Motion Under Steady Shear

Detailed measurements of the stationary dynamics under shear of a colloidal hard
sphere glass have recently been obtained by confocal microscopy [30]. Single par-
ticle motion was investigated in a shear-molten glass at roughly the wavevector
inverse to the average particle separation. Figure 21 shows self-intermediate scatter-
ing functions measured for wavevectors along the vorticity direction where neither
affine particle motion nor wavevector advection appears. The stationary correlators
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Fig. 21 Steady state incoherent intermediate scattering functions Φ s
q(t) as functions of accumu-

lated strain γ̇t for various shear rates γ̇ ; the data were obtained in a colloidal hard sphere dispersion
at packing fraction φ = 0.62 (at ε ≈ 0.07) using confocal microscopy [30]; the wavevector points
in the vorticity (ẑ) direction and has q = 3.8/R (at the peak of Sq). The effective Peclet numbers
Peeff = 4R2γ̇/Ds are estimated with the short time self diffusion coefficient Ds ≈ D0/10 at this
concentration [15]. ISHSM calculations with separation parameter ε = 0.066 at qR = 3.9 (PY-Sq

peaking at qR = 3.5), and for strain parameter γc = 0.033, are compared to the data for the Peeff
values labeled. The yielding master function at Peeff = 0 lies in the data curves which span 0.055 ≤
Peeff ≤ 0.45, but discussion of the apparent systematic trend of the experimental data would require
ISHSM to approximate better the shape of the final relaxation process; from [45]
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deep in the glass, for shear rates spanning almost two decades, are shown as function
of accumulated strain γ̇t, to test whether a simple scaling τγ̇ ∼ 1/γ̇ as predicted by
(28) holds. Small but systematic deviations are apparent which have been inter-
preted as a power law τγ̇ ∼ γ̇−0.8 [30, 89]. ISHSM computations were performed
for a nearby wavevector where Sq is around unity so that coherent and incoherent
correlators may be assumed to be similar [90]. Additionally, for the comparison
it was assumed that time dependent transient and stationary fluctuation functions
agree. The yielding master function from (28) in ISHSM can be fitted to the data
measured at small effective Peclet numbers Peeff, by using for the phenomenologi-
cal “strain rescaling parameter” γc = 0.033; the smallness of the fitted value, which
would be expected to be of order unity, is not yet understood. The effective Peclet
number Peeff = 4R2γ̇/Ds with Ds/D0 = 0.1 taken from [15] measures the impor-
tance of shear relative to the Brownian diffusion time obtained from the short time
self diffusion coefficient Ds at the relevant volume fraction. At the larger effective
Peclet numbers, Peeff ≥ 0.5, for which the short-time and final (shear-induced) re-
laxation processes move closer together, the model gives quite a good account of
the γ̇-dependence.

The shape of the final relaxation step in a shear-molten glass can be studied even
more closely in recent computer simulations, where a larger separation of short and
long time dynamics could be achieved [91]. In these molecular dynamics simula-
tions of an undercooled binary Lenard-Jones mixture, schematic ITT models give a
good account of the steady state flow curves, σ(γ̇) [81, 92]; this will be discussed
in Sect. 6.3. Figure 22 shows the corresponding stationary self intermediate scat-
tering functions for a wavevector near the peak in Sq, oriented along the vorticity
direction, for shear rates spanning more than four decades. Collapse onto a mas-
ter function when plotted as function of accumulated strain is nicely observed as
predicted by (28). At larger shear rates, the correlators raise above the master func-
tion; this resembles the behaviour observed in the confocal experiments in Fig. 21,
and in the theoretical calculations in Figs. 11 and 16. Assuming again that transient
coherent correlators can be fitted to stationary incoherent ones, the shape of the
master function can be fitted with the ISHSM, using again an unaccountedly small
strain parameter γc. After this rescaling, modest but visible differences in the shapes
remain: the theoretical master function decays more steeply than that from simula-
tions.

Overall, theory and experiment agree in finding a two step relaxation process,
where shear has a strong effect on the final structural relaxation, while the short
time diffusion is not much affected. This supports the central MCT-ITT prediction
that shearing speeds up the structural rearrangements in a concentrated dispersion
close to vitrification. More detailed comparisons await better theoretical calculations
where the effect of shear on the stationary density fluctuation functions is taken into
account more faithfully than in the ISHSM.
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Fig. 23 Left column: Reduced flow curves (filled squares) for different volume fractions. The
solid lines are the results of the schematic model, the dashed line represent the pseudo power law
behaviour; from [33]. Right column: Reduced frequency dependent moduli for different volume
fractions. Full symbols/solid lines represent G′, hollow symbols/dashed lines represent G′′. Thick
lines are the results of the schematic model, the thin lines the results of the microscopic MCT.
Graphs in one row represent the continuous and dynamic measurements at one volume fraction.
(a) and (b) at φeff = 0.530, (c) and (d) at φeff = 0.595, (e) and (f) at φeff = 0.616, (g) and (h) at φeff
= 0.625, and (i) and (j) at φeff = 0.627
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Fig. 22 Steady state incoherent intermediate scattering functions Φ s
q(t) measured in the vorticity

direction as functions of accumulated strain γ̇t for various shear rates γ̇ ; data from molecular dy-
namics simulations of a supercooled binary Lenard-Jones mixture below the glass transition are
taken from [91]. These collapse onto a yield scaling function at long times. The wavevector is
q = 3.55/R (at the peak of Sq). The quiescent curve, shifted to agree with that at the highest γ̇ ,
shows ageing dynamics at longer times outside the plotted window. The apparent yielding master
function from simulation is compared to those calculated in ISHSM for glassy states at or close to
the transition (separation parameters ε as labeled) and at nearby wave vectors (as labeled). ISHSM
curves were chosen to match the plateau value fq, while strain parameters γc = 0.083 at ε = 0
(solid line) and γc = 0.116 at ε = 10−3 (dashed line) were used; from [45]

6.2 F(γ̇)
12 -Model and Shear Stresses in Equilibrium

and Under Flow in a Polydisperse Dispersion

A central result of MCT-ITT concerns the close connection between structural re-
laxation at the glass transition and the rheological properties far from equilibrium.
The ITT approach aims to unify the understanding of these two phenomena, which
were introduced wrt. experimental data in Sects. 3.1.1 and 5.2.4, respectively. MCT-
ITT requires, as sole input, information on the equilibrium structure (namely Sq),
and first gives a formally exact generalization of the shear modulus to finite shear
rates, g(t, γ̇), which is then approximated in a consistent way. A novel dense col-
loidal dispersion serves as experimental model system, whose linear and nonlinear
rheology can be determined over very broad windows of control parameters. The
generalized modulus g(t, γ̇) can thus be investigated as function of shear rate and
time (more precisely frequency), and the MCT-ITT approach can be tested thor-
oughly. Thermosensitive core-shell particles consisting of a polystyrene core and
a crosslinked poly(N-isopropylacrylamide) (PNIPAM) shell were synthesized and
their slightly polydisperse dispersions (standard deviation 17%) characterized in de-
tail [33]; see Sect. 3.1.1. While their precise structure factor has not been measured
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yet, the system can well be considered a slightly polydisperse mixture of hard
spheres. Because polydispersity prevents crystallization and the lack of attractions
prevents demixing and coagulation, this system opens a window on structural re-
laxation, which can be nicely tuned by changing the effective packing fraction by
varying temperature.

Shear stresses measured in non-linear response of the dispersion under strong
steady shearing, and frequency dependent shear moduli arising from thermal shear
stress fluctuations in the quiescent dispersion were measured and fitted with results

from the schematic F(γ̇)
12 -model. Some results from the microscopic MCT for the

equilibrium moduli were also included; see Fig. 23. The fits with quiescent MCT
for (monodisperse) hard spheres using the PY Sq support the finding of Sect. 3.1.2
that MCT accounts for the magnitude of the stresses at the glass transition semi-
quantitatively. Because of the polydispersity of the samples, which is neglected in
the calculations performed according to the presentation in Sect. 3.1.2, somewhat
larger rescaling factors cy are required; they are included in Table 1. Also, the criti-
cal packing fraction φc of the glass transition again is reproduced with some small
error. Because of polydispersity, the experimental estimate φ c

eff ≈ 0.625 [33] lies
somewhat higher than in the (more) monodisperse case [32], which is as expected
[93, 94].

Figure 23 gives the comparison of the experimental flow curves and the linear
response moduli G′ and G′′ with theory for five given different effective volume
fractions φeff adjusted by varying temperature. On the left-hand side the flow curves
σ(γ̇) are presented as functions of the bare Peclet number Pe0 = kBT/(6πηsR3

H) γ̇ ,
on the right-hand side G′ and G′′ are displayed as functions of the frequency-
Peclet or Deborrah number Peω = kBT/(6πηsR3

H)ω , calculated with the respective
frequency ω . Table 1 gathers the effective volume fractions together with the fit
parameters of the F γ̇

12-model. Note that G′ and G′′ have been obtained over nearly
seven orders of magnitude in frequency, while the flow curves extend over more
than eight decades in shear rate.

The generalized shear modulus g(t, γ̇) of the F γ̇
12-model (cf. 29c) presents the

central theoretical quantity used in these fits. Within the schematic model, the vertex
prefactor vσ is kept as a shear-independent quantity. It can easily be obtained from
the stress and modulus magnitudes. Hydrodynamic interactions enter through η∞,
which can be obtained from measurements done at high frequencies, and through Γ ,
which can be obtained via (33) from measurements done at high shear rates. Given
these three parameters, both the shapes of the flow curves as well as the shapes of
the moduli G′ and G′′ may be obtained as function of the two parameters ε and
γ̇/γc. The former sets the separation to the glass transition and thus (especially) the
longest relaxation time, while the latter tunes the effect of the shear flow on the flow
curve.

All measured quantities, namely σ , G′, and G′′ were converted to the respective
dimensionless quantities by multiplication with R3

H/kBT where RH is the hydro-
dynamic radius at the respective temperature. As already discussed above, the
experimental control parameters γ̇ and ω also were converted by 6πηsR3

H/kBT to
the respective Peclet numbers.
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Fig. 23 continued

Table 1 Packing fraction φeff and parameters vσ , Γ , γc, and η∞ of the fit using the schematic F γ̇
12-

model for the measurements shown in Fig. 23; from [33]. The parameters ε , short time diffusion
coefficient Ds/D0, and rescaling factor cy from the microscopic linear response calculation using
MCT, and the pseudo-power law exponent p are also included

ε vσ Γ η∞ εmicro

φeff F(γ̇)
12 -mod.

[
kBT
R3

H

] [
D0
R2

H

]
γc

[
kBT

D0RH

]
micro. Ds/D0 cy p

0.530 −0.072000 18 20 0.0845 0.2250 −0.10 0.3 2.3 0.631
0.595 −0.003500 48 50 0.1195 0.2400 −0.008 0.3 2.3 0.248
0.616 −0.000420 70 80 0.1414 0.3938 −0.001 0.3 2.3 0.117
0.625 −0.000170 85 90 0.1491 0.4250 −0.001 0.3 3.0 0.0852
0.627 0.000021 115 120 0.1622 0.4313 0.002 0.3 3.5 –

Evidently, both the reduced moduli, the Pe number, and the packing fraction de-
pend on the effective particle volume R3

H. In the polydisperse sample, a distribution
of values R3

H actually exists, whose variance may be determined by disc centrifu-
gation at low concentration, and which is fixed for one given sample. Close to the
glass transition the size distribution is thus (almost) density independent, and R3

H(T )
is the single experimental control parameter, whose small change upon varying tem-
perature T drives the system through the glass transition.
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Figure 23 demonstrates that the rheological behavior of a non-crystallizing
colloidal dispersion can be modeled in a highly satisfactory manner by five pa-
rameters that display only a weak dependence on the effective volume fraction of
the particles. Increasing the effective packing fraction drives the system towards the
glass transition, viz. ε increases with φeff. Stress magnitudes (measured by vσ ) also
increase with φeff, as do high frequency and high shear viscosities; their difference
determines Γ . The strain scale γc remains around the reasonable value 10%. In spite
of the smooth and small changes of the model parameters, the F γ̇

12-model manages
to capture the qualitative change of the linear and non-linear rheology. The mea-
sured Newtonian viscosity increases by a factor around 105. The elastic modulus
G′ at low frequencies is utterly negligible at low densities, while it takes a rather
constant value around 10kBT/R3

H at high densities. An analogous observation holds
for the steady state shear stress σ(γ̇), which at high densities takes values around
0.3kBT/R3

H when measured at lowest shear rates. For lower densities, shear rates
larger by a factor around 107 would be required to obtain such high stress values.

At volume fractions around 0.5 the suspension is Newtonian at small Pe0. Ap-
proaching the glass transition leads to a characteristic S-shape of the flow curves
and the Newtonian region becomes more and more restricted to the region of small-
est Pe0. Concomitantly, a pronounced minimum in G′′ starts to develop, separating
the slow structural relaxation process from faster, rather density independent mo-
tions, while G′ exhibits a more and more pronounced plateau. At the highest density
(Fig. 23, panels i and j), the theory would conclude that a yielding glass is formed,
which exhibits a finite elastic shear modulus (elastic constant) G∞ = G′(ω → 0), and
a finite dynamic yield stress, σ+ = σ(γ̇ → 0). The experiment shows, however, that
small deviations from this glass like response exist at very small frequencies and
strain rates. Description of this ultra-slow process requires extensions of the present
MCT-ITT which are discussed in [32].

Considering the low frequency spectra in G′(ω) and G′′(ω), microscopic MCT
and schematic model provide completely equivalent descriptions of the measured
data. Differences in the fits in Fig. 23 for Peω ≤ 1 only remain because of slightly
different choices of the fit parameters which were not tuned to be close. These dif-
ferences serve to provide some estimate of uncertainties in the fitting procedures.
Main conclusion of the comparisons is the agreement of the moduli from micro-
scopic MCT, schematic ITT model, and from the measurements. This observation
strongly supports the universality of the glass transition scenario which is a central
line of reasoning in the ITT approach to the non-linear rheology.

6.3 F(γ̇)
12 -Model and Flow Curves of a Simulated Supercooled

Binary Liquid

In large scale molecular dynamics simulations an 80:20 binary mixture of Lennard-
Jones (LJ) particles at constant density was supercooled under shear. This model
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has well known equilibrium properties and many aspects that can be understood
consistenly within MCT [95]. To account for shearing, it was used together with
Lees-Edwards boundary conditions and the SLLOD equations of motion to develop
a linear velocity profile. Note that in the simulation, solvent effects are obviously
lacking, and the simulated flow curves thus provide support for the notion that
shear thinning can arise from shear-induced speed up of the structural relaxation;
it is evident in Fig. 22. Because the microscopic motion is Newtonian, the theo-
retical description of this model goes beyond the framework of Sect. 2. Yet the
universality of the structural long time dynamics, predicted by MCT [74] and
also retained in MCT-ITT, supports the application of MCT-ITT to the simula-
tion data. Moreover, the independence of the glassy dynamics on the employed
microscopic motion was explicitly confirmed in simulations of the mixture [96].
This supercooled simple liquid has been characterized quite extensively under shear
[10, 50, 81, 91, 92], and thus fits of the flow curves provide challenging tests to the

schematic F(γ̇)
12 -model.

Figure 24 shows the stress-shear rate dependence as flow curves, ranging from
supercooled states to the glassy regime; LJ units are used as described in [81]. The

solid lines are fits to the simulation data with the F (γ̇)
12 -model, which reproduce

the transition from a shear-thinning fluid to a yielding glass quite well. Coming
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Fig. 24 Flow curves σ (γ̇) reaching from the supercooled to the glassy state of a sim-
ulated binary LJ mixture. The data points correspond to the temperatures T = 0.525,0.5,

0.45,0.44,0.43,0.42,0.4,0.38,0.3,0.2, and 0.01 in LJ-units (from bottom to top). F(γ̇)
12 -model

curves fitted by eye are included as lines. The inset shows the relation between the fitted sepa-
ration parameters and temperature. Units are converted by σ = 1.5σtheo and γ̇ = 1.3γ̇theoΓ ; from
[92]. The arrows mark the values of the extrapolated dynamic yield stresses σ+(ε)
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from high shear rates, the flow curves of the supercooled state pass to the linear
response regime in the lower left corner, indicated by a dashed-dotted line with
slope 1. On approaching the transition point, the linear response regime shifts to
lower and lower shear rates. Beyond the fluid domain, the existence of a dynamic
yield stress σ+ = limγ̇→0 σ > 0 is supported by the simulation results, which sustain

a stress plateau over three decades in shear rate. Best F (γ̇)
12 -model fits are obtained

for a Tc = 0.4, suggesting a slightly lower transition temperature [97] as determined
from the simulations of the quiescent system, where Tc = 0.435 was found [95]. The
reason may be the ergodicity restoring processes which were also observed in the
colloidal experiments shown in Figs. 7, 20, and 23.

The stress plateau is best developed for temperatures deep in the glassy phase
extending over about two decades in shear rate. Its onset is shifted toward progres-
sively lower γ̇ as the temperature is increased toward Tc. This makes an estimate
of the dynamic yield stress, σ+(T ) ≡ σ(T ; γ̇ → 0), a difficult task for temperatures
below but close to Tc. Nevertheless, an estimate of σ+(T ) is interesting because it
highlights the anomalous weakening of the glass when heating to Tc. Testing the
MCT predictions below Tc has previously not been possible in simulations because
of problems in reaching the equilibrated or steady state at sufficiently low shear
rates. Figure 25 significantly supports the notion of a glass transition under shear as
it presents the first simulations result exhibiting the predicted anomalous softening
in an elastic property of the glass upon approaching the transition from the glass
side, viz. upon heating.
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Fig. 25 Dynamic yield stress estimated from the simulations of a supercooled binary LJ mixture
under steady shear shown in Fig. 24, and its temperature dependence (in LJ units); from [81].
The estimate uses the stress values for the two lowest simulated shear rates, namely γ̇ = 10−5

(triangle) and γ̇ = 3×10−6 (circle); the extrapolation with the F(γ̇)
12 -model is shown by diamonds.

At temperatures below T = 0.38, (almost) the same shear stress is obtained for both values of γ̇
and the extrapolation, indicating the presence of a yield stress plateau
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7 Summary and Outlook

The present review explored the connection between the physics of the glass
transition and the rheology of dense colloidal dispersions, including in strong steady
shear flow. A microscopic theoretical approach for the shear-thinning of concen-
trated suspensions and the yielding of colloidal glasses was presented, which builds
on the MCT of idealized glass transitions. The extension to strongly driven sta-
tionary states uses the so-called ITT approach, which leads to a scenario of shear
melting a glass, whose universal aspects can be captured in simplified schematic
models. Consecutive generalizations of ITT to arbitrary time-dependent states far
from equilibrium [59] and to arbitrary flow geometries [98] have yielded a non-
Newtonian constitutive equation applicable to concentrated dispersions in arbitrary
homogeneous flows (not reviewed here), albeit still under the approximation that
hydrodynamic interactions are neglected. Within the theory, this approximation be-
comes valid close to the glass transition and for weak but nonlinear flows, where
the slow structural relaxation dominates the system properties, and where hydrody-
namic interactions only affect the overall time scale.

The structural dynamics under flow is predicted to result from a competition be-
tween local particle hindrance (termed cage effect) and the compression/stretching
(i.e., advection) of the wavelength of fluctuations induced by the affine particle mo-
tion with the flow. Measurements of the single particle motion in the stationary state
under shear support the theoretical picture that shear speeds up the structural dy-
namics, while instantaneous structural correlations remain rather unaffected. Model
dispersions made of thermo-sensitive core-shell particles allow investigation of the
close vicinity of the transition. Measurements of the equilibrium stress fluctuations,
viz. linear storage and loss moduli, and measurements of flow curves, viz. nonlinear
steady state shear stress vs shear rate, for identical external control parameters ver-
ify that the glassy structural relaxation can be driven by shearing and in turn itself
dominates the low shear or low frequency rheology.

In the employed theoretical approach, the equilibrium structure factor Sq captures
the particle interactions. Theory misses an ultra-slow decay of all glassy states, and
neglects (possible) ageing effects.
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Micromechanics of Soft Particle Glasses

Roger T. Bonnecaze and Michel Cloitre

Abstract Soft glasses encompass a broad class of materials at the boundaries
between polymers, granular dispersions, and colloidal glasses. Although they dis-
play a huge diversity of compositions and architectures, soft glasses share a common
structure as well as generic static and flow properties. In this chapter, we show that
the dense amorphous microstructure of soft glasses, combined with the existence of
repulsive elastohydrodynamic interactions mediated by the solvent, lie at the heart of
their behavior. These two basic ingredients are incorporated into a micromechanical
model and a dynamic molecular-like simulation. Our theory successfully predicts
near-equilibrium quantities such as the pair distribution function and shear moduli,
the slip properties that are observed when soft glasses are sheared along solid sur-
faces, as well as the bulk shear rheology. These results, which connect properties at
the particle scale to macroscopic behavior, provide predictive tools for the design of
materials with a desired rheological response.

Keywords Elastohydrodynamic interactions · Glass transition · Linear viscoelas-
ticity · Nonlinear rheology · Polymer-colloid materials · Shear-thinning · Wall slip

Contents

1 Introduction
2 Generic Properties of Soft Particle Suspensions and Glasses

2.1 Composition and Architecture
2.2 Origin of Particle Elasticity

R.T. Bonnecaze
Department of Chemical Engineering and Texas Materials Institute,
The University of Texas at Austin, Austin, TX 78712, USA
e-mail: rtb@che.utexas.edu

M. Cloitre (�)
Matière Molle et Chimie (UMR 7167, ESPCI-CNRS), ESPCI-ParisTech,
10 rue Vauquelin, 75005 Paris, France
e-mail: michel.cloitre@espci.fr

rtb@che.utexas.edu
michel.cloitre@espci.fr


R.T. Bonnecaze and M. Cloitre

2.3 Phase Behavior of Soft Particle Dispersions: Suspensions and Glasses
2.4 Interaction Pair Potential in the Dense State Limit

3 Near-Equilibrium Properties of Soft Particle Glasses
3.1 Introduction
3.2 Micromechanical Model
3.3 Near-Equilibrium Radial Distribution Function
3.4 Shear Moduli and Osmotic Pressure
3.5 Comparison with Experimental Data

4 Wall Slip and Surface Rheology
4.1 Ubiquity of Wall Slip Phenomena in High-Solid Dispersions
4.2 Generic Features of Wall Slip
4.3 Theory of Soft Lubrication

5 Shear Rheology of Soft Glasses
5.1 Generic Properties of the Nonlinear Rheology of Soft Glasses
5.2 Model Description
5.3 Simulation Results

6 Outlook and Open Questions
References

1 Introduction

Concentrated suspensions of soft particles, also named soft glasses, form an
important class of materials at the frontier between polymer solutions, granular
materials, and colloidal glasses. Soft glasses are made from soft and deformable
particles dispersed in a solvent at large volume fractions that are well above close-
packing. Soft glasses encompass a wide range of materials including concentrated
emulsions, colloidal pastes, multilamellar vesicles, star polymers, copolymer mi-
celles, and clay suspensions [1]. For example, Vlassopoulos and Fytas describe how
macromolecular and colloidal chemistry can be used to generate well-defined soft
particles presenting a rich variety of phase states and materials properties [2]. The
structure and the dynamics of biological fluids, tissues, and the intracellular cyto-
plasm are analogous to a crowded suspension of repulsive soft colloidal particles
[3, 4]. In soil mechanics and geology, heterogeneous materials such as mud, slurries
and lavas can be described as highly concentrated suspensions of deformable partic-
ulate aggregates of various size and composition [5]. All these materials exhibit both
solid-like and liquid-like properties, with the solid–liquid transition taking a variety
of forms. This behavior is exploited industrially to formulate food or personal care
products and to process high performance materials such as films, coatings, solid
inks, and ceramics. Therefore, understanding and predicting the deformation and
flow of soft glasses in terms of their constituents and structure pose an outstanding
challenge for real life applications as well as for statistical and condensed-matter
physics.

Soft glasses are named in reference to hard glasses, with which they share some
common features such as nonergodicity and caged-dynamics. It is well known
that monodisperse, hard-sphere suspensions form glasses when the volume fraction
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exceeds a value of about 0.58. Colloidal glasses are out-of-equilibrium materials,
where particles are kinetically trapped into a metastable, disordered configura-
tion [6]. Each particle is constrained in a cage formed by a small number of
neighbors, which restrict and eventually arrest macroscopic motion. At short times,
particles move within their cages, a process which constitutes β-relaxation. At much
longer times, which are usually experimentally inaccessible, particles eventually
escape from their cages via a process termed α-relaxation, which represents the
longest relaxation process of the glass. The application of an external stress ex-
ceeding the strength of the cages forces the particles to move past one another over
large distances and causes macroscopic flow. The flow properties and the rheol-
ogy of hard-sphere glasses, both in linear and nonlinear regimes, have been studied
experimentally at length during the last decade. On the theoretical side, the soft
glassy rheology model provides a simple and useful description of glass rheology
[7, 8]. More recently, extensions of the mode coupling theory have appeared to
be extremely powerful for predicting the linear and nonlinear rheology of colloidal
glasses [9–11]. Fuchs focuses on some of these models, which enjoy promising suc-
cess in capturing important features of the rheology of hard-sphere suspensions near
the glass transition [12].

Compared to conventional glasses, soft glasses exhibit some new and interest-
ing features. The particles interact through potentials that are much weaker than in
hard-sphere glasses and that can be tuned at will through the composition and the
architecture. Consequently, whereas monodisperse, hard-sphere glasses cannot ex-
ceed close-packing at an approximate volume fraction of 0.64, soft glasses can be
formed at much higher volume fractions. The particles then develop repulsive forces
of elastic origin at contact, which control the cage elasticity and other macroscopic
properties. Unlike hard-sphere glasses, which become solids at close-packing, soft
glasses can still flow at such high volume fractions, albeit slowly, because the par-
ticles are able to change their shape by deforming elastically [13]. The solvent that
lubricates the contact plays an important role in transmitting the elastic interac-
tions through the glass. In this chapter, we show how this subtle interplay between
disorder and solvent-mediated elastic interactions can be incorporated into a mi-
cromechanical description that quantitatively accounts for the peculiar static and
dynamic properties of these materials.

The outline of the chapter is as follows. In Sect. 2 we review some of the generic
properties shared by soft particle glasses. Our objective is to emphasize the un-
derlying universality present in the phase diagram of these materials, although the
composition and the architecture of the particles, as well as the interactions between
them, can be very diverse. In Sect. 3 we present the essence of our micromechan-
ical model, focusing first on the prediction of the static properties such as osmotic
pressure, elastic modulus and pair distribution function. Section 4 is central to the
chapter since it introduces solvent-mediated elastic interactions, which constitute
one of the specificities of soft glasses. These interactions explain in particular the
slip behavior of microgel pastes and concentrated emulsions near rigid surfaces.
Section 5 presents a 3D model that incorporates the elastohydrodynamic contact
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interactions to the dense amorphous structure of soft glasses. Once implemented
in a molecular dynamics simulation, the model provides quantitative predictions of
the flow properties of soft glasses, which involve the solvent viscosity and the glass
elasticity as the two main parameters. The predictions quantitatively agree with the
experimental behavior measured for microgel pastes and concentrated emulsions,
highlighting the universality of our description.

2 Generic Properties of Soft Particle Suspensions and Glasses

2.1 Composition and Architecture

This section presents an overview of the great variety of soft particles encoun-
tered both in fundamental science and in applications. We propose a classification
based on composition and architecture, distinguishing colloidal-like particles, net-
work particles, polymer–colloid systems, and surfactant particles, as illustrated in
Fig. 1 and discussed below.

2.1.1 Colloidal-Like Particles

The preparation of highly concentrated colloidal dispersions requires an efficient
stabilization strategy that keeps the particles apart, preventing aggregation and
gelation at high solid content. This is achieved by chemically and/or physically
modifying the surface of the particles. These modifications confer some degree of

Fig. 1 Various types of soft particles: (a) solid particle covered with adsorbed or grafted polymer
chains; (b) microgel particle; (c) star polymer; (d) block copolymer micelle; (e) emulsion droplet;
(f) multilamellar vesicle; (g) liposome
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softness and deformability to initially rigid particles. Although an extensive review
of the subject is far beyond the scope of this chapter, it is useful to describe some
representative situations.

Electrostatic stabilization has been known for a long time as an efficient way
to stabilize particles against aggregation [14]. Ionic groups, either dissociated or
adsorbed on the colloidal surfaces, leave their counterions in solution, and these
small, mobile ions form electrical double-layers through which the particles inter-
act. At low ionic strength, double-layers expand and interparticle repulsion acts over
long distances, leading to the formation of crystals or glasses [15, 16]. Interestingly,
the double-layers surrounding the particles are sensitive to compression and/or dis-
tort easily under an external force, making crystals and glasses soft and highly
deformable [16, 17]. Historically, this problem has been worked out for the case
of model spherical particles such as silica particles or polystyrene lattices. More
recently, it has been shown that the same description applies to aqueous suspen-
sions of charged disk-like Laponite particles [18–20]. Laponite is a synthetic clay
with diameter around 30 nm and thickness of 1 nm and is nearly monodisperse. The
structural charge borne by the surface of the platelets is negative, whereas that of
the edges depends on the pH. Although the phase behavior of Laponite suspensions
is relatively complicated and not fully understood, they exhibit a liquid to soft solid
transition driven by repulsive interactions at low ionic strength [20]. This system
has appeared during the last few years as one of the most studied examples of soft
glassy materials [18, 21, 22].

Steric stabilization is another well-established method of stabilizing colloidal
suspensions of submicron to micron size [23]. The particles are coated with a layer
of adsorbed or grafted polymer chains that provides a steric repulsion of entropic
origin and helps disperse the particles by counterbalancing van der Waals attraction
(Fig. 1a). The polymeric nature of the adsorbed or grafted layer softens the interpar-
ticle interactions and makes the particles intrinsically deformable. Many polymer
chain/particle combinations have been synthesized and studied, and are described
in the literature. Several popular colloidal systems consist of silica particles covered
with various polymers such as polydimethylsiloxane [24], stearyl alcohol [25], alkyl
chains [26], and polyethylene oxide [27]. Polymethylmethacrylate and polystyrene
particles grafted with polymer chains have also been used extensively. For a re-
view on the impressive literature on the subject we refer the interested reader to
Vlassopoulos and Fytas [2].

For electrostatic and steric stabilization, the particles can be viewed effectively
as colloids consisting of a soft and deformable corona surrounding a rigid core. Col-
loidal particles with bulk elastomeric properties are also available. These particles,
which are generally of submicron size, are developed and used as reinforcement ad-
ditives to improve the impact resistance of various polymer matrices [28–30]. The
rubber of choice is often a styrene/butadiene copolymer. The presence of chemical
groups at the matrix–filler interface leads to improved adhesion between them. Typ-
ically, the addition of about 30% by volume of these elastomeric particles increases
the impact strength of a brittle glassy polymer like polystyrene by up to a factor
of 10. For some applications, particles with more complex architecture have been
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developed. For instance, core–shell particles consisting of an elastomeric core of
polybutadiene or n-butyl-acrylate and a thin rigid shell of polymethylmethacrylate
are currently used to reinforce polymers like poly(vinylchloride) and polycarbonate.

2.1.2 Network Particles

Network particles refer to colloidal objects consisting of crosslinked and/or entan-
gled polymer chains. Microgel particles certainly form the most important class
of network particles, both for fundamental science and applications. They consist
of an intramolecular crosslinked polymeric network swollen by a solvent (Fig. 1b).
Because of this architecture, they are partially impenetrable, just like colloids, but
at the same time inherently soft and deformable like polymers. Microgels have
become central components of advanced functional colloidal materials [31], with
promising applications in the fields of bioencapsulation and controlled targeted
drug release [32], metal ion adsorption [33], photonic materials [34], and rheol-
ogy control [35, 36]. A rich literature describes how the synthesis, composition,
and architecture of microgels (monomer composition, crosslink density, particle
size, surface charge, and functional groups) can be customized to meet the require-
ments of demanding applications [37]. The size of individual particles can span
several orders of magnitude, from 10 nm to 1μm or more. They can be made from
various polymers or copolymers, leading to an enormous variety of products. Histor-
ically, the first systems to be developed operated in organic solvents [38–40]. Today,
neutral or polyelectrolyte water-soluble microgels offer the richest opportunities
in terms of novel and environmentally safe applications. Neutral water-swellable
microgels are based on poly(N-isopropylacrylamide) (PNIPAm) [41] or poly(N-
vinylcaprolactam) [42]. A non-exhaustive list of polyelectrolyte microgels include
particles made from poly(acrylic acid) [43, 44], poly(methylmethacrylic acid ([45]
and its copolymers with poly(methylmethacrylate) [46] or ethylacrylate [47], and
poly(2-vinylpyridine) [48]. Biopolymers, which form physically crosslinked net-
works, are also used to create biocompatible microgels [49, 50].

Another distinctive feature that makes microgel particles extremely attractive is
their capacity to change their volume almost reversibly when the properties of the
suspending medium are modified. Like their macroscopic counterparts, microgels
swell up to the point where their modulus becomes equal to the difference between
the osmotic pressure inside the polymer network and the osmotic pressure of the
solution. The swelling of neutral particles, which primarily depends on the solvent
quality, can be finely tuned through small variations of temperature [38]. Particles
comprising thermosensitive monomers undergo a volume transition with temper-
ature [51, 52]. In the case of polyelectrolyte microgels, the osmotic pressure of
counterions is responsible for swelling. This renders ionic microgels highly sensitive
to variations of pH or ionic strength [53]. The synthesis and the use of micro-
gels combining complex response to pH and temperature have also been described
[54, 55].
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At swelling equilibrium the osmotic pressures of the solvent inside and outside
microgels balance each other. A direct consequence is that any change of the os-
motic pressure of the continuous phase can induce osmotic deswelling. This effect
is crucial in complex formulations, which generally comprise many components.
For instance an increase of the ionic strength provokes the osmotic deswelling of
ionic microgels [56]. Similarly the addition of excluded linear free chains causes
the deswelling of neutral and polylectrolyte microgels [57–60]. Osmotic deswelling
is responsible for a reduction in particle size and a decrease of volume fraction.
In general these modifications alter the macroscopic behavior of suspensions in a
dramatic way and complicate the interpretation of experiments since the volume
fraction is not known accurately [61].

2.1.3 Polymer–Colloid Particles

Polymer–colloids refer to particles consisting of a solid core surrounded by a poly-
meric corona. This broad class of materials encompasses systems as different as star
polymers, block copolymer micelles, and grafted particles.

Multiarm star polymers have recently emerged as ideal model polymer–colloids,
with properties interpolating between those of polymers and hard spheres [62–64].
They are representatives of a large class of soft colloids encompassing grafted par-
ticles and block copolymer micelles. Star polymers consist of f polymer chains
attached to a solid core, which plays the role of a topological constraint (Fig. 1c).
When the functionality f is large, stars are virtually spherical objects, and for f = ∞
the hard sphere limit is recovered. A considerable literature describes the synthesis,
structure, and dynamics of star polymers both in melt and in solution (for a review
see [2]).

Block copolymers in selective solvents exhibit a remarkable capacity to self-
assemble into a great variety of micellar structures. The final morphology depends
on the molecular architecture, the block composition, and the affinity of the solvent
for the different blocks. The solvophobic blocks constitute the core of the micelles,
while the soluble blocks form a soft and deformable corona (Fig. 1d). Because of
this architecture, micelles are partially impenetrable, just like colloids, but at the
same time inherently soft and deformable like polymers. Most of their properties
result from this subtle interplay between colloid-like and polymer-like features. In
applications, micelles are used to solubilize in solvents otherwise insoluble com-
pounds, to compatibilize polymer blends, to stabilize colloidal particles, and to
control the rheology of complex fluids in various formulations. A rich literature
describes the phase behavior, the structure, the dynamics, and the applications of
block-copolymer micelles both in aqueous and organic solvents [65–67].

The morphology of a micelle is primarily determined by the composition of the
copolymer and the incompatibility between the blocks and the solvent. Symmetric
block copolymers produce micelles in which the core and the corona have compa-
rable volume, leading to colloidal particles akin to the sterically stabilized particles
described above. By contrast, very asymmetric copolymers form star-like particles
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with a very small rigid core and a much larger deformable corona. Interestingly,
colloidal and star-like micellar solutions have markedly different structure factors
and dynamics and, in principle, the interaction potential between micelles can be
tuned continuously between hard-sphere-like and star-like behavior by changing
the block copolymer composition and architecture [68]. The structure of the con-
centrated phases is another interesting issue. Very often block copolymer micelles
form ordered crystalline phases at high concentration, but disordered glassy phases
have also be obtained and used as model systems of micellar glasses. Star-like mi-
celles switch from ordered crystalline phases to disordered glasses when the degree
of aggregation increases [69]. Defects coming from some intrinsic polydispersity of
the block copolymers also play an important role [70, 71].

2.1.4 Liquid Dispersions: Emulsions, Vesicles, and Liposomes

This section concerns dispersions of two liquid phases dispersed one into the other
using surfactants. Emulsions belong to this class of materials. They consist of a
mixture of two immiscible fluids, one of which, generally oil, is dispersed as small
droplets in the continuous phase of the other fluid, generally water. The interfaces
are stabilized by a surfactant, preventing coalescence over a reasonable period of
time (Fig. 1e). Emulsions are generally obtained by intensively shearing a mixture of
two immiscible liquids in the presence of one or several surfactants. A rich literature
describes the properties of emulsions, their phase behavior, and the processes at
work during emulsification [72]. Recent works have focused on the preparation of
well-defined monodisperse emulsions using specific shearing procedures [73] or
microfluidic techniques [74].

In concentrated solutions, amphiphilic molecules are known to self-assemble into
a variety of spatially organized structures, which include lyotropic liquid crystals
[75]. Although mesophases of different symmetries have been reported, smectic
lamellar phases occupy a large portion of the phase diagram of amphiphilic sys-
tems [76, 77]. These phases sometimes persist when they are diluted, leading to the
formation of fluctuating sheet-like membranes in solution. Due to their anisotropy
and to their high flexibility, lamellar phases under steady shear flow can present
different orientations, depending on the volume fraction and shear intensity [78].
Although a well-defined orientation is generally obtained at low and high shear
rates, the membranes are wrapped around a spherical core to form multilamellar
vesicles (Fig. 1f), which are close-packed and fill the space at intermediate shear
rates. The size of these objects results from a balance between the viscous stress
associated with the shearing motion and the elastic stress of the membranes. An
interesting result is that these multilamellar vesicles are quenched when the shear
flow is stopped. Their structure is metastable but relaxes extremely slowly over a
few days to several months, depending on the lamellar composition.

Multilamellar vesicles belong to the general class of liposomes. Liposomes are
small particles made out of membranes filled with active substances. The mem-
branes, which are usually made of amphiphilic molecules such as phospholipids,
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can be multilayers as described above or bilayers (Fig. 1g). Because liposomes
encapsulate one or several aqueous regions inside hydrophobic membranes, dis-
solved hydrophilic substances cannot readily pass through the lipids. This makes
liposomes extremely attractive for drug delivery applications.

2.2 Origin of Particle Elasticity

All the systems presented in the previous section, although very different in com-
position and structure, can be viewed as dispersions of soft and elastic spherical
particles. However, the origin of the particle elasticity can be very different, de-
pending on the architecture and composition.

The elasticity of emulsion droplets comes from the interfacial tension of the oil–
water interface. When a strain is exerted on the droplets, their shape is changed
and the area of the interfaces increases, storing energy that is released when the
droplets recover their initial shape [79]. The energy scale that controls the cost of
small deformations is the surface energy Γ R2, where Γ is the interfacial tension and
R the radius of the droplets.

The elasticity of multilamellar vesicles can be discussed in reference to that of
emulsion droplets. The crystalline lamellar phase constituting the vesicles is char-
acterized by two elastic moduli, one accounting for the compression of the smectic
layers, B, and the second for the bending of the layers, K [80]. The combination√

KB has the dimension of a surface tension and plays the role of an effective surface
tension when the lamellae undergo small deformations [80]. This result is valid for
multilamellar vesicles of arbitrary shapes [81, 82]. Like for emulsion droplets, the
quantity

√
KB R2 is the energy scale that determines the cost of small deformations.

The elasticity of microgel particles has essentially the same origin as that of
their macroscopic counterparts. Simple relationships exist between the elastic mod-
ulus and the difference of osmotic pressure between a gel and its solvent bath at
swelling equilibrium, both for neutral and charged gels [83]. Any parameter that
acts to increase or decrease the swelling will change the elastic modulus in the op-
posite direction. For neutral gels, the osmotic pressure inside the polymer network
results from the solvent–polymer mixing free energy so that the particle elasticity
depends essentially on the solvent quality and of the crosslink density [84]. For
polyelectrolyte gels, the osmotic pressure is dominated by the counterions associ-
ated with the fixed charges borne by the polymer network. The gel elasticity strongly
depends on the degree of ionization and on the ionic strength [85, 86]. In core–shell
latex consisting of a polystyrene core covered with crosslinked PNIPAm shell, the
elasticity results essentially from the outer polymer layer [87]. In hairy particles
consisting of linear chains adsorbed or grafted onto a solid core, the elasticity arises
from the entropy of the dangling chains [88].

While providing useful guides, this approach neglects the fact that the elastic
moduli of polymer networks or polymer–colloid particles are often extremely de-
pendent on the conditions of synthesis [86] and preparation [49, 50]. Moreover,
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it is not obvious that predictions holding for macroscopic gels can be transposed
to microgels of micron size, which may have a heterogeneous structure or where
finite size effects play an important role [89]. Recently, advanced micromanipula-
tion techniques have been used to directly characterize the swelling behavior and
the elastic properties of micron-sized microgels [90].

2.3 Phase Behavior of Soft Particle Dispersions: Suspensions
and Glasses

The phase behavior of concentrated suspensions made from soft and deformable
particles can be described in analogy to that of hard-sphere suspensions. The lat-
ter form glasses when their volume fraction exceeds a value Φg ∼= 0.58 [6, 91, 92].
Colloidal glasses are out-of-equilibrium materials in which particles are kinetically
trapped into a metastable, disordered configuration [6, 93]. The cage picture has
been proven extremely successful in describing the dynamics of colloidal glasses
[92, 94]. It considers that each particle in a glass is constrained in a cage formed by
a small number of neighbors, which restrict and eventually arrest macroscopic mo-
tion. At short times, particles move within their cages, a process which constitutes
β-relaxation. At much longer times, which are usually experimentally inaccessi-
ble, particles eventually escape from their cages via a process termed α-relaxation,
which represents the longest relaxation process of the glass [92, 93, 95].

Above Φg, soft particle suspensions interacting through purely repulsive inter-
actions also form glasses. This is well documented in the literature for the case of
emulsions [96] and microgels [97–101]. Soft particle glasses share common features
with hard-sphere glasses, such as nonergodicity and caged dynamics. However,
whereas hard-sphere glasses cannot exceed close-packing at an approximate vol-
ume fraction of 0.64, soft particles can be arranged at much higher volume fractions
due to their softness and deformability. Above close-packing, particles adapt their
shape due to steric constraints by forming flat facets at contact. Many concentrated
dispersions share this generic structure irrespective of the origin of elasticity, as de-
picted in Fig. 2. Particles oppose external deformations by exerting repulsive forces
through their contacting facets. These repulsive forces are responsible for the elas-
tic moduli and for the osmotic pressure of the suspensions, which will be studied
in Sect. 3. Each particle is surrounded by many neighbors with whom it interacts,
just as if it were trapped in a cage. Cages persist until a stress exceeding the cage
elasticity is applied, which is at the origin of yielding and flow, as will be shown in
Sect. 5. We shall refer to concentrated suspensions made of soft particles at a volume
fraction above close-packing as soft particle glasses.

The existence of short-range attractive interactions between particles leads to a
much richer phase behavior, as illustrated in Fig. 3. This situation can be achieved
by adding a nonadsorbing polymer to the suspensions, which induces an effective
depletion attraction between the particles [105]. Such polymer–colloid mixtures can
be viewed as model systems of complex fluids and are involved in many practical
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Fig. 2 Generic structure of concentrated dispersions above close-packing: (a) polyelectrolyte
microgels [47] (particle diameter d ≈ 0.2μm); (b) oil in water emulsion [102] (d ≈ 2μm);
(c) multilamellar vesicles [103] (d ≈ 5μm). (Pictures are reproduced with permission of the au-
thors)

Fig. 3 Phase diagram
of concentrated particle
dispersions in the presence
of short-range attractive
interaction. Repulsive and
attractive glasses are formed
at high and low temperatures,
respectively. The hatched
area represents the reentrant
liquid region observed when
the temperature is varied at
constant volume fraction.
(Reproduced from [104] with
permission of the author)
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applications. The range and the depth of the attraction are tuned independently by
varying the molecular weight and concentration of the polymer, respectively [106].
At low polymer concentration, the attraction does not play any significant role and
the suspension behaves very much like a hard-sphere suspension. At larger polymer
concentrations, short-range attractive interactions come into play and the particles
tend to stick together, eventually shrinking the confining cage and causing the melt-
ing of the glass [104]. In this regime, the effect of attraction is primarily to stabilize
liquid states and to shift the glass transition to higher volume fractions. When the
polymer concentration is further increased, interparticle bonds become stronger and
have a longer lifetime; the dynamics slows down, and a so-called attractive glass
is formed. An immediate consequence is that the suspension undergoes a reen-
trant solid–liquid–solid transition when the strength of the attraction is increased
or lowered. This scenario has been observed experimentally in hard-sphere/polymer
and microgel/polymer mixtures [107–110]. Many other concentrated suspensions
involving short-range attractive forces follow the same qualitative behavior, e.g.,
concentrated protein solutions [111], copolymer micelles [112–115], stearyl grafted
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silica particles [116], and star polymer mixtures [117]. However, many questions
remain about the nature of the different phases associated with the reentrant transi-
tion, the possibility of inducing transitions between attractive and repulsive glasses,
and the connection between the local dynamics and the macroscopic rheology.

2.4 Interaction Pair Potential in the Dense State Limit

In the dense limit where they are highly compressed, particles develop repulsive
forces at contact due to their elasticity. The resulting potentials are weaker than ob-
served in hard-sphere suspensions. In this section, we show that their exact form
depends on the local architecture and the origin of elasticity but that there exist
strong similarities and also subtle differences between materials as different as soft
elastomeric particles, microgel particles, emulsions, and star polymers. We shall fo-
cus on simple situations where the interaction forces are purely repulsive without
attractive components. We begin our discussion with the case of elastomeric parti-
cles compressed against one another. Figure 4 represents two such elastic spheres,
i and j, with radii Ri and R j and centered at ri and r j, respectively; the particles
interact elastically through flat facets. The overlap distance between them is: hij =
Ri + R j − rij, where rij = |ri − r j| is the center-to-center distance. The contacts are
assumed to be frictionless and hence exert only a normal repulsive force at contact.

When the particle deformation is small compared to the size of the undeformed
spheres, the contacts obey Hertzian contact mechanics. According to Hertz’s theory,
the elastic energy associated with a single contact is [118]:

Uij = 0 hij < 0

Uij =
8

15
E∗

(
hij

Rc

)5/2

R3
c hij > 0

, (1)

Fig. 4 Two deformable
particles (i and j) compressed
against each other and
interacting elastically through
their contacting facet
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where E∗ is the elastic contact modulus of the particles, which is related to the
Young’s modulus E and the Poisson’s ratio ν through: E∗ = E/2(1− ν2). E∗ ac-
counts for the contact stiffness; the stiffer the particle, the greater is the contact
energy for the same deformation. The factor Rc is the reciprocal of the relative

curvature defined by R−1
c =

(
R−1

i + R−1
j

)−1
. Liu et al. have measured the force

required to compress single elastomeric spheres of micron size between two flat
plates [119]. They found that estimates from Hertz theory are accurate to within
10% for up to 15% deformation, but the elastic force is higher at larger deforma-
tions. For large compression ratios, they derived an accurate expression assuming
the Mooney–Rivlin law of nonlinear elasticity. This solution is well represented by
the following empirical rule:

Uij = 0 hij < 0

Uij = CE∗
(

hij

Rc

)n

R3
c hij > 0

, (2)

with n = 5/2,C = 8/15 for hij/R < 0.1; n = 4,C = 32/3 for 0.1 ≤ hij/R ≤ 0.2;
and n = 6, C = 1580/9 for 0.2 ≤ hij/R ≤ 0.6. The values of the constant C ensure
force continuity over the entire range of compression ratios considered. Equations
(1) and (2) provide useful estimates for the interaction potentials between soft elastic
particles with bulk elasticity such as elastomeric particles and microgels.

For emulsions in which elasticity has an interfacial origin, Lacasse et al. have
shown that the energy of interaction per contact between two compressed droplets
can be well approximated at small compression ratios by an anharmonic potential
of the form [120]:

Uij = 0 hij < 0

Uij = CΓ
(

hij

Rc

)α
R2

c hij < 0
, (3)

where C is a constant prefactor and Γ is the interfacial tension. Both the constant C
and the exponent α depend on the number of interacting neighbours. The exponent
α varies from 2.1 at low coordination numbers to 2.6 at large coordination numbers.
Note that this form of the interaction energy between compressed droplets is quite
similar to the elastic energy for Hertzian contacts given by (1), with the contact
elastic modulus E∗ being proportional to the Laplace pressure Γ /R. For an emulsion
droplet surrounded by 12 neighbors, we have: E∗ = 9.92(Γ/R) [121]. The validity
of expression (3) is limited to situations where the droplets are weakly compressed.
Lacasse et al. have also proposed a more general expression which applies over a
wider range of compression ratios [120]:

Uij = 0 hij < 0

Uij = CΓ
[(

Rc

rij

)
−1

]α
R2

c hij > 0
, (4)
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where again the prefactor C and the exponent α depend on the coordination number.
Whereas these expressions describe static interaction between two droplets, dy-
namic interactions between two moving droplets are much less understood. Recent
work suggests that such dynamic interactions involve a combination between inter-
facial deformation, static surface forces, and hydrodynamic drainage [122].

Star polymers are known to interact through an ultrasoft pair potential that is very
different from that of the other soft spheres described above [123]. The energy of
interaction between two identical stars with effective diameter σ is of the form:

Uij

kBT
=

5
18

f 3/2
[− ln(rij/σ)+ (1 + f 1/2/2)−1

]
r ≤ σ

Uij

kBT
=

5
18

f 3/2(1 + f 1/2/2)−1(σ/rij)exp
[− f 1/2(rij −σ)/2σ

]
r > σ

. (5)

where kB is the Boltzmann constant. This potential exponentially decays at large
distances and crosses over at the corona diameter to a weak logarithmic repulsion.

We compare the variations of the pair potentials for particles with bulk elasticity
(1)–(2) and surface elasticity (3)–(4), for star polymers (5), and for hard sphere par-
ticles in Fig. 5. The different potentials are normalized in a way that allows direct

Fig. 5 Variations of the interaction energy between particles versus the center-to-center distance.
(a) Hertzian potentials for particles with bulk elasticity: the dashed line represents the usual Hertz
potential (1), and the solid line the generalized Hertzian potential (2). (b) Potentials for emulsions
with surface elasticity: the dashed line denotes the approximate solution for small compression
ratios (3), and the solid line the general solution (4). (c) Ultrasoft potentials for star polymers
(where σ ≈ 1.3RG, with RG being the radius of gyration of the star, following [123]) (5): dashed
line f = 256; solid line f = 128; dashed and dotted line f = 64. (d) Hard-sphere potential
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comparison. Although they all are repulsive, there exist significant differences be-
tween them. First, we note that the Hertzian pair potentials for particles with bulk
elasticity (elastomeric particles, microgels) in Fig. 5a and those for particles with
interfacial elasticity (emulsion droplets, multilamellar vesicles) in Fig. 5b are quite
similar. We simply note that the Hertzian potentials are slightly softer than their
counterparts for liquid droplets. It is also interesting to observe that the approxi-
mate forms of the potentials given by relations (1) and (3), which are valid at small
compression ratios only, significantly underestimate the energies of interaction at
short distances. The potential for stars in Fig. 5c is markedly different from the oth-
ers, indicating that stars are more easily compressed and deformed than microgels
and emulsion droplets. Once the functionality f is large, the dependence of the en-
ergy on f is relatively weak, apart from the amplitude factor f 3/2. Finally, all these
potentials differ drastically from the hard-sphere potential shown in Fig. 5d. These
results point to the specificities of the pair potentials of soft particles compared to
the hard-sphere potential.

3 Near-Equilibrium Properties of Soft Particle Glasses

3.1 Introduction

Concentrated dispersions of soft particles display both solid-like and fluid-like prop-
erties. In this section, we discuss the solid-like properties for near-equilibrium
dispersions above the volume fraction for random close-packing. Near equilibrium
is considered to be a configuration of the dispersion in which the interparticle forces
are balanced and there is no net force on each particle. For these jammed systems,
entropic effects are negligible and the sum of the pairwise interaction energies de-
termines the free energy of the system. Balancing the forces on each particle ensures
a local energy minimum or “near equilibrium” state. This of course is not the ab-
solute free energy minimum, which would be a face-centered cubic lattice structure
for monodisperse spheres, for example.

There has been considerable work on the elastic properties of soft particle
dispersions composed of compressed emulsions and microgels. The elastic proper-
ties of compressed emulsions have been explored experimentally and theoretically
[79, 124–129]. Concentrated microgel suspensions [87, 121, 130] and multilamellar
vesicles [77, 82, 131, 132] have also been studied extensively. The elasticity of these
different systems exhibit interesting analogies that will be analyzed in this section.

The importance of the amorphous glassy microstructure of soft particle disper-
sions is reflected by the great influence that the particle elastic modulus has on
yielding and flow. The yield stresses of colloidal pastes and of emulsions scales like
the shear modulus [13, 133, 134]. In Sect. 5, the flow curves of soft particle glasses
will be shown to exhibit a remarkable universal behavior in terms of a unique micro-
scopic time scale that involves the shear modulus [13]. In Sect. 4, the slip velocity
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of microgel pastes and concentrated emulsions will be shown to scale linearly with
the shear modulus [102, 135]. In view of this, it is crucial to have predictions of
the elastic modulus and of the osmotic pressure of these dispersions in terms of the
particle properties and the microstructure.

3.2 Micromechanical Model

To model the elastic properties of dispersions of soft particles, we consider a dis-
persion of N spheres in a periodic box, as shown in Fig. 6. The particles are either
monodisperse with radius R or polydispersed with a Gaussian distribution around
a mean radius R. The concentration of particles is above the random close-packed
volume fraction of φc = 0.64 so that the particles are jammed together and form
facets at contact. The contacts are assumed to be purely repulsive and frictionless
and hence exert only a normal repulsive force at contact. The total elastic energy
stored in the structure is the summation of the pairwise contact energies. Even at the
highest volume fraction at near-equilibrium conditions, i.e., without flow, deforma-
tion of a particle is no more than 10% of its radius. Thus, the particle deformation
is small compared to the size of the undeformed sphere and the contacts obey the
Hertzian contact potential given by (1).

The total energy U for a random close-packing of N spheres is obtained as a sum
of all the contact energies:

U =
N

∑
i

N

∑
j>i

Uij. (6)

Y

X

Fig. 6 Periodic box of concentrated dispersion of soft spherical particles. Each pair of particles at
contact forms a facet, as shown in Fig. 4, that deforms according to Hertz’s theory or similar law
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The stress tensor σ is obtained by the Kirkwood formula [136]:

σ = − 1
V

N

∑
i

N

∑
j>i

rij
dUij

drij
, (7)

where V is the system volume. The osmotic pressure π is the mean normal stress:

π =
1
3

tr(σ). (8)

For an isotropic body with Poisson’s ratio ν = 0.5 stretched uniaxially, the elastic
energy change is given by [137]:

ΔU
V

=
G
2

(
λ 2 +

2
λ
−3

)
, (9)

where λ is the extension ratio. For small strains, λ is close to unity and can be
written as (1 + ε), where ε is a small number. Using this and approximating (9)
correctly to O(ε), the shear modulus is given by:

G ∼= 2
3ε2

ΔU
V

. (10)

Glassy packings of soft spheres are created first by generating a three-
dimensional, periodically replicated random close-packed configurations of hard
spheres using a compression algorithm introduced for glasses [138]. The close-
packed configuration is compressed by reducing the box size in small steps until
the desired density is achieved. After each size decrement, the system is allowed to
relax. The relaxation protocol utilizes the conjugate gradient algorithm to minimize
the system energy given by (8), which is equivalent to allowing the particles to
readjust their positions so that they are in force equilibrium. Polydisperse packings
can also be generated by the same protocol.

To compute the shear moduli and the osmotic pressure, we deform the packing in
small increments. At each increment, the periodic box is stretched and the particle
centers undergo the corresponding affine displacement. Because the initial config-
uration was relaxed (i.e., at an energy minimum), any slight deformation would be
accompanied by an increase in energy, ΔU∞. From this energy change, the shear
modulus calculated with (10) is equivalent to the high-frequency modulus G∞. In
this limit, the relaxation time of the packing particles is slow, and so even though
the particles experience unequal forces, they do not have the opportunity to relax. On
the other hand, for low-frequency experiments, the deformation time is much greater
than the relaxation time. While the packing is being deformed, particles rearrange
themselves in order to balance their forces and minimize their contact energy. The
details for simulating these simultaneous deformations and relaxations can be found
elsewhere [121, 128]. The low-frequency modulus G0 is determined by the energy
changes associated with these deformations.
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3.3 Near-Equilibrium Radial Distribution Function

It is useful to understand the microstructure of soft particle dispersions before dis-
cussing the predictions of their elastic properties and the comparison of these
with experimental data. The radial distribution function is a convenient form
for characterizing the microstructure since one expects radial symmetry at near-
equilibrium conditions. In Fig. 7, the radial distribution function computed for the
undeformed system has been plotted against the scaled radial distance. But for the
first peak (Fig. 7a), this radial structure is very similar to that observed for jammed
hard-sphere packings [139]. For hard spheres, g(r) shows a sharp rise from zero
at the hard-sphere diameter, i.e., r = 2R. Here, since the soft-sphere packing is

Fig. 7 Distribution function g(r) for monodisperse packings versus the radial distance r scaled
with particle radius R. The shift in g(r) due to variation in the packing fraction is shown for (a) large
and (b) small radial distances
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compressed, the nearest-neighbor distance is much lower than the undeformed par-
ticle diameter. The first peak is thus located at radial distances r < 2R and is also
broader (Fig. 7b). This structure is similar to that reported by Chandler et al. for
particles with soft repulsive potentials [140].

In Fig. 7b, we observe that each g(r) curve has a first peak that resembles a
Normal distribution. So, we fit each peak with a Gaussian curve of the form:

g(r) = aexp

(
− (r− rm)2

2s2

)
, (11)

where rm is the mean radial distance, s is the spread, and a is the peak height. All
three parameters have a systematic dependence on the volume fraction. As the vol-
ume fraction increases, the particles are packed closer together and rm, which is
the mean distance between neighbors, is lower. To quantify this dependence, con-
sider one particle surrounded by N neighbors. The spherical volume of radius rm

surrounding the particle center contains approximately (1 + N/2) particles, assum-
ing that this imaginary sphere cuts each neighboring particle into half (actually it
is slightly less than half). The solid volume fraction is φ ∼ (1 + N/2)(1/rm)3. At
close-packing, where the particles just touch each other, rm equals 2R and the frac-
tion is φc ∼ (1 + N/2)/8. Combining these two results, we obtain rm ∼ (φc/φ)1/3.
In the actual system, N is not constant but increases steadily from around 7 for close-
packing up to 11 for high compressions. Thus (1 + N/2) is a weak function of φ .
Upon fitting the observed rm values we find that:

rm(φ) = 2.07

(
φc

φ

) 1
3

φ0.09, (12)

where the additional weak dependence on φ accounts for the slight increase in the
number of contacts upon compression. The peak width s increases with the packing
fraction. Since the right edge of the peaks reaches a minimum near r = 2R, s should
be proportional to (2− rm). From the observed s values we obtain:

s ∼= 0.478(2− rm). (13)

Finally, the peak height a also shows a distinct φ dependence. It is lower for greater
compressions and appears singular at the hard-sphere contact. Upon fitting the data
for a, we find that:

a(φ) = 2.09(φ −φc)
−0.87 φ−0.56, (14)

where it indeed approaches a singularly high value as the packing fraction ap-
proaches φc.

These results point towards a universality in the particle radial distribution func-
tion from r = 0 to 2R. This is shown in Fig. 8 where the first contact peaks, which are
self-similar, are collapsed for all packing fractions onto the master Gaussian curve:



R.T. Bonnecaze and M. Cloitre

Fig. 8 Rescaled radial distribution function g̃(r̃) for monodisperse packings versus the modified
radial distance r̃. Data for different volume fractions φ collapse on a single curve, which is well
approximated by a standard Gaussian function

g̃(r̃) = exp

(
− r̃2

2

)
, (15)

where r̃ is the modified radial distance defined by:

r̃ =
1

s(φ)

( r
2R

− rm(φ)
)

, (16)

and g̃(r̃) was calculated by scaling g(r) with the individual peak heights as:

g̃(r̃) =
g(r)
a(φ)

. (17)

Thus, the parameters used for rescaling are solely functions of the packing fraction
and its deviation from the close-packed value, using which we can predict the radial
distribution function of any packing of soft particles a priori.

3.4 Shear Moduli and Osmotic Pressure

Figure 9 summarizes the simulation results for monodisperse packings. It shows a
plot of G0, G∞ and π , all scaled with E∗, versus the packing fraction. These val-
ues of the shear moduli and the osmotic pressure were consistently reproduced over
nine sample configurations for each fraction and show little spread, with error bars
smaller than the symbols. Up to a packing fraction of around φc = 0.64 (i.e., the
close-packing density), there is no contact between particles, and both the moduli
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Fig. 9 Simulation results for monodisperse packings. The high-frequency shear modulus G∞
(open circles), the low-frequency shear modulus G0 (closed circles), and the osmotic pressure
π (diamonds) are all scaled with the particle contact modulus E∗ and plotted versus the packing
fraction φ . The lines represent the predictions for π and G∞ using (18) and (19)

and the osmotic pressure are zero. When compressed above this concentration, the
spheres are deformed; the osmotic pressure grows rapidly at first and then continues
to increase more slowly at higher volume fractions. The plot for G∞ also shows a
sharp rise at the critical packing density. As the packing fraction increases, the en-
ergy required to deform the packing also increases and hence G∞ grows. G0 shows
the same trend, but is less stiff than G∞. This is because the energy change accom-
panying deformation with intermediate relaxation is also lower.

Both the osmotic pressure and the high-frequency shear modulus can be calcu-
lated analytically from the radial distribution function derived above. The osmotic
pressure π is related to the radial distribution function and the energy potential
u(r) as:

π = −4πn2

6

2R∫
0

r3 du(r)
dr

g(r)dr, (18)

where n is the number density of particles. The high-frequency shear modulus G∞
is given by [141]:

G∞ =
2π
15

n2

2R∫
0

g(r)
d
dr

[
r4 du(r)

dr

]
dr. (19)

Figure 9, verifies the calculated osmotic pressure and high-frequency shear mod-
ulus against the values obtained from simulations. Both the calculated values and
the simulation results agree well for the entire range of packing fractions. It is
interesting to note that, unlike the high-frequency modulus, the low-frequency
modulus cannot be obtained analytically.
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Fig. 10 Simulation results for the low-frequency shear modulus G0 scaled with the contact mod-
ulus E∗, computed for 0, 5, 10, 15, and 20% polydisperse packings, as a function of φ −φc

We have found that small amounts of Gaussian polydispersity have little effect
on the osmotic pressure and storage modulus. Surprisingly, even a 20% spread in
the particle radius does not produce a significant effect on either G0 or π . The
low-frequency modulus G0 is plotted versus the volume fraction φ in Fig. 10 for
different values of the polydispersity. The results are very close and it is difficult to
distinguish a definite trend due to polydispersity. Similar results are noted for the
high-frequency modulus and osmotic pressure. The percolation threshold, which is
the fraction at which the particles start touching each other and form force chains
through the system volume, is not very different for each set and is fixed at around
0.64 [142–144] for this modest amount of polydispersity.

3.5 Comparison with Experimental Data

We have compared these theoretical predictions of the low-frequency modulus to ex-
perimental measurements on compressed emulsions and concentrated dispersions of
microgels [121]. The emulsions were dispersions of silicone oil (viscosity: 0.5 Pa s)
in water stabilized by the nonionic surfactant Triton X-100 [102, 121]. The excess
surfactant was carefully eliminated by successive washing operations to avoid at-
tractive depletion interactions. The size distribution of the droplets was moderately
polydisperse with a mean droplet diameter of 2μm. The interfacial energy Γ be-
tween oil and water was 4mJ/m2. The contact modulus for these emulsions was
thus E∗ ≈ 35kPa. The volume fraction of the dispersed phase was easily obtained
from weight measurements before and after water evaporation. Concentrated emul-
sions have a plateau modulus that extends to the lowest accessible frequencies, from
which the low-frequency modulus G0 was obtained. Figure 11 shows the variations
of G0/E∗ with φ measured for the emulsions against the values calculated in the
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Fig. 11 Low-frequency shear modulus G0 from simulations for elastic spheres with 15% poly-
dispersity (plus symbols) is compared with experimental data for silicone oil/water/Triton X-100
emulsions (closed circles) and data from Mason et al. [124] for silicone oil/water/SDS emul-
sions (open circles). Data for microgel pastes in the presence of an excess of sodium chloride
(CS = 0.1mol/L) are also shown (diamonds)

simulations. On the same graph, we have also plotted data taken from Mason et al.
[124] for silicone oil/water/SDS emulsions. All the sets of data are in good agree-
ment, showing that the Hertzian potential of interaction, introduced in expressions
(1) and (3), accounts reasonably well for the repulsive interactions between com-
pressed droplets in concentrated emulsions.

The microgel pastes in Fig. 11 were made of alkali-swellable polyelectrolyte
crosslinked microgels in water [47, 61]. At low pH, the particles are insoluble in
water but at around pH 9, the carboxylic functions are ionized and they swell. The
dispersions form pastes with appreciable shear moduli G0 at large enough concen-
tration. Unlike emulsion droplets, which do not change their size with concentration,
microgels are polymeric micronetworks that change their sizes when the concentra-
tion is increased. This occurs by at least two mechanisms, which we refer to as
steric deswelling and osmotic deswelling. Steric deswelling takes place at very high
concentration, where the swelling of the microgels can be limited by the quantity of
solvent available. Osmotic deswelling is due to the fact that the Donnan equilibrium,
which controls the concentrations of counterions inside and outside the microgels,
varies with the polymer concentration. In a previous study, we have shown that os-
motic deswelling can be made negligible by the addition of salt. The volume fraction
φ is then simply proportional to the polymer weight fraction C [61]. Another dif-
ficulty arises from the fact that the Young modulus and/or the contact modulus E∗
cannot be easily estimated. We considered it as a free parameter that was adjusted
to collapse the experimental data onto the numerical results at large volume fraction
where G0/E∗ tends to a plateau. In practice, a bias in the choice of E∗ simply lead
to a vertical shift of the experimental data. In Fig. 11, we compare the variations of
G0/E∗ versus φ for the microgel pastes to the predicted data. The agreement is rea-
sonable given the indeterminacies in the determination of φ and E∗. In this particular
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example, the contact modulus is E∗ ≈ 25kPa, from which we can estimate the shear
modulus of individual microgels, obtaining GP ≈ 10kPa (ν = 0.5). This is compa-
rable to the values measured for macroscopic polylectrolyte gels [86, 145, 146].

In conclusion, the near-equilibrium properties of concentrated dispersions of soft
particles dominated by elastic interactions, such as for emulsions and microgels,
are well-described by assuming pairwise Hertzian contact. Furthermore, the radial
distribution function for these materials appears to be self-similar at small distances,
which is the relevant length scale for computing their elastic properties because the
Hertzian repulsive force is short-ranged. This opens the possibility to predict the
equilibrium properties of a great variety of soft glasses in terms of a limited amount
of microscopic parameters such as the particle modulus and the volume fraction. The
difficulty of measuring the properties of complex polymer–colloid particles urges
further studies in that direction.

4 Wall Slip and Surface Rheology

4.1 Ubiquity of Wall Slip Phenomena in High-Solid Dispersions

The rheological behavior of high solid dispersions depends not only on bulk prop-
erties but also on the nature of the confining surfaces. Their interaction with solid
surfaces – whether the material sticks or not – has a great importance. In real sit-
uations, the motion of weakly adhering suspensions is often dominated by wall
slip [147]. Wall slip has been observed in a variety of solid particle dispersions
such as concentrated particulate suspensions [148, 149], flocculated suspensions
[150, 151], colloidal gels [152, 153], and suspensions of fillers in polymer ma-
trices [154, 155]. Wall slip also occurs in concentrated dispersions of soft and
deformable particles: concentrated emulsions [156–158], foams [159], microgel
suspensions [102, 135, 160], synthetic gels [161], and many other complex for-
mulations [162–164]. Although wall slip phenomena appear to be quite general,
quantitative descriptions have remained scarce and fragmented until recently. It is
now commonly agreed that slip is due to the presence of a thin layer of solvent near
the wall, with the particles either not interacting with the wall or weakly interacting.
The velocity and the local shear rate next to the wall are thus much greater than in
the bulk. In extreme situations, the deformation of the material is entirely localized
in the solvent layer near the wall and the bulk material does not deform at all.

Although this picture is remarkably generic, the mechanisms responsible for the
formation of a particle-lean layer adjacent to the wall depend on the properties of
the material under consideration. For the case of solid particle dispersions, wall de-
pletion, particle migration, and solid–liquid separation are the most frequent sources
of solvent layer lubrication. Wall depletion occurs whenever dispersions are brought
into contact with smooth and solid surfaces because the suspended particles cannot
penetrate rigid boundaries [147]. Particle migration is due to various forces aris-
ing from fluid inertia, fluid elasticity, and shear-induced diffusivity effects [165].
Solid–liquid separation, which frequently occurs in flocculated suspensions like
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slurries or cement pastes, is associated with the migration and exudation of the liq-
uid phase though the solid network [166]. In concentrated soft particle dispersions,
noncontact elastohydrodynamic interactions associated with particle deformability
can be at the origin of low-viscosity layers that act as lubricants.

Until recently, the existence of slip has been inferred from indirect rheological
observations or macroscopic visualizations. A very popular technique consists of
injecting a line of a dye at the surface or in the bulk of the material [148, 152, 154,
158]. Notwithstanding the poor spatial resolution, the results are often affected by
edge instabilities, which are ubiquitous in this type of material [102]. Recent im-
portant progress in the detection and characterization of wall slip has been made
possible by the development of techniques that allow measuring velocity profiles at
an excellent spatial resolution, even close to the particle scale. Magnetic resonance
imaging techniques (MRI) have been applied to the investigation of surface phe-
nomena in multiarm star polymer solutions [167] and in other pasty materials [163].
Heterodyne dynamic light scattering has been used to measure the local veloc-
ity profiles of slipping index-matched emulsions [168]. Recently, a high-frequency
ultrasonic velocimetry technique, based on the ultrafast analysis of the ultrasonic
speckle signal backscattered by particles following the flow, has been successfully
applied to image the flow of complex fluids [169]. Last, but not least, a variety of
techniques based on direct visualization have appeared recently. They consist in
imaging the motion of individual particles in the bulk of a sheared suspension using
simple videomicroscopy associated with particle image velocimetry [102, 170, 171]
and confocal microscopy [172–174]. Isa et al. reviews recent advances in imaging
the flow of concentrated suspensions to obtain time-resolved information on the
particle scale level [175].

Wall slip has crucial implications with respect to the rheological characterization,
transport, storage, and processing of concentrated suspensions. It is also the most se-
rious difficulty experienced when testing solid dispersions. A direct manifestation
of wall slip is that apparent motion can be detected below the bulk yield stress. This
greatly affects the apparent yield stress values, the shape of the flow curves, and the
linear storage and loss moduli. Over the years, different methods have been devel-
oped to reduce or suppress wall slip. This is generally achieved by modifying the
surfaces of the tools by roughening or sticking a rough coating such as solvent-proof
sandpaper [102, 176], or by using specific serrated tools [177]. The vane geometry,
which is similar to the Couette geometry with the inner cylinder replaced by a vane
and the outer cup profiled or roughened, is another useful and simple means of
measuring the rheology of concentrated suspensions and other solid-like materials
without the artifacts associated with wall slip or elastic instabilities [178, 179].

4.2 Generic Features of Wall Slip

4.2.1 Slip Regimes

Soft particle dispersions exhibit generic slip behavior when sheared near smooth
surfaces. First, the magnitude of slip crucially depends on the applied velocity
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Fig. 12 Left: Steady-state velocity profiles measured for a microgel paste sheared between a rough
moving surface (z = 750) and a smooth motionless surface (z = 0). Slip occurs at the smooth sur-
face. The slip velocity is defined by the intercept of the velocity profile with z = 0. Right: Variations
of the slip velocity (VS) with the velocity applied at the moving surface (V );V ∗(10μm/s) is the
value of the slip velocity at the yield point. Different slip regimes occur at applied velocities below
(regime I) and above (regime II) the yield point. Total slip leading to plug flow is observed below
the yield point

and/or stress. Different regimes of slip can be distinguished, depending on whether
the dispersion yields or not. This is illustrated in Fig. 12 for the case of concentrated
emulsions, but essentially the same behavior has been found in microgel suspen-
sions [160, 180], pasty materials [162], and hard-sphere suspensions [181].

Regime I is observed at low applied velocities, corresponding to stresses at and
below the yield stress (σ < σy). Bulk flow is negligible and the motion is entirely
due to slippage on the smooth surface, resulting in plug flow with zero-gradient
velocity in the bulk (total slip). The plug velocity is equal to the applied velocity up
to distances from the wall comparable to the particle size, indicating that the first
layer of particles slips. The slip velocity is simply the plug velocity, i.e., the velocity
of the mobile surface (VS = V ). This provides a simple way to determine the slip
velocity from rheology.

Regime II occurs at applied velocities corresponding to stresses above the yield
point (σ > σy). The apparent motion then involves a combination of slip and bulk
deformation. In this regime, the increase of the slip velocity with the applied velocity
is relatively slow (VS ∝ V 0.28), indicating that at large stresses, the effect of slip
becomes negligible compared to the displacement associated with bulk flow. Some
authors mention the possibility of a third regime when the applied velocity or stress
is further increased [160, 180], and this point deserves more attention.

4.2.2 Surface Rheology

Each regime of slip is characterized by a specific stress/slip velocity relationship.
Although this problem has been known for a long time, there exist relatively few
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Fig. 13 Stress–slip velocity variations for a microgel paste sheared along hydrophilic (closed
circles) and hydrophobic surfaces (open circles). The dashed arrow denotes the yield stress, σy =
34Pa. The solid arrows denote the stress below which the paste adheres to the surface: σS = 0.7Pa
and 5.8 Pa for the hydrophilic and hydrophobic surface, respectively. The solid lines represent the
quadratic (VS ∝ σ 2) and linear (VS ∝ σ ) fits to the data for the hydrophobic and hydrophilic surfaces
respectively

systematic studies and recent achievements have contributed to the understanding
of the underlying phenomena. In Regime I, the surface rheology depends not only
on the stress or applied velocity but also on the softness/deformability of the par-
ticles and on surface forces. For rigid particle suspensions, the stress/slip velocity
relationship is generally linear [149, 181]. For soft particle suspensions, VS(σ) may
be linear [160] or quadratic [102, 135, 168, 182]. For foams, the situation appears
to be still more complex [183]. In Regime II, the stress/slip velocity relationship is
linear and independent of the chemical nature of the shearing surface.

In practice, the slip properties of many materials can switch from one behav-
ior to another when the surface chemistry is changed. This is illustrated in Fig. 13
where we present the stress/slip velocity relationships measured for a microgel paste
sheared along two types of surfaces. For hydrophobic surfaces that are not wetted
by water, the dependence of VS on the applied stress σ is nearly quadratic. Slip stops
at a finite value σS of the stress, which is termed the “sticking yield stress”, which
must not confused with the true yield stress σy. σS is much lower for hydrophilic
wetting surfaces than for nonwetting surface. This indicates that short range forces
and possible adhesion of dispersions onto the shearing surfaces have a great influ-
ence on the apparent flow properties. At small stresses, the slip velocity essentially
increases linearly with stress except in the vicinity of the bulk yield stress where a
quadratic dependence is recovered. We have proposed that these distinct stress/slip
velocity relationships might simply reflect different slip mechanisms, which are ulti-
mately determined by the attractive or repulsive nature of particle–wall interactions
[160]. Recently, this approach, which was originally worked out for macroscopic
gels [161], has been successfully applied to model the slip properties of microgel
pastes and concentrated emulsions.
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Fig. 14 Typical flow curves for a concentrated emulsion sheared between two rough surfaces
(closed circles; the line is a fit to the Herschel–Bulkley equation), and between rough and smooth
surfaces (open circles hydrophilic glass surface; open squares hydrophobic polymer surface).
γ̇a denotes the apparent shear rate, and γ̇∗a is the value of the apparent shear rate at the yield point
(σ = σy). σS is the sticking yield stress below which the emulsion adheres to the surface

4.2.3 Wall Slip and Macroscopic Rheology

The presence of wall slip dramatically impacts the apparent flow properties of solid
dispersions. This is shown in Fig. 14, which represents the apparent flow curves
measured using different shearing surfaces for a concentrated emulsion. In the ab-
sence of slip, the flow curve is well-represented by the Herschel–Bulkley equation,
which characterizes the bulk flow properties of this class of materials (discussed
in Sect. 5). A completely different behavior is observed when one of the shearing
surfaces is smooth. The flow curve coincides with the bulk flow curve at high shear
rates, but apparent motion continues to be detected well below the yield stress σy.
Slip stops at the sticking yield stress σS. The resulting shape of the flow curve, with
a sharp kink at a stress close to the yield stress, constitutes the unambiguous signa-
ture of wall slip, which can be observed in most concentrated dispersions [147]. An
obvious consequence is that the yield stress can be underestimated when wall slip
is present. Figure 14 shows that the apparent flow curve below the yield stress also
depends on the nature of the shearing surface.

4.3 Theory of Soft Lubrication

4.3.1 General Formalism and Slip Equations

Here, we model concentrated dispersions of soft particles as elastic spheres of radius
R closely packed into a disordered jammed configuration, as shown in Fig. 15. The
volume fraction is higher than at close-packing so that the spheres are compressed
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Fig. 15 Schematic of a soft concentrated dispersion near a solid surface (left) and detailed view
of a particle squeezed against the surface (right)

and deform against their neighbors. Below the yield point, the stress is not sufficient
to create large-scale rearrangements, and at a first approximation the particles are
locked in their position. The first layer of particles adjacent to the wall experiences
slip due to the formation of a lubricating film of solvent between particles and wall.
To model slip, we focus on the behavior of a single particle of Young modulus E
pressed against the wall moving at velocity VS. At rest, the particle is compressed
by a distance h0 and develops a flat facet of radius r0. Due to the proximity of
the particle and the wall, the particles are sensitive to various short-range forces
that eventually make them stick to the wall. Depending on the nature of the parti-
cles, there are many possible sources of interactions such as dispersive forces, steric
hindrance, electrostatic contributions, and hydrophobic–hydrophilic forces [184].
During slip, the particle is dragged along the wall at a velocity VS. The presence
of neighbors is assumed to inhibit rotation so that the particle can only slide at the
wall. The particle and the wall are separated by a lubricating film of solvent of thick-
ness δ (x,y). The pressure field inside the film, p(x,y) can further deform the elastic
particle, which in turn maintains slip.

The equations governing the flow inside the lubricating film and the shape of the
particle are:

∇.[(δ 3(x,y)∇p(x,y)] = −6ηSV
∂δ (x,y)

∂x
, (20)

δ (x,y) = −h0 +
r2

2R
+ w(x,y), (21)

w(x,y) =
1

E∗

+∞∫
−∞

+∞∫
−∞

p(ξ ,η)+ πd(ξ ,η)√
(x− ξ )2 +(y−η)2

dξ dη , (22)

where ηS is the solvent viscosity, E∗ = πE/(1−ν2) is the contact modulus for a par-
ticle against a rigid wall (ν is the Poisson modulus of the particle). (x,y) and (ξ ,η)
are Cartesian coordinates in the plane of motion of the particle, r = (x2 + y2)1/2

is the radial coordinate parallel to the wall, w(x,y) is the elastic deformation due
to the hydrodynamic pressure, p(x,y) and the disjoining pressure due to the short-
range surface forces, πd(x,y). The first equation (20) is the Stokes flow describing
the flow of solvent through the film (V is the velocity in the film). The third
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equation (22) expresses the elastic deformation of the particle due to the hydrody-
namic pressure and the net disjoining pressure associated with the different surface
forces at work [160]. These two equations are coupled through the second equa-
tion (21) that gives the geometrical shape of the particle. Once solved numerically,
these equations nicely account for most of the experimental results observed so far.
They provide a quantitative understanding of the importance of the surface forces,
which definitely decide which slip mechanism is at work in real situations. another
variable)

4.3.2 Case I: Elastohydrodynamic Slip

Case I is observed when the particle–wall interactions are attractive. At rest, the
particles stick to the wall. If these contacts were to persist during motion, no-slip
behavior would be expected. However, a lubricating slip layer can form and be
maintained according to a specific mechanism, which we refer to as “elastohydro-
dynamic slip”. The origin of elastohydrodynamic slip lies in the soft and deformable
character of the particles. Indeed any elastic body that deforms asymmetrically as
it is dragged along a solid wall is subjected to a lift force that pushes it away from
the wall, generates a high pressure field underneath, and ultimately promotes slip.
These forces are well-known to careless drivers who experience hydroplaning on a
wet road, and the beauty of nature is that they also determine the behavior of meso-
scopic dispersions slipping on rigid surfaces. This appears clearly in Fig. 16a, b
where we present solutions of the lubrication equation presented earlier for a com-
pressed elastic particle slipping under the influence of van der Waals attractive
forces. The height contour lines show that the particle facet against the wall is
asymmetrically deformed, with a crescent shape appearing at the lagging half of
the particle. There is a large positive pressure zone along the leading edge, which
dominates over the sharp negative pressure peak situated at the rear of the parti-
cle. This results in a net lift force that pushed the particle away from the wall, thus
sustaining lubrication flow and wall slip.

Equations (20)–(22) have been analyzed using simple scaling arguments, allow-
ing for analytical predictions [102, 160]. The strength of this approach is that it is
general because it does not postulate a priori any particular shape for the particle. We
reproduce here briefly the key steps of the derivation; the interested reader will find
details in previous publications. At rest, the contact between the deformed particle
and the rigid surface is treated as a simple Hertzian contact, providing simple ex-

pressions for the facet radius and the pressure underneath, respectively, r0 = Rξ 1/2
0

and p0 = E∗ξ 1/2
0 where ξ0 = h0/R [102]. The pressure represents the contact stress

that balances the osmotic pressure of the dispersion pushing the particle against the
wall. Since the latter is proportional to the shear modulus of the dispersion, G0, we
express ξ0 in terms of physical parameters, ξ0 = (G0/E∗)2/3. Under flow, we as-
sume that the particle compression is not much different to that at rest, indicating
that w ∼= h0 and r0 is not changed. The Stokes equation above yields directly an
expression for the film thickness, δ ∝ (ηSVSR/E∗)1/2. We then predict the viscous
drag on the contacting facet and the stress/slip velocity relationship:
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Fig. 16 Typical nondimensional height H and pressure P profiles for a translating, elastohydro-
dynamically lubricated sphere squeezed against a wall, in the presence of short-ranged attractive
(left panel) and repulsive (right panel) forces. The upper figures (a) and (c) are contour plots of the
pressure. The lower graphs (b) and (d) are plots of the pressure and height along the center line of
the particles (Y = 0); the dotted line shows the undeformed particle shape (reprinted from [160])

fd ∝
(
ηSVSR3E∗)1/2

(
hij

R

)
, (23)

σ ∝
(

ηSVSG0

R

)1/2 (
G0

E∗

)1/6

. (24)

The second term on the right-hand side of (24) has a very weak dependence on
the volume fraction so that the stress/slip velocity relationship has essentially a
square root variation. This dependence reflects the fact that the lubrication film has
itself a nontrivial dependence on the velocity. The value slip velocity V ∗ at the yield
stress is: (

V
V ∗

)
∝

(
σ
σy

)2

with V ∗ ∝ γ2
y

(
G0R
ηS

)(
E∗

G0

)1/3

. (25)

It is interesting to note that the attractive forces do not play any significant role in
this analysis, which assumes fully developed slip. As the slip velocity decreases,
the lift force is not sufficient to prevent contact and the attractive forces cause the
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particles to adhere at the wall. The short-range forces can be included in the scaling
analysis, thereby providing useful scaling predictions for the sticking yield stress σS

at which slip stops. For van der Waals attractive forces, the latter is found to depend
essentially on the shear modulus (which reflects the particle softness) and on the
particle size, with a weak dependence on the Hamaker constant [160].

These predictions have been tested accurately in the case of concentrated emul-
sions and microgel pastes slipping along various substrates. The stress/slip velocity
relationship and the onset of total slip V ∗ closely follow the predictions. The stick-
ing yield stress is more difficult to reproduce quantitatively but the experimental
results follow the predicted trends.

4.3.3 Case II: Hydrodynamic Slip

Case II refers to situations where the particle–wall interactions are purely repulsive.
The particles are separated from the wall by a thin layer of solvent, even in the ab-
sence of any motion. Slip is thus possible for very slow flows, indicating that the
sticking yield stress is vanishingly small. The residual film thickness for weak flows
corresponds to a balance between the osmotic forces and the short-range repulsive
forces, independently of any elastohydrodynamic contribution. This is clearly re-
flected in Fig. 16c, d, where we observe that the particle facet is nearly flat and
symmetric. Since the pressure in the leading and rear regions of the facet are equal
and opposite, the lift force is very small. The film thickness, which is set by the
balance of the short-range forces, is constant so that the stress/velocity relationship
is linear.

In conclusion, it is possible to rationalize wall slip in soft glasses as a conse-
quence of the interplay of osmotic pressure and the various specific particle–wall
interactions across the film of solvent that lubricates the contact between the parti-
cles and the wall. These results open up pathways for manipulating the flow of soft
concentrated suspensions by making slight changes to the surface chemistry.

5 Shear Rheology of Soft Glasses

5.1 Generic Properties of the Nonlinear Rheology of Soft Glasses

Soft glasses are known to exhibit remarkable nonlinear shear rheology. They are
yield-stress fluids that respond either like an elastic solid when the applied stress
is zero or below the yield stress, or a like a viscoelastic fluid when a stress greater
than the yield value of the material is applied [185]. Above their yield stresses, soft
glasses are shear thinning fluids and very often the shear stress increases with the
shear rate raised to the one-half power. This is well documented for the case of con-
centrated emulsions [102, 182, 186], microgel suspensions [31], and multilamellar
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vesicles [132]. Still more surprising, systematic rheological studies of concentrated
microgel suspensions and compressed emulsions [13, 187] have shown that the flow
properties of these materials are described by a universal flow curve. Recent inves-
tigations of other materials, namely diblock copolymer micellar solutions [70] and
star polymers [188], have globally confirmed this result.

The generic flow properties of soft particle glasses are exemplified in Fig. 17,
which shows the variations of the shear stress versus the shear rate measured
at steady state for microgel pastes and compressed emulsions [187]. The flow
curves in Fig. 17a obtained for microgel pastes with varying particle concentration,
crosslink density, salt concentration, and solvent viscosity show the same qualitative
behavior: a minimum shear stress, the yield stress of the material, below which the

Fig. 17 Flow curves measured at steady state for microgel pastes (a) and concentrated emulsions
of silicone oil in water (b). In (a) the data for microgel pastes are presented for varying particle
concentration (wt%), crosslink density, salt concentration, and solvent viscosity. Symbols are the
same as used in (c). R1 and R5 refer to two different crosslink densities, Nx = 128 and Nx = 28,
where Nx is the average number of monomers between two crosslinks. In (b), data for emulsions
are presented for varying packing fractions. Symbols are the same as used in (d). The solid lines
in (a) and (b) are the best fits to the Herschel–Bulkley equation. Plots (c) and (d) show collapse
of the different data sets when the shear stress is scaled by σy and the shear rate by ηS/G0. The
equations of the solid lines in (c) and (d) are of the form (26), where m = 0.47 and K = 280 for
microgel pastes (c) and m = 0.50 and K = 160 for emulsions (d)
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paste is solid-like and does not flow, and a power-law dependence between the shear
stress and strain rate at higher stresses. Each curve can be described by a Herschel–
Bulkley curve of the form σ = σy + kγ̇m. The yield stress σy is proportional to the
low-frequency paste modulus G0 through the yield strain γy. The latter is of the order
of a few percent. k is a prefactor, which depends on the material properties (ηS,G0).
The exponent m is approximately equal to 0.5 for all samples. It is clear from
Fig. 17a that the flow curves shift toward higher shear rates and yield stresses for
samples with higher concentration of particles or those consisting of stiffer particles,
due to either higher cross-link density or lower salt concentration. Similarly,
the flow curves shift towards smaller shear rates for more viscous solvents. A
similar trend is observed in Fig. 17b for concentrated emulsions consisting of
silicone oil droplets dispersed in water using the nonionic surfactant Triton X-100.
Again, the flow curves are described by the Herschel–Bulkley equation with the
exponent m close to 0.5. Emulsions with larger packing fractions φ exhibit higher
stresses and lower shear rates. As in microgel pastes, a higher continuous phase
viscosity shifts the flow curve lower on the shear rate axis [187].

The flow curves of microgel pastes and emulsions can be rationalized in terms
of the limited number of experimental parameters. When nondimensionalized using
the yield stress σy and the characteristic time ηS/G0, the flow curves presented
in Fig. 17a, b collapse together on a single flow curve, as shown in Fig. 17c, d,
respectively. The master curve is of the form:

σ
σy

= 1 + K

(
ηSγ̇
G0

)m

, (26)

where the coefficient K is only slightly dependent on the material and m is equal
to 0.5 within the experimental accuracy. This universality of the shear rheology for
these compositionally very different materials and its dependence on only the paste
shear modulus G0 and the solvent viscosity ηS is quite remarkable and is suggestive
of an underlying common flow mechanism. Fundamentally, the common aspects of
the structure of soft glasses (i.e., soft particles packed into in a dense and disor-
dered structure) must be at the root of this behavior. In the literature, cage-effect
dynamics in hard-sphere suspensions have been explained using phenomenological
models [7, 189]. Several simulation studies via molecular dynamics [190, 191] and
extensions of mode coupling theory [9, 12] for sheared glasses have also been used
to understand the dynamics of molecular and colloidal glasses. These models and
simulations have successfully captured some of the characteristic features observed
in experiments. They predict a Herschel–Bulkley-like flow curve for the shear rhe-
ology of these materials. However, exact comparison with experimental data usually
involves adjustable parameters that are not directly related to the properties of the
materials.

A distinctive feature of soft particle glasses is the presence of specific interactions
mediated by the suspending liquid. The packing is dense, and particles are com-
pressed against their neighbors to form flat facets at contact. The solvent is present
in thin films between the facets or in the interstitial volume. The relative motion
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between particles during shear creates a hydrodynamic pressure field in the films.
As two particles are dragged past one another, a flow of solvent develops inside the
liquid films separating the facets. This generates a high-pressure field and causes
an additional elastic deformation of the particles, which self-consistently maintains
the lubricating films and ultimately makes particle motion possible. This scenario is
reminiscent of the elastohydrodynamic lubrication mechanism presented in Sect. 4
to explain the slip behavior of compressed particles at rigid boundaries. In this sec-
tion, a model and simulation are described for the dynamics of dense suspensions
of soft particles under shear that incorporates elastohydrodynamic lubrication inter-
actions between particles of the amorphous suspension.

5.2 Model Description

To study the flow properties of soft glasses, we start from the model presented in
Sect. 3.2. We consider a packing of N elastic spheres packed at a volume fraction φ ,
which is greater than random close-packing, φc = 0.64. As shown in Fig. 6, the par-
ticles are compressed against one another because of the net compressive pressure,
i.e., the osmotic pressure, acting on the dispersion. The dispersion is now subject to
a dimensionless bulk shear flow in the plane (x,y),u∞ = x · nxny where nx and ny

are the flow and gradient directions, respectively. Figure 18 shows a detail of two
compressed particles i and j with radii Ri and R j, centered at positions xi and x j

and translating with velocities ui and u j respectively. For simplicity, we show the
interaction between i and j only, but each of these particles has facets and interacts
with several other neighbors. The total interaction between i and j involves a central
repulsive force associated with the elastic contact at the facet between i and j, which
is coupled to a frictional drag force due elastohydrodynamic lubrication inside the
film of solvent separating the two particles.

Here, we model the elastic interactions using the Hertzian potentials presented
in Sect. 2.4, which have been shown to describe the interactions between microgel

Fig. 18 Pairwise
elastohydrodynamic
lubrication interactions
between two neighboring
particles i and j
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particles and emulsions droplets. Unlike in the static case, the deformations under
shear can be much larger than the 10% limit above which the pure Hertz theory is no
longer valid. Using the Hertzian potential, (1) leads to a significant underprediction
of the shear stress and normal stress differences and large deformations beyond the
accuracy of the model. Hence, we used the generalized potential given by (2). The
elastic contact force acting on i is thus:

f el
ij = nCE∗

(
hij

Rc

)n−1

R2
cn⊥, (27)

where Rc is the relative curvature and E∗ the contact modulus. The values of n and
C, which depend on the compression ratio hij/Rc, are specified in the definition
of the generalized potential given by (2). The particles sliding over one another
experience an elastohydrodynamic drag force coupled to the elastic deformation. To
express this force, we generalized (23), standing for a single particle dragged along
a flat surface, using the general form of the pair potential (2):

f EHD
ij =

(
nCηSE∗ui j,//R3

c

)1/2
(

hij

Rc

)(2n−1)/4

n//, (28)

where ui j,// is the relative velocity associated with sliding motion parallel to the
contacting facet. These expressions characterize the pairwise interaction between
two particles. Each particle has several randomly oriented facets and interacts with
many others particles. We compute the net elastic, fel

i , and elastohydrodynamic,
fEHD
i , forces on a particle by summing the pairwise forces due to all neighbours.

Since inertia is negligible, the motion of particle i obeys to the equation:

ui = u∞
i +

f (φ)
6πηSRi

[
f el

i + f EHD
i

]
. (29)

The coefficient 1/6πηSRi in the second term of the right-hand side of (29) represents
the mobility coefficient for an isolated particle; f (φ) is the correction on the drag
that accounts for the reduction of particle mobility at high concentration of particles.
This equation can be made nondimensional by scaling lengths, time, and velocity by
the average particle radius R0, γ̇−1 and γ̇R0, respectively. The resulting dimension-
less equation is then found to depend on the quantity λ = ηSγ̇/E∗, which represents
the ratio of viscous to elastic forces [187]. The dynamics and subsequent rheology
of soft particle dispersions are thus characterized by λ and the degree of compres-
sion of particles that depends on φ . The equations describing the displacement of
the particles form a set of N coupled equations, which can be solved numerically to
give access to the spatial position and velocity of each particle, and to the different
components of the stress tensor.

This model is implemented using a molecular-like simulation on random pack-
ings of N elastic spheres confined in a cubic box that is periodically replicated.
N = 103 in the simulations reported here but the results with a much larger number
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of spheres (N = 104) were not significantly different. The radii of the spheres have a
10% polydispersity, similar to that in the experimental systems. We first created ran-
dom packings of compressed force-free particles at prescribed volume fraction φ ,
as described in Sect. 3.2. Constant shear rate simulations were then performed using
the open source LAMMPS code [192] assuming Lees–Edwards boundary condi-
tions. The position and the velocity of each particle were obtained by solving the N
equations of motion above using the Verlet integration algorithm [193]. The stress
tensor σ was computed from the Kirkwood expression.

5.3 Simulation Results

Simulations were performed at nondimensional shear rates λ = γ̇ηS/E∗ between
10−9 and 10−4 for five packing fractions between φ = 0.7 and 0.9. For every (λ ,φ )
combination, the shear stress was calculated at regular time intervals until steady
state was reached. Figure 19a shows the variations of the shear stress for the five
volume fractions investigated. The flow curves exhibit a Herschel–Bulkley behav-
ior, with the stress increasing with increasing volume fraction. At low shear rates,
there is a yield stress and, at high shear rates, the shear stress increases as γ̇ 0.5 ap-
proximately. The simulations thus reproduce the experimental results presented in
Fig. 17a. The inset shows the contributions to the total stress for φ = 0.9 derived
from the elastohydrodynamic and elastic forces acting on the particles. Clearly, the
shear stress is primarily due to the elastic interactions, even at the highest shear
rates.

In Fig. 19b, the predicted shear stresses at different volume fractions are col-
lapsed onto a single master curve by normalizing the shear stress with the yield
stress σy and rescaling the shear rate with time constant ηS/G0, using the low-
frequency modulus of the dispersion G0 that was previously computed for these
dispersions in Sect. 3. The simulations predict that the yield stress is proportional
to G0 through the yield strain, which is of the order of a few percent. These results
agree well with the experimental data for concentrated microgels and compressed
emulsions shown in Fig. 17c, d. The master curves are well described by (26), where
the exponent m is very close to 1/2 and the coefficient K agrees reasonably well with
the experimental values. Thus, the micromechanical model and simulation presented
here predict flow curves for concentrated dispersions of soft particles, which agree
quantitatively with experimental measurements on concentrated suspensions of mi-
crogels and emulsions. It is crucial, however, that the non-Hertzian elastic contact
model is used because an elastic Hertzian contact model would under-predict the
stresses compared to those observed experimentally [187].

Although elasticity is found to make the dominant contribution to the stress for
these soft particle glasses, viscous interactions also play a role, as evidenced by
the importance of the solvent viscosity ηS in the rescaling used to collapse the
experimental and simulation data in Figs. 17 and 19. It was originally speculated
that the elastohydrodynamic interactions between compressed particles sliding by
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Fig. 19 (a) Shear stress σ from simulations: the lines are the best fits to the Herschel–Bulkley
equation. The inset shows the elastic (inverted triangles with open lower half ) and hydrodynamic
component (inverted triangles with open upper half ) of the stress for φ = 0.85. (b) Collapse of
flow curves; the line is of the form (26) with m = 0.52 and K = 320

one another leads directly to σ ∝ (γ̇ηS/G0)1/2 at high shear rates [102, 135], and
similar predictions have been made for rows of sliding droplets in foams [194]. In-
deed, the viscous component of the stress in the inset of Fig. 19a precisely follows
this behavior, but its magnitude is much smaller than the component of stress from
elasticity. The effect of the viscous interactions on the stresses at high shear rates
is more subtle, and it occurs through the alteration of the pair distribution func-
tion of the dispersion during flow. As the particles are sheared by one another, the
pair distribution function is deformed from that for the quiescent state, which was
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Fig. 20 Contour plots of the pair distribution function in the flow-gradient plane for γ̇ηS/E∗ =
10−6(φ = 0.85). The white circle is a sphere of radius equal to the mean overlap between a pair of
particles. White and black regions indicate lower and higher probabilities of finding other particles
near a particle located at the center

analyzed in Sect. 3. In Fig. 20, we present the contour plots of the pair distribution
function along the flow-gradient plane for γ̇ηS/E∗ = 10−6. First, we observe that
upon shearing particles accumulate along the compression axis and deplete along
the extension axis. Second, the first-neighbor peak is distorted so that, on average,
particles are more deformed along the compression axis than along the extension
axis. It is important to note that these alterations of the pair correlation function in-
duce preferential orientations of the facets and the interparticle solvent films. These
effects together must lead to the observed increase in stress with the shear rate.

6 Outlook and Open Questions

We have shown that soft glasses encompass a broad range of materials made
from soft and deformable particles dispersed in solvent at large volume fractions
well above close-packing. These materials have several features in common with



R.T. Bonnecaze and M. Cloitre

hard-sphere glasses, such as caged dynamics and nonergodicity. However, because
the particles interact through potentials that are much weaker than in hard spheres,
they develop repulsive elastic forces at contact when the volume fraction exceeds
close-packing. The compressed particles then develop flat facets and adopt a generic
amorphous structure. The solvent lubricates the contacts between the particles and
plays an important role in transmitting the elastic interactions through the glass. In
this chapter, we have shown that the static and dynamic properties of soft glasses
result from an interplay between the disordered glass-like structure and solvent-
mediated elastic interactions. We have incorporated these two basic ingredients into
a micromechanical description that predicts several important rheological properties
of soft glasses with purely repulsive interactions.

The near-equilibrium properties of soft glasses are essentially determined by
the microstructure and the weak potentials existing between the particles. For
undeformed glasses near equilibrium, the radial pair correlation function, which
characterizes the statistical properties of the microstructure, is self-similar at small
distances. This opens the possibility to predict the equilibrium properties of a great
variety of soft glasses in terms of a limited number of microscopic parameters
such as the particle modulus and the volume fraction. The predictions of the high-
frequency shear modulus and of the osmotic pressure are in good agreement with
the results of the simulations. The difficulty in predicting the low-frequency shear
modulus from first principles urges for further work in that direction.

The existence of solvent-mediated elastohydrodynamic interactions between par-
ticles is central to the dynamic behavior of soft glasses. These interactions appear
whenever a particle is dragged along a wall (surface flow) or a neighbor (bulk
flow), as a result of the flow of solvent inside the liquid films between the particles.
This generates a high-pressure field and causes an additional elastic deformation of
the particles, which self-consistently maintains the lubricating films and ultimately
sustains particle motion. We have described a micromechanical model, incorporat-
ing elastohydrodynamic interactions and the contribution of surface forces, which
predicts the different slip regimes observed when soft glasses are sheared along a
smooth wall. Similar ideas have been successfully extended to explain the remark-
able universality of the bulk flow properties of soft glasses. Our approach predicts
that the stress/shear rate relationship results from a balance between viscous dissipa-
tion and elastic interactions through the disordered network of compressed particles.
Most of the results described here are for soft glasses interacting through Hertzian-
like potentials but the method is general and can be applied to other materials. Star
glasses, which interact through an ultrasoft potential and which, according to recent
experiments, exhibit new and unexpected flow properties at low shear rates [188],
deserve further investigation in this context.

Several important aspects of the rheology of soft glasses remain poorly under-
stood. Important questions that merit attention concern the slow time evolution or
aging [195], and other nonlinear phenomena associated with spatial heterogeneities
such as shear banding [196]. The aging and slow dynamics of soft glasses is an in-
herent property of glasses that essentially affects the behavior of the materials at rest
or under a stress smaller than the yield stress [197]. The most comprehensive studies
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of aging on soft colloids were carried out with laponite suspensions [198, 199],
colloidal gels [200, 201], microgels [202, 203], sterically stabilized colloidal sus-
pensions [204], and multilamellar vesicles [103, 205]. The waiting time (i.e., the
rest time between the end of preparation and the beginning of a measurement) is the
appropriate parameter for scaling the aging properties. While the soft glassy model
has proven remarkably successful in reproducing several phenomenological aspects
of aging [206], the underlying microscopic mechanisms remain poorly character-
ized. Aging seems to be related to the slow relaxation of internal stresses stored
inside the dense disordered structure of the glasses [197, 202, 205]. The microme-
chanical model presented in this chapter will provide an ideal tool for characterizing
in great detail the relaxation of internal stresses and the subsequent evolution of the
microstructure.
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Quantitative Imaging of Concentrated
Suspensions Under Flow

Lucio Isa, Rut Besseling, Andrew B Schofield, and Wilson C K Poon

Abstract We review recent advances in imaging the flow of concentrated
suspensions, focussing on the use of confocal microscopy to obtain time-resolved
information on the single-particle level in these systems. After motivating the need
for quantitative (confocal) imaging in suspension rheology, we briefly describe the
particles, sample environments, microscopy tools and analysis algorithms needed
to perform this kind of experiment. The second part of the review focusses on
microscopic aspects of the flow of concentrated ‘model’ hard-sphere-like suspen-
sions, and the relation to non-linear rheological phenomena such as yielding, shear
localization, wall slip and shear-induced ordering. We describe both Brownian
and non-Brownian systems and show how quantitative imaging can improve our
understanding of the connection between microscopic dynamics and bulk flow.

Keywords Colloidal dispersion · Confocal imaging · Glass transition · Nonlinear
rheology
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1 Introduction

Understanding the deformation and flow, or rheology, of complex fluids in terms of
their constituents (colloids, polymers or surfactants) poses deep fundamental chal-
lenges, and has wide applications [1]. Compared to the level of understanding now
available for the rheology of polymer melts, the rheology of concentrated suspen-
sions lags considerably behind. In the case of polymer melts, it is now possible
to predict with some confidence flow fields in complex geometries starting from a
knowledge of molecular properties [2]. No corresponding fundamental understand-
ing is yet available for concentrated colloids. The reasons for this are as follows [3];
see the illustration in Fig. 1.

In a polymer melt, each chain moves under the topological constraints imposed
by many other chains. The number of these constraints, typically of order 103,

(i)

a

c d

b

(i)

(ii)

(ii)

Fig. 1 A schematic comparison between polymer melt rheology and colloid rheology. (a) In a
polymer melt, a typical chain (dashed curve) is constrained by many (in reality, ∼103) other chains,
here represented by small circles. This gives rise to the fruitful mean-field concept of a ‘tube’ in
which the chain has to move. (b) In a concentrated colloidal suspension, a typical particle (hatched)
is surrounded (in 3D) by ∼10 neighbours. This number is too small for mean-field averaging to
be meaningful. (c) Large deformations in polymer melts, such as the process (i)→(ii), involves
breaking covalent bonds, and so do not ordinarily occur. (d) There are no covalent constraints on
order unity deformations, such as (i)→(ii), in a colloidal suspension
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is sufficiently large that a mean field picture, the so-called ‘tube model’, can be
successfully applied [1]. Moreover, the topological entanglement between chains
means that the breaking of covalent bonds is needed to impose large deformations,
so that strains often remain small (�1). In contrast, the maximum number of neigh-
bours in a (monodisperse) suspension of spheres is about 10, so that ‘mean-field’
averaging of nearest-neighbour ‘cages’ will not work, and local processes showing
large spatio-temporal heterogeneities are expected to be important. Moreover, no
topological constraints prevent the occurrence of strains of order unity or higher,
so that very large deformations are routinely encountered. These two characteristics
alone render suspension rheology much more difficult. Added on top of these dif-
ficulties is the fact that concentrated suspensions are in general ‘non-ergodic’, i.e.
they are ‘stuck’ in some solid-like, non-equilibrium amorphous state. On the other
hand, in a monodisperse system or in a mixture with carefully chosen size ratios,
highly-ordered (crystalline) states can occur. In either case, any flow necessarily
entails non-linearity (yielding, etc.). Moreover, a suspension is a multiphase sys-
tem, so that the relative flow of particles and solvent can, and often does, become
important. This complication does not arise in polymer melts. Finally, compared
to the considerable effort devoted to the synthesis and experimental study of very
well characterized model materials in polymer melts, corresponding work in colloid
rheology remains relatively rare. It is therefore not surprising that the rheology of
concentrated suspensions is not nearly as well understood as that of polymer melts.

Advances in this field will pay rich dividends – the successful processing and
application of concentrated colloids more often than not depends on understand-
ing, tuning and exploiting their unique flow properties [4]. But to build and validate
predictive theories of bulk rheological properties, we need microstructural infor-
mation. A ‘case study’ of this claim comes from recent work on the qualitatively
distinct rheologies of so-called ‘repulsive’ and ‘attractive’ colloidal glasses.

Colloidal glasses are concentrated suspensions in which long-range diffusion
effectively vanishes [5]. These dynamically-arrested amorphous states have finite
shear moduli in the low-frequency limit. In slightly polydisperse hard-sphere like
suspensions, the transition from an ‘ergodic fluid’ (where long-range diffusion is
possible) to a glass occurs at a particle volume fraction of φ ≈ 0.58 [6,7]. The cause
of dynamical arrest is crowding. As φ increases, each particle spends longer and
longer being ‘caged’ by its nearest neighbours, until at φ ≈ 0.58, the lifetime of
these cages becomes longer than any reasonable experimental time window. Each
particle can still undergo Brownian motion within its nearest-neighbour cage, but its
root mean-square displacement saturates at just over 0.1a (where a is the particle ra-
dius) [7], this quantity being a measure of the time-averaged fluctuating ‘cage size’.
When oscillatory shear strain is applied to a hard-sphere colloidal glass, yielding oc-
curs in a single-step process at a strain amplitude of just over 10% [8]. This has been
interpreted in terms of ‘cage breaking’: the glass yields when nearest-neighbour
cages are strained beyond their ‘natural’ (thermally induced) deformation.

When a strong enough short-range attraction is present (where ‘short’ means a
few per cent of a), a second type of glassy state occurs, the ‘attractive glass’, in
which arrest is due to particles being trapped by nearest neighbour ‘bonds’ [9].
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Fig. 2 Cartoon of two different yielding mechanisms in an attractive glass under oscillatory shear
(motion indicated by arrows). (a) Un-sheared configuration of particles at time zero. The shaded
particle’s bonding neighbours are particles 1, 2 and 6 and topological neighbours are particles 1–6.
At small shear amplitude γ0 the particles retain the same topology during shear. (b) Above the
lower yield strain, bonds break. (c) After one period of oscillatory shear, the shaded particle retains
the same topological neighbours but different bonding neighbours, cf. (a). (d) If the strain ampli-
tude exceeds the higher yield strain, the identity of the topological neighbours around the shaded
particle is changed after one period of shear, cf. (a), the glass is melted and becomes liquid-like

It turns out that, under oscillatory strain, an attractive glass yields in a two-stepped
process [10]. The first step occurs at a strain amplitude of a few per cent, matching
the range of the interparticle attraction, and then at a second step when the strain
amplitude reaches a few tens of per cent. The first step has been interpreted as the
breaking of interparticle ‘bonds’; see Fig. 2. Once these are broken many times,
however, each particle ‘realises’ that it is still in a topological cage formed by its
neighbours. A second, ‘cage breaking’, step is still necessary for complete yielding
to occur. This ‘two step’ signature is discernible in other rheological tests applied to
attractive colloidal glasses [11].

For the purposes of this review, the important point is that the explanation pro-
posed for the observed qualitative difference between repulsive and attractive glass
rheology has been couched in microstructural terms; see Fig. 2. Thus, conclusive
validation of these explanations depends on studying yielding at the single-particle
level. Such investigation can, in principle, be performed using computer simula-
tions. But simulating particles under flow with realistic system sizes and including
hydrodynamic interactions is a major challenge, although progress is being made
(see the useful introduction in [12] and references therein). Experimentally, the
situation is also difficult. Until comparatively recently, the method of choice for
obtaining microstructural information in colloids is scattering (X ray, neutron or
light), whether in quiescent or flowing systems. But scattering can provide infor-
mation only on the average structure; obtaining local information is difficult, if not
impossible. The ideal method for gaining local information is direct imaging.

The appropriate imaging method of imaging colloids depends, of course, on a
number of factors, principally perhaps the size and concentration of the particles
concerned. The size imposes a basic constraint, so that, for example, visible light can
only be used to image particles (at least in the ‘far field’) with diameter �300 nm.
The concentration is also an important factor, because any multiple scattering by
concentrated systems will degrade image quality. In this review, we focus on the
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use of confocal optical microscopy to study colloidal systems under flow. Confocal
imaging rejects out-of-focus information using suitably placed pinholes, thus per-
mitting the study of concentrated systems. While the use of confocal microscopy
to study quiescent concentrated colloids is, by now, well established [13–16], the
extension to flow is relatively recent. The quantitative use of this methodology de-
pends on developments in both hardware and software. First, to minimise image
distortion, fast confocal scanning is necessary; we review recent developments in
this area in Sect. 2.2. Moreover, sample geometries are required for simultaneous
flow/rheometry and imaging, which we review in Sect. 2.3. In terms of software,
algorithms must be developed to track particles from image sequences distorted by
flow; such algorithms are explained in Sect. 3. After discussing these methodologi-
cal issues, we turn to review a number of applications (Sect. 4).

To date, the use of quantitative confocal microscopy to image concentrated col-
loids under flow has been applied mostly to the study of very well characterised,
model systems, particularly systems of particles that interact as more or less perfect
hard spheres (HS). The focus on model systems is partly dictated by the desire to
obtain as high quality images as possible, which requires the matching of the refrac-
tive indices of the particles and the suspending medium (see Sect. 2.1). The degree
of control necessary, both in the particle synthesis and in solvent choice, is only
really achievable in model systems. The reason for choosing to study HS is that
these represent the simplest possible (classical) strongly-interacting particles. The
properties of a quiescent collection of HS are well understood in statistical mechan-
ical terms, much of this understanding having been obtained in the last few decades
through the study of model hard-sphere colloids. It is therefore natural to extend
such studies into the area of driven systems.

We first briefly summarize the quiescent behaviour of ideal HS. As first shown
via numerical simulations [17,18], below a volume fraction of φF = 0.494, the ther-
modynamically stable phase is a fluid of colloidal particles. Long-ranged order is
absent and the particles are able to explore all available space (the system is ergodic).
For 0.494 < φ < 0.545, the equilibrium state is a coexistence of a fluid phase and a
crystalline phase. At φC = 0.545 the entire system must be crystalline to minimise
the free energy, and this remains the case up to the (crystalline) closed packing
fraction of φCP = 0.74. This behaviour was largely confirmed by the experiments
of Pusey and van Megen [6] using sterically-stabilised poly-methyl-methacrylate
(PMMA) particles (for which see the next section). But, they also found that their
system failed to crystallise for volume fractions φ � φG = 0.58, remaining ‘stuck’ in
a non-ergodic (or glassy) state up to the maximum possible concentration for amor-
phous packing (which, for monodisperse HS, is φRCP � 0.64). We have already
introduced such colloidal glasses. Our review of microscopic phenomena will cover
both the flow of amorphous states (Sect. 4.1) and of ordered (or ordering) states
(Sect. 4.2) of concentrated colloids. While our focus will be on hard-sphere col-
loids, we will also mention various imaging studies on the the flow of non-Brownian
suspensions.
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2 Experimental Methods

2.1 The Colloidal Particles

One of the key ingredients for high-quality confocal imaging of concentrated
suspensions is a colloidal system that allows identification of the individual spheres,
does not suffer from rapid photobleaching and gives good depth penetration into
the bulk of the dispersion. Fluorescently-labelled PMMA particles in hydrocarbon
solvents show these characteristics.

The synthesis of hard-sphere PMMA particles was first described by Barrett [19]
in 1975 and subsequently by Antl et al. [20] in 1986. It is a two-stepped dispersion
polymerization reaction, yielding particles made of PMMA cores kept stable by a
thin (�10 nm) outer layer of poly-12-hydroxystearic acid chains, which act as a
steric barrier to aggregation. In the first step of the polymerization the spheres are
made by growing PMMA chains in solution, which become insoluble when they
reach a certain size. At this point they come out of solution and clump together
to form particles that are kept stable by physisorbed poly-12-hydroxystearic acid
chains. The second step of the preparation involves chemically linking the stabiliser
chains to the spheres. These chains are tightly packed on the particle surface [21]
and stretch out in good solvents such as various hydrocarbons, which causes the
particles to interact as nearly-perfect hard-spheres [22]. The resulting particles can
have polydispersities as low as a few percent, and can be made with radii ranging
from �50 nm up to and above 1 μm.

Fluorescent labelling of the particles for confocal microscopy may be achieved in
three ways. The first involves the use of polymerisable dyes. These dyes have been
chemically modified to include a reactive group that can be chemically attached to
the particle as they are produced. The advantage of this procedure is that the dye
will not leave the particle once it is incorporated. For sterically-stabilised PMMA
particles this involves adding a methacrylate group to the dye, and several such
procedures [23–27] have been described in the literature. The most commonly used
dye is 7-nitrobenzo-2-oxa-1,3-diazole-methyl methacrylate (NBD-MMA) [26, 27],
which is excited at 488 nm and emits at 525 nm, while the red end of the spectrum
is well served by (rhodamine isothiocyanate)-aminostyrene (RAS) [27].

The second way to dye the PMMA spheres is to add an unreactive species during
particle formation. Here the dye has no polymerisable group and is just dissolved
in one of the reaction reagents with the hope that it will become incorporated into
the growing particle. The advantage of this method is that no chemistry, which may
alter the dye’s physical properties, is required prior to use; it also allows for a wider
range of dyes. The disadvantage is that the dye may leak out when, for example,
solvency conditions are changed, or migrate within the particle. This technique
was employed by Campbell and Bartlett [28], who examined how four different
red dyes affected particle formation. They found optimum properties when using
1,1-dioctadecyl-3,3,3,3-tetramethylindocarbocyanine (DiIC18), which had a signif-
icantly slower photobleaching rate than other dyes tested, did not affect particle
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preparation and did not interfere with the hard-sphere behaviour. However, this dye
degrades at temperatures around 100◦C and therefore the reaction that chemically
links the stabiliser to the spheres cannot be performed [29].

The third method to stain the PMMA is to add the fluorescent dye after particle
synthesis. This is achieved by finding a solvent that will dissolve the dye and also
be taken up by the particles. Thus, an acetone/cyclohexanone mixture can be used
to deliver rhodamine perchlorate dye to preformed PMMA spheres [13]. The advan-
tage of this method is that once a suitable delivery system is found, many possible
dyes, and even multiple dyes, may be added to the spheres. The disadvantage is
that the solvent mixture may attack the spheres, swell them or alter their physical
properties.

An advantage of PMMA spheres is that the polymer may be cross-linked [30].
This is achieved via a molecule with two polymerisable groups which is used to
bind chemically all the individual PMMA polymer chains in a particle together into
a network. This can stabilise the particles in solvents which would normally dissolve
them such as aromatics. An additional benefit is that this method allows the fluores-
cent dye to be kept within one particular area of the particle, usually its core. The
preparation of such core-shell particles [27,31–33] involves modifying the usual re-
action by adding the cross-linking agent and dye at the start of the procedure and
creating particles as usual. However, instead of going on to link chemically the sta-
biliser to the particles, they are cleaned to remove excess dye and then more methyl
methacrylate monomer and cross-linking agent are reacted with them to produce
an undyed shell. The stabiliser is then chemically attached. Such core-shell parti-
cles allow for more accurate detection of the particle centres from microscopy in
concentrated systems, as the fluorescent cores are well separated from each other
(e.g. [34]).

To achieve good imaging conditions in the bulk of the sample and reduce scat-
tering of the laser and excited light, the refractive index (RI) of the particles and the
solvent should be closely matched. For PMMA spheres the RI is around 1.5 and can
be matched using a mixture of cis-decahydronaphthalene (RI = 1.48) and tetrahy-
dronaphthalene (RI = 1.54) in a ratio of approximately 2:1. In earlier work [6]
a decalin-carbon disulphide mixture was used (ratio 2.66:1) but this is problem-
atic due to the volatility and toxicity of the carbon disulphide. The particle RI may
also be modified by a few per cent by adding different monomers during prepara-
tion [35].

Another concern when studying colloidal dynamics is sedimentation. To
counter this phenomenon, solvent mixtures have been sought which not only
index-match the colloids but also allow density matching. Adding carbon tetrachlo-
ride [36] to the cis-decahydronaphthalene/tetrahydronaphthalene system was tried
but had only limited success as it enhanced photobleaching and imparted a charge
to the particles. Another mixture used consists of cis-decalin and cycloheptylbro-
mide (CHB) [36,37] (or cyclohexylbromide [38]). This also imparts a charge to the
colloids, likely due to photo-induced cleavage of the Br–C bond and subsequent
solvent acidification, but this may be screened by the addition of salt [39, 40],
(partly) restoring the nearly-hard-sphere nature of the system.
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For both RI and density matching, it is important to note that the extra solvent
components can swell the PMMA particles, and the solvent uptake may take up to
weeks to saturate. Time-dependent monitoring is required to ensure that the particle
size has stabilised. Otherwise, significant errors in volume fraction estimation may
result.

Besides PMMA particles, various other systems have been considered in the lit-
erature for use in confocal microscopy. One of the best known is silica spheres.
They are prepared by the hydrolysis and condensation of alkyl silicates in ethanol
using ammonia as catalyst as first described by Stöber et al. [41]. They can be made
fluorescent by adding dyes that have been reacted with silane coupling agents which
make them affix to the silica [42–45]. The advantage of this system is that various
dyes can be used and added at any time during the synthesis [42]. The spheres are
stabilized in organic solvents via a dense layer of organophilic material grafted onto
their surface [46–49], and the RI can be matched with the solvent (RI = 1.45 for
Stöber silica spheres). However, the main problem with silica spheres is that they
are quite dense (reported values range from 1.51 [49] to 2.2 g cm−3 [50]) so that
sedimentation problems may be severe with all but the smallest spheres.

Water-based fluorescent particles can also be used, but their RI differs consid-
erably from that of water, limiting observation in the bulk. The RI of water can
be modified by adding salts [51], but the concentrations required are exceptionally
high, making most particles unstable against van der Waals attraction.

A final interesting development is that of quantum-dot-loaded particles. Quan-
tum dots [52] are themselves very small semiconducting colloids (1–10 nm) which
fluoresce due to quantum confinement. They can be trapped within a polymer or
silica [53] colloid. Since quantum dots photobleach much less than organic dyes,
they can be used for experiments involving long-term observation.

2.2 Imaging

Direct imaging dates back to the work of Robert Brown [54], who used it to discover
and study Brownian motion, which is the defining characteristic of colloids. Subse-
quently, Perrin [55] used direct imaging to great effect in his Nobel-Prize-winning
work on sedimentation equilibrium and diffusion in dilute suspensions. However,
direct imaging has flourished as a major research tool in colloidal research only in
the last few decades, mainly due to the increase in imaging and computing power.

Our main emphasis in this chapter is on high-resolution imaging and reconstruc-
tion of the position of all particles in some volume of a concentrated colloidal
suspension under flow in real-time. Before reviewing this subject in detail, we
point out the use of conventional, low-resolution imaging to track the position of
a number of tracer particles. Perhaps most important for our purposes here, the
well-established technique of particle imaging velocimetry (PIV) [56] can be used
to shed light on complicating factors in conventional rheological measurements such
as wall slip [57,58] and flow non-uniformities such as shear banding [59]. Thus this
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technique has recently been used in a rheometer to elucidate the physics of wall slip
in concentrated emulsions under shear [60, 61]. The correlation techniques used in
PIV to measure tracer velocity can also be used to track the shear-induced diffusion
of tracers in concentrated suspensions of non-Brownian spheres [62, 63]. PIV and
related techniques are, of course, limited to transparent samples.

For completeness, we mention other methods for velocimetry that have no re-
quirement for transparency, such as heterodyne light-scattering [64] and ultrasonic
velocimetry [65]. The latter has been applied to characterise slip and flow non-
linearities in micelles and emulsions [66, 67]. We also mention Nuclear Magnetic
Resonance Imaging (NMRI) [68–71], another velocimetry method independent of
transparency, which can also provide information on local density. The technique
has spatial resolution down to ∼20 μm and has been combined with rheometric set
ups to relate velocity profiles to macroscopic rheology [72, 73], to give insight on
the occurrence of shear bands [74] and shear thickening [75] in concentrated sus-
pensions.

While all of these techniques give additional insight unavailable from bulk rhe-
ology alone, building up a complete picture of colloidal flow requires dynamic
information on the single-particle level. We now turn to microscopic methods that
give precisely such information. We focus on single-particle imaging in 3D, but
mention that the imaging of a single layer of colloids has been used to great ef-
fect to study fundamental processes in 2D (e.g. [76–78]). While perhaps somewhat
less complex than 3D imaging, 2D imaging nonetheless presents some challenges,
e.g. when the imaged objects come into very close proximity [79].

The use of conventional (non-confocal) optical microscopy to study concentrated
colloidal suspensions in 3D has been reviewed before [80]. In nearly index-matched
suspensions, contrast is generated using either phase contrast or differential inter-
ference contrast (DIC) techniques. One advantage of conventional microscopy is
speed: image frames can easily be acquired at video rate. Conversely, it has poor
‘optical sectioning’ due to the presence of significant out-of-focus information, so
that particle coordinates in concentrated systems cannot be reconstructed in general,
although structural information is still obtainable under special circumstances [81].

Compared to conventional microscopy, confocal microscopy delivers superior
‘optical sectioning’ by using a pinhole in a plane conjugate with the focal (xy) plane.
It allows a crisp 3D image to be built from a stack of 2D images even for somewhat
turbid samples, but each 2D image is acquired by scanning, which imposes limits
on acquisition speed. The technique has been described in detail before [82].

The use of confocal microscopy to study concentrated colloidal suspensions was
pioneered by van Blaaderen and Wiltzius [83], who showed that the structure of a
random-close-packed sediment could be reconstructed at the single-particle level.
Confocal microscopy of colloidal suspensions in the absence of flow has been
recently reviewed [13–16]. We refer the reader to these reviews for details and ref-
erences. Here, we simply note that this methodology gives direct access to local
processes, such as crystal nucleation [84] and dynamic heterogeneities in hard-
sphere suspensions near the glass transition [34, 37].
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Our main interest is the use of microscopy to study the flow of concentrated
suspensions at single-particle resolution in 3D. It is possible to use conventional
(non-confocal) video microscopy for this purpose [85–88], but the poor optical sec-
tioning hinders complete, quantitative image analysis. Conversely, crisp confocal
images in principle permit the extraction of particle coordinates, but due to slow
scanning and acquisition rates, early observations in real time (i.e. during shear) pro-
duced blurred images that again limited the potential for quantitative analysis [89].
A common solution was to apply shear, and then image immediately after the ces-
sation of shear, both in 2D [90, 91] and in 3D [89, 92–94]. In the next subsection
we review developments in confocal microscopy that permit faster acquisition and
hence time-resolved 3D imaging of particulate systems under flow.

Confocal Microscopy

Confocal images are built by scanning a laser beam across the field of view and
collecting the emitted fluorescent light through a pinhole Laser Scanning Confocal
Microscopy (LSCM). Traditionally, the laser is scanned across the specimen by two
galvo-mirrors which gives maximum acquistion rates of the order of 1 Hz, depend-
ing on image size. Technical advances such as the use of resonant galvo-mirrors,
spinning (Nipkow) discs (possibly extended with an array of micro-lenses) and
acousto-optic deflectors (AODs) have significantly improved the acquisition rates.

AODs are crystals which act as diffraction gratings. By sending a standing sound
wave at radio-frequency across the crystal the local index of refraction is changed,
creating a grating which deflects laser beams passing through the crystal. By chang-
ing the frequency of the sound wave, the diffraction angle is changed and therefore
the field of view can be scanned extremely rapidly. The main problem associated
with AODs is that the grating deflects light of different wavelengths by different
angles and therefore obstructs the fluorescent light travelling back along the optical
path. This is partly resolved by combining an AOD with a galvo-mirror and a slit
instead of a pinhole. The galvo-mirror positions the beam in one direction, the AOD
scans in the orthogonal direction and the fluorescent signal is detected through the
slit. The slit slightly reduces the rejection of out-of-focus light and causes a slight
anisotropy in the in-plane point-spread function, but the method offers frame rates
�100 Hz for 512×512 pixels images.

Another technique that improves the scanning speed is the use of a spinning
(Nipkow) disc [82]. This solution operates by illuminating the sample through an
array of pinholes printed onto a spinning disc, thus achieving the scanning of the
sample during the disc’s revolution. Spinning discs can achieve full scanning of
the field of view by fractions of a revolution and therefore yield frame rates of
hundreds of Hz. Disadvantages of this method are the fixed size of the pinholes,
limiting the use of different objectives for optimum operation, and also the strong
loss of intensity occurring at the disk. Recently, the last disadvantage has mostly
been overcome by using laser illumination in combination with an additional array
of micro-lenses, strongly increasing the efficiency and considerably reducing photo-
bleaching [95].
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Fig. 3 Reprinted from [96]. Projection of a raw 3D image stack of 1.7-μm PMMA particles,
acquired during shear at a local flow rate of γ̇ = 3.2×10−3 s−1, starting 15 μm above the coverslide.
The image volume, x× y× z ∼ 29×29×15μm3 (256×256×76 voxels), was scanned in ∼1 s

Regardless of the scanning principle, the confocal microscope can be operated ei-
ther in a 2D mode, i.e. capturing time sequences of images at a fixed focal depth z, or
in a 3D mode, i.e. capturing image stacks obtained by scanning the sample volume;
see Fig. 3. For rapid 3D acquisition, the best method of scanning along z is to use
a piezo-element for focus control of the objective. The two operation modes im-
pose different limits on the acquisition rates for successful quantitative imaging (see
Sect. 3.2 and [96]).

2.3 Flow Geometries

Microscope studies of flowing particulate suspensions, and soft matter systems in
general, require well-defined flow geometries to facilitate data interpretation and
allow, in principle, for a mapping of the observed dynamics to the rheological prop-
erties of the system. To date, many studies have employed flow cells which impose
the deformation (rate) but do not have the ability to measure directly the (shear)
stress. Recently this limitation has been overcome by combining confocal imaging
with a rheometer or by inferring (indirectly) stress from pressure drops in chan-
nel flows.

In all geometries, wall properties play a crucial role in the application of shear.
The most direct manifestation of wall effects is that of (apparent) slip in many
complex fluids, in particular colloid gels or pastes driven along smooth surfaces
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[60, 61, 97]. While the physics of slip in suspensions and pastes is an interesting
topic in its own right (see Sect. 4.1), in most flow geometries the practical goal is to
minimise slip and transfer shear to the suspension. The remedy for wall slip differs
between various systems; for moderate to very dense particle suspensions, a coating
consisting of a sintered monolayer of similar size particles generally provides stick
boundary conditions.

Parallel Plate Shear Cells

Planar shear, or planar Couette flow, is simply implemented by placing the material
between two parallel plates much larger than their separation zgap, and translating
them relative to each other. This can be achieved either by fixing one of the plates
and moving the other one, or by moving them in opposite directions so that, in the
laboratory frame, the zero velocity plane is situated somewhere between the two
plates. For a Newtonian fluid without slip and sufficiently far from the edges of the
plates (a few zgap), the shear rate in the fluid is constant, γ̇ = (vT −vB)/zgap, with vT

(vB) the top (bottom) plate velocity. In the following, we denote the shear velocity
direction by x, the vorticity direction by y and the velocity gradient direction by z.

By construction, parallel plate shear cells can only achieve finite strains after
which the direction of motion must be reversed; they are thus particularly suited
for oscillatory strain studies. However, in some designs, extremely large strains are
possible (∼20–50) so that, with constant drive velocity, steady shear is effectively
achieved in each half-cycle. Using a microscope glass (cover) slide as the bottom
plate allows imaging of the suspension during shear. An important requirement is
that the plates should be strictly parallel; this condition is particularly stringent for
small plate separations, e.g. [98]. Non-parallel plates induce non-uniform shear as
well as drifts in the sample due to capillarity effects. Other considerations relate
to component weight, mechanical resonances, the driving motor and minimising
sample evaporation. Depending on the desired operation range, compromises may
be required to optimise either long-time stability or high-frequency behaviour.

Planar shear cells were initially coupled to conventional microscopes [85, 86] or
scattering set ups [86, 99–101]. With the advance of confocal imaging they are now
preferentially used in combination with an inverted confocal microscope.

Cohen et al. [102, 103] used a simple design with a movable microscope cover
slide as lower plate and fixed top plate. The maximum plate separation was 100 μm
and they were parallel to within 1μm. The lower plate was driven by a piezoelec-
tric actuator with displacements up to 90 μm at frequencies ≤100Hz. The sample
between the plates was in contact with a reservoir of un-sheared bulk suspension.

A similar design but allowing for larger strains and higher shear rates is described
by Solomon et al. [94]. Two tilt goniometers allow one to tune the parallelism of the
plates; a gap of 150μm is set by a linear micrometer. Oscillatory shear was produced
by applying a sinusoidal displacement with a linear stepper motor. The shear rates
were in the range 0.01–100 s−1 and strain amplitudes in the range 0.05–23.
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A cell optimised for slow shear and large amplitudes was developed by the
Edinburgh group [96, 104]. The gap size ranged from ∼200 to 1000 μm with plates
parallel to ±5 μm over the shear region. The top plate was driven at 0.05–10 μm s−1

by a mechanical actuator with magnetic encoder. The maximum translation was
Ls∼1 cm, allowing steady shear up to a total strain Δγ = Ls/Zgap � 1000%. The
cell could be operated either with the bottom plate fixed or with the plates counter-
propagating via an adjustable lever system to tune the zero velocity plane.

A recent, ‘state of the art’, parallel plate cell is the design by Wu et al. [98], which
combines high mechanical stability and a modular construction. The plate separa-
tion ranges between 20 and 200 μm, and a special pivot system was designed to
align the plates parallel to the highest degree. A piezo-stepper motor provided plate
velocities ranging from ∼2 μms−1 to 10 mm s−1. As in the Edinburgh design, the
relative plate motion can reach up to ∼1 cm, allowing for large accumulated strain.

Rotational Geometries

Application of continuous shear is achieved in rotational geometries such as cylin-
drical Couette, plate–plate or cone–plate devices, the standard geometries used in
traditional rheology [105]. Of these, cone–plate and plate–plate geometries are most
suitable for microscopic observation. Various ways of conventional (microscopic)
imaging in such geometries have been used, including an early direct observation
of crystallisation in a plate–plate rheometer [106] and a microscopic study of a
confined, charged suspension under continuous shear in a rotational plate–plate set-
up [87]. Another technique is to image tracer particles in the system from the side of
a cone–plate or plate–plate geometry to obtain the deformation or velocity profile,
either qualitatively [107] or quantitatively [61].

For completeness we also mention geometries used to study non-Brownian sus-
pensions, where the typical dimensions are much larger (particle radius a � 50μm).
One is an annular channel formed by two concentric glass cylinders where a ring-
shaped top plate drives the suspension [108], the other consists of a special truncated
counter-rotating cone–plate cell [63]. Both set ups allow for imaging in multiple di-
rections using different camera positions. As an exponent of imaging with multiple
cameras, we mention the recent work in [109], where two orthogonally positioned
cameras were used simultaneously to image tracers in an immersed granular pack-
ing sheared in a cylindrical Couette cell. Analysis of the data from the two cameras
provided the full 3D trajectory of the tracers.

The first combination of a rotational shear cell with confocal microscopy was
described in [110,111]. It consists of a cone–plate, similar to Fig. 4b, where the cone
and the plate (a large glass cover slide) could be rotated independently. In contrast to
Fig. 4b, the objective was located at a fixed radial position where the gap height was
1.7 mm. This exceeds the working distance of high numerical aperture objectives so
that only the lower part of the gap could be imaged at single-particle resolution, a
general limitation of any large-gap geometry. The shear rates obtained were in the
range of 10−2 to 102 s−1. The height of the zero velocity plane could be adjusted
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Fig. 4 Reprinted from [96]. (a) Schematics of the confocal rheoscope of the Edinburgh group [96].
The top arrow marks translation of the rheometer head to adjust the geometry gap, the horizontal
arrow indicates translation of the arm supporting the objective to image at different radial posi-
tions r. (b) Close up of the central part of the rheoscope, similar to the cone–plate imaging system
of Derks [111] except that in the latter the lower plate can also be rotated, while in the former the
microscope objective radial position r can be varied. (c) Gap profile of a 1◦ cone–plate geometry,
measured in the confocal rheoscope with fluorescent particles coated on both surfaces

by tuning the ratio of the cone and plate rotational speed, while keeping the shear
rate constant. Due to the weight of the cone and plate, oscillatory shear experiments
were limited to low frequencies. The main limitation of this set up is the acquisition
rate of the confocal scanner: particle tracking could be achieved only near the zero
velocity plane and in systems where the out-of-plane motion was slower than the
acquisition rate, such as s colloidal crystal.

A more recent development of confocal imaging in a ‘rheometric’ geometry,
which also permits simultaneous measurement of the rheological properties, is the
set up of Besseling et al. [96]; see Fig. 4. Here a rheometer was equipped with a
custom-built, open base construction, providing space for imaging optics. An ad-
justable plate with an imaging slit at the top of the base is covered with a circular
cover slide forming the bottom surface of the geometry. This allows for imaging
at various radial distances r. The stress-controlled rheometer (AR2000, TA instr.)
enables all classical rheological tests either in plate–plate or cone–plate geometry.
In practice a cone with an angle of 1◦ was used; see Fig. 4b,c. The imaging optics
under the plate (piezo-mounted objective to scan along z, mirror and lenses) are cou-
pled to a confocal scanner (VTEye, Visitech) to give full 3D imaging capabilities as
in a standard microscope mount. A major advantage is the acquisition rate (200 fps)
of the confocal scanner, which allows 3D imaging of single particle dynamics up to
rates of ∼0.1 s−1 and measurements of in the xy plane up to 100 s−1. The surface of
the cone and the bottom glass plate can be treated (e.g. coated with a sintered layer
of colloids) for the study of slip-related problems.

Capillaries and Micro-Channels

Micro-channels and capillaries are flow geometries that occur in many practical
applications. They are also interesting from a fundamental perspective, offering
insight on issues such as flow instabilities [112], confinement [113] and particle
migration effects [114–117]. When the pressure drop over the channel is measured,
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it is possible, in principle, to relate microscopic observations to bulk rheological
properties (see e.g. [118]), but this is non-trivial as it requires steady, uniform flow
along the channel and absence of entrance or confinement effects [119].

From the 1970s, a large number of imaging studies of non-Brownian suspen-
sions flowing in mm- to cm-sized channels have been performed via Laser Doppler
Velocimetry [120–123] and NMRI [124, 125], but little information has been ob-
tained at the single-particle level. Optical microscopy experiments on channel flows
of colloids have only recently started to appear, often in relation to microfluidics
applications [126]. To avoid image distortions, channels with square or rectangular
cross sections are preferred to cylindrical capillaries.

Haw [112] studied the jamming of concentrated hard-sphere colloids at the
entrance of mm-sized, cylindrical capillaries using conventional microscopy. The
channel shape and the imaging method did not allow him to obtain detailed micro-
scopic information.

Confocal studies in the group of Weeks [116, 117] used rectangular capillaries
(50 μm×500 μm) coupled to a syringe as a reservoir to drive suspensions of inter-
mediate volume fractions. Due to the high flow rates involved in their experiments,
particle tracking was impossible. Instead the flows were studied using image cor-
relation techniques and intensity measurements. A very similar geometry, but with
square channels was used in [127] to study flow of attractive gels of silica particles.

Isa and co-workers [96, 128, 129] used a slightly different geometry to study the
flow of very dense colloidal pastes. Figure 5 shows a sketch of the setup: square or
rectangular, micron-sized glass capillaries are connected to a glass reservoir at one
end and flow is driven by suction at the other end of the channel. The inner walls of
the capillaries are either untreated and smooth, or coated with colloids.

The recent development of micro-fabrication techniques (soft lithography) has
opened up the possibility of studying flow in microfluidics geometries. Degrè
et al. [118] have performed PIV studies of polymer solutions seeded with tracers in
micro-fabricated geometries made by adhering a moulded block of polydimethyl-
siloxane (PDMS) onto a glass cover slide, obtaining channels with a thickness of
tens of microns. PDMS has many practical advantages, but swells in most organic

Fig. 5 A possible sample cell for capillary flow. The capillary is not drawn to scale. The construc-
tion is placed on the microscope stage and imaged from below
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solvents [130], making it incompatible with many colloidal model systems. It also
has a relatively low elastic modulus causing deformation under high pressures. A so-
lution to these problems is to substitute PDMS with a photo-curable monomer, as
described in [131]. It is clear that soft lithography offers great flexibility in design-
ing channels of almost any geometry, paving the way for high-resolution imaging
studies of colloidal flows in a variety of complex micro-environments. Such stud-
ies will be relevant for microfluidic applications, as well as for modelling flows in
porous and other complex materials.

3 Image Analysis

To extract the maximum amount of quantitative information from (confocal) images,
detailed image analysis is necessary. The central components of such analysis are
particle location and tracking.

3.1 General Methods

The basic method to obtain coarse-grained information on the flow without details
on the dynamics at the particle level is Particle Image Velocimetry (PIV) or related
correlation techniques [56]. Using a sequence of images of tracer particles in the
suspension or confocal images of the full microstructure during flow, a map of the
advected motion between consecutive 2D images, i− 1 and i, or between parts of
these images (‘tiles’), is obtained as the shift, (ΔX , ΔY ), which maximizes the corre-
lation between these images or regions. By repeating the procedure over a sequence
of frames, one obtains the displacement as function of time, (ΔX(ti),ΔY (ti)). In
general, PIV yields a discrete vector field, ΔR(rpqr), with displacement ΔR in each
element rpqr of a 3D image (rpq in 2D). In many practical cases however, the flow
field has a simpler structure; see the examples in Fig. 6.

For 2D images with uniform motion in the xy plane, the procedure is applied to
the entire image, Fig. 6a, giving ΔR(r,ti) = ΔX(r, ti) = ΔX(ti). For advective motion
which depends on the position y transverse to the flow, Fig. 6b, the procedure is
performed on image strips, yielding ΔX(yq) discretised at the strip centres yq. For
3D images of simple shear, Fig. 6c, the motion is a function of z only. The image
stacks are then decomposed in xy slices at different z and the procedure is applied
to the individual 2D slices. In channel flow, Fig. 6d, the stacks are first decomposed
in xy slices and then each slice is decomposed in y-bins for which the motion is
analysed.

These methods have been used to measure the velocity profiles in various dense
suspensions. Meeker et al. [60] imaged tracers embedded in pastes from the edge of
a cone–plate geometry. A number of studies have been reported in which micro-PIV
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Fig. 6 Reprinted from [96]. Advection profiles in various geometries. (a) A uniform 2D shift ΔX
across the entire field of view maximises the correlation. (b) 2D case where the advected motion
is a function of y; the image is then decomposed in bins centred at yq, each of which is shifted
by ΔX(yq) to obtain maximum correlation. (c) 3D image where the motion is a function of z only.
The stack is decomposed in slices centred at zr , each of which is shifted by ΔX(zr) to maximize
the correlation. (d) 3D case with y and z dependent motion. Decomposition into y and z bins
yields the advection profile ΔX(yq , zr)

is applied to the flow in channels [118, 132] or to obtain displacement profiles in
parallel plate geometries [102].

A related application of the correlation method has been reported by Derks and
co-workers [111]. In their study of dense colloids flowing in a cone–plate geometry,
a single confocal scan in the velocity-gradient plane (y− z plane in their notation,
see Fig. 7) was performed. This was then analysed by shifting and correlating lines
(along y) between consecutive z-values in the image, rather than performing PIV
between consecutive frames. Via this procedure the distortion of the particle images
could be quantified, yielding parabolic displacement profiles, Fig. 7, corresponding
to linear velocity profiles from which the shear rate was extracted.

3.2 Locating Particles

To go further in the analysis, one first needs to determine the location of the particle
centres from the images. The standard method was developed over a decade ago
by Crocker and Grier (CG) [133], and has since been used in numerous studies on
colloidal dynamics.
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Fig. 7 Reprinted with permission from [111], copyright (2004), Institute of Physics Publishing.
Confocal images (yz, 75 μm×56 μm, 512×512 pixels2) of a colloidal fluid at various shear condi-
tions taken in a counter-rotating cone–plate shear cell [111]; see Sect. 2.3. The applied shear rates
are 1.67, 3.36 and 8.39 s−1 (top to bottom); the ratios of the applied cone to plate rotation speeds are
84, 129 and 175 (left to right). Graphs (a) and (b) show displacement profiles, y(z), measured from
these images via cross-correlation of scanned lines. The appropriate profile is overlaid on each
image (white curves). The velocity profiles (dy/dz) calculated from these displacement profiles are
shown in the graphs (c) and (d). The particle diameter is 1.50 μm

While some of the concepts in their method may also apply to identifying objects
with varying shapes [134], the method is primarily aimed at identifying circular
(2D) or spherical (3D) objects that appear bright on a dark background. Since
experimental images have unavoidable pixel noise and often also undesired inten-
sity modulations, the images are first treated with a spatial bandpass filter, which
eliminates long-wavelength contrast gradients and pixel-to-pixel noise. Next, the
coordinates of the centres of the features are obtained by locating the local intensity
maxima in the filtered images. These coordinates are then refined to a higher ac-
curacy by applying a centroiding algorithm, which locates the brightness-weighted
centre of mass (centroid) of the particles; with this refinement the coordinates of the
particle centre can be obtained with a typical resolution of 1/n of the pixel size [133]
where n is the particle diameter in pixels. However, the method has some limitations
in concentrated systems, as individual particle images may start to overlap. Unless
one uses the core-shell particles mentioned in Sect. 2.1, an alternative method to
the coordinate refinement may be required. A very useful technique for doing this,
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based on optimizing the overlap between the measured intensity profile of each
particle and the so-called ‘sphere spread function’, has been described recently by
Jenkins and Egelhaaf [135].

In addition to the intrinsic sub-pixel accuracy from the above refinement meth-
ods, additional errors arise from particle motion during image acquisition. These
errors may be considerable when images are obtained by scanning, i.e. when pixels
are not acquired instantaneously. For an acquisition time 1/ fscan for a 2D image
with n lines and particle radius (in pixels) of ã, the time to image a particle is

t2D
im = 2ã/(n fscan). (1)

For a 3D image (a z-stack of 2D slices), the voxel size in the z direction may differ
from that in the x and y direction. When the particle radius in z-pixels is given by ãz,
the acquisition time for a 3D particle image is

t3D
im = 2ãz/ fscan. (2)

Typical parameters ( fscan = 90 Hz in a fast confocal, n = 256, ã = ãz = 5) yield
t2D
im � 0.4 ms and t3D

im � 0.1 s.
The additional errors resulting from this finite acquisition time are easily esti-

mated. We do so here for HS. The short time diffusion leads to an error δHS =√
Ds(φ)tim/2. Here Ds(φ) is the volume fraction (φ ) dependent short time diffu-

sion constant for HS: Ds(φ) = (kBT )/(6πηa)H(φ) with H(φ) < 1 a hydrodynamic
correction [7, 136–139]. Note that this is an upper bound applicable to HS; for col-
loids with softer interactions, δ < δHS. With a solvent viscosity η � 3×10−3 Pa s,
and frame rates as above, typical values are δ2D � 2 nm and δ3D � 35 nm for a col-
loid with radius a = 1μm. For 3D imaging, this error exceeds the intrinsic sub-pixel
accuracy. Further errors due to flow-induced distortion of the particle image are es-
timated by comparing the imaging time tim with the time tf required for the flow
to displace the particle over its own diameter. For a flow velocity Ṽ (in pixels per
second), tf = 2ã/Ṽ . We consider the particle significantly distorted if tim/tf ≥ 0.1.
Hence, using (1, 2), the maximum velocities are

Ṽ max
2D = 0.1n fscan, Ṽ max

3D = 0.1 f ã/ãz. (3)

Using the above parameters, a typical maximum velocity in 2D is V max �
500 μms−1, while for 3D images with ã/ãz = 1, we obtain V max ∼ 2 μms−1. In
both cases, further improvement could be achieved by removing the distortion prior
to locating the particles by correlating scanned images or lines at different z [111].

3.3 Tracking Algorithms

Merging particle coordinates from subsequent frames into single-particle trajecto-
ries is the optimal route to analyse colloidal dynamics. However, in some cases this
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is difficult [140], but quantitative information may still be obtained via alternative
methods. For example, Breedveld et al. [62,140,141] measured the distribution of all
possible displacement vectors in images of tracer particles in dense non-Brownian
suspensions. From these distributions, the contribution due to cross correlations,
corresponding to vectors connecting the position of particle i in one frame to that
of particle j in the next frame, could be subtracted. From the resulting autocorre-
lation part of the distribution, the full shear-induced self-diffusion tensor could be
obtained. While this method also has potential for analysis of coordinate ensem-
bles obtained from (confocal) microscopy during flow, we will focus on a complete
analysis of the particle dynamics via tracking.

Conventional Tracking

The most widely used algorithm to track particles from ensembles of coordinates in
consecutive frames is that of Crocker and Grier [133]. It is based on the dynamics
of dilute non-interacting colloids. Given the position of a particle in a frame and all
possible new positions in the next frame, within a ‘tracking range’ RT of the old
position, the algorithm chooses the identification with the minimum mean squared
frame to frame displacement (MSFD). The algorithm has been used to analyse par-
ticle dynamics in a wide variety of 2D and 3D images of quiescent systems; see,
e.g. [15, 16]. Its main limitation is that, when the particle motion between frames is
excessive, misidentifications can occur. Such motion can be due to diffusion, flow-
advection or both.

In quiescent systems, the ability to track particles between frames is limited by
experimental constraints such as the acquisition rate of the (confocal) microscope,
image dimensionality, particle size and concentration, and solvent viscosity. After
locating the particles, the relevant quantity which relates to the tracking performance
of the CG algorithm is the root mean squared frame-to-frame displacement rela-
tive to the mean interparticle distance �. If particles move on average a substantial
fraction of �, then the algorithm starts to misidentify them. This has recently been
quantified [96] by testing the CG algorithm on computer-generated hard-sphere or
hard-disk ensembles at different concentrations. These tests showed that the algo-
rithm can handle larger mean squared displacements (MSDs) for more concentrated
systems, since the higher concentration prevents particles from coming into close
proximity of each other between frames.

The tests were also performed on computer-generated data in which additional
uniform or non-uniform motion was added, to study how far the CG algorithm could
be pushed beyond its original design parameters. For uniform motion, CG tracking
was as successful as in the quiescent case for small drifts but failed for drifts of the
order of half the particle-particle separation. For non-uniform (linear shear) flows
with small strains between frames the identification worked correctly, but large non-
uniform displacements caused major tracking errors.
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Correlated Image Tracking

Some important limitations to particle tracking in 2D or 3D images with large drift
or non-uniform motion (see also [142]) can be overcome by the method of correlated
image tracking (CIT), described in detail in [96]. The main extension compared
to conventional (CG) tracking is that, prior to tracking, the time- and position-
dependent advective motion is obtained from a PIV-type correlation analysis as in
Sect. 3.1. This advected motion is then subtracted from the raw particle coordinates,
shifting them to a ‘locally co-moving’ (‘CM’) reference frame where the particles
can be tracked with the CG algorithm.

Because particle coordinates are distributed continuously, the advection profile
ΔR(xp,yq,zr,ti) from the PIV analysis is first interpolated to obtain a continuous
profile ΔR(x,y,z, ti). Using the latter, the transformation of the position rk(ti) =
[xk(ti),yk(ti),zk(ti)] of particle k in the laboratory frame to its position r̄k(ti) in the
CM reference frame is

r̄k(ti) = rk(ti)−
i

∑
j=1

ΔR(rk(ti),t j), (4)

with ΔR(rk(ti),t j) the past motion between frame j and j−1, at the current particle
location rk(ti). In the CM frame, the average particle motion is essentially zero over
the entire image. Therefore the classic CG algorithm tracks particles successfully
in this reference frame. The limitations on the CG tracking performance are essen-
tially the same as discussed in Sect. 3.3 for quiescent systems. Finally, the resulting
trajectories can be restored in the laboratory frame by inverting 4.

The main limitation to CIT originates from the failure of the image correlation
procedure when the relative particle motion between frames is excessive, rather
than from failure due to large absolute shifts between images [96]. This apart, CIT
has the same limitations of CG tracking with significant failure for mean squared
frame-to-frame displacements in the CM reference of ∼(0.3�)2 in 2D. Two direct
applications of CIT will be reviewed in Sect. 4.1.

4 Imaging of Systems Under Deformation and Flow

This section reviews the application of (confocal) imaging to study the flow response
of concentrated suspensions, with emphasis on quantitative analysis as described
in the previous sections. We separately discuss disordered systems and systems in
which order is present either before or as a result of flow. In each case, the focus
is on Brownian systems, but we briefly review non-Brownian systems at the end of
each subsection.
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4.1 Disordered Systems

Slow Glassy Flows

A significant motivation for recent developments in imaging concentrated colloidal
suspensions under flow is to investigate the behaviour of samples that are so dense
that structural rearrangements are arrested in the quiescent (unsheared) state, i.e.
colloidal glasses [5]. Elucidating the mechanisms for the deformation and flow
of colloidal glasses is currently one of the ‘grand challenges’ in soft matter science.
Much insight to this problem can be expected to come from the detailed study of
model systems. The simplest model systems are concentrated hard sphere suspen-
sions, which are glassy at volume fractions φ � 0.58. (This claim has recently been
disputed [143]; but however this controversy eventually resolves, it remains true
that, for almost all practical rheological purposes, amorphous colloidal hard-sphere
suspensions behave as soft solids for φ � 0.58.)

The first time resolved studies of the flow of HS colloidal glasses at single parti-
cle level have been described in [104] and [96, 97]. Both the 3D particle dynamics
and global flow were investigated in steady shear under various boundary condi-
tions using both a planar shear cell and ‘confocal rheoscope’ [97, 104] (geometries
with uniform stress in the flow gradient direction z). Standard fluorescent PMMA-
PHS particles (a = 850 nm, φ = 0.62) in a charge-screened, CHB-decalin mixture
were used for observations at the particle scale; for measurements on a global scale,
fluorescent PMMA tracers in a host suspension of non-fluorescent, smaller PMMA
colloids were used.

We first focus on the phenomenology observed for flow between plates coated
with colloid, where the micron scale roughness provides stick boundary conditions.
At high concentrations φ � 0.62, the HS glasses shear non-uniformly, exhibiting
rate-dependent shear localization [97, 104, 144] which is most pronounced close to
the yield stress: at the lowest applied rates γ̇a, the local shear rate γ̇ near (one of) the
walls considerably exceeds γ̇a and vanishes smoothly into the bulk where the sys-
tem moves as a solid [144]. This continuous decrease of the flow rate differs from
observations in other yield stress fluids, e.g. [145, 146], possibly due to thixotropic
effects in those systems. The characteristic length, along z, characterizing the de-
crease of γ̇ , starts from ∼25 particle diameters and increases with the applied rate or
global stress, i.e. the wall ‘fluidization’ propagates into the sample and eventually
leads to fully linear flow profile at the largest rate. Recent theories and simula-
tions [147, 148] have suggested spatial correlations as well as boundary effects in
the ‘fluidity’ of soft glassy materials near yielding, in line with these experimental
observations, as well as with observations in confined emulsions under flow [119].

The microscopic dynamics inside a shear band was then studied by focussing
on a 30× 30× 15 μm3 volume (∼3,000 particles) the bottom layer of which was
∼10 particles away from the wall. A series of undistorted 3D snapshots of the entire
microstructure was acquired, as shown in Fig. 3, from which 3D particle positions
and dynamics were obtained as described in Sects. 3.2 and 3.3. Particle tracking
using the new CIT method allowed one to study the flow for local shear rates up
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Fig. 8 Reprinted from [96]. 3D analysis of a sheared glass at γ̇ = 0.019 s−1. (a) (Redbullet)
accumulated displacement ΔXa(z,Δt) (see Fig. 6) from image correlation over Δt = 16 s (4 frames).
Line: linear fit giving an accumulated strain dΔXa/dz = 0.28. (b) Distribution of frame-to-frame
displacements P(Δx) and P(Δy) from CIT with coordinates restored in the laboratory frame. Also
shown is P(Δx̃) of the non-affine x-displacements, using Equation 5 and γ̇ = 0.019 s−1. (c) The
(non-affine) MSD in the three directions. Line: 〈Δy2(Δt)〉 = 2Dt with D = 5.4×10−3 μm2s−1

to γ̇ � 0.05 s−1. The results are shown in Fig. 8, where (a) presents the advected
motion ΔX(z,Δt) (from image correlation) for Δ t = 16 s and a shear rate 0.02 s−1

[96]. Local velocity profiles such as these are linear on this scale and extrapolate to
zero within the resolution, showing the absence of slip in this case. Figure 8b shows
the distributions P(Δx) and P(Δy), which are frame-to-frame particle displacements
obtained from CIT. The laboratory frame data for the displacements in the velocity
direction (x) show a large contribution from the advected motion. To focus on the
more interesting non-affine part of the displacements, Δx̃, the z-dependent advected
motion was subtracted via

Δx̃(t) = x(t)− x(0)− γ̇
∫ t

0
z(t ′)dt ′, (5)

with γ̇ measured from the data. The results for P(Δx̃), Fig. 8b, showed that non-
affine motion for x and y were very similar. Analysis of the full 3D dynamics further
revealed that it is indeed nearly isotropic in all directions, as shown by the long time
behaviour of the MSDs for x, y and z in Fig. 8c. The linearity of these curves at long
times also indicates that, after a sufficient number of shear induced cage-breaking
events, particle dynamics in the system becomes diffusive, with long-time diffusion
coefficients varying by <20% in the three directions.



L. Isa et al.

1 10 100 1000
0.0

0.2

0.4

0.6

0.8

1.0

1.2

0.01 0.1 1

0.0

0.4

0.8

.
γ = 0 

F
s 

(Q
m

, t
) 

t (s)

.
103γ (s–1)

0.183 0.31 0.57 0.93 
1.48 3.20 8.2 13.4 

t / τα

fs

a b c d

e f

Fig. 9 Partly reprinted from [104]. (a) Trajectory of a single particle over 800 s in the velocity-
vorticity plane in the co-moving frame as defined in Equation 5 for a sheared glass at a local
shear rate γ̇ = 9.3 ·10−4 s−1. (b) Selected incoherent scattering functions Fs(Qm, t), with γ̇ increas-
ing from right to left. The dashed line schematises initial relaxation. Inset: data collapse using
fs(Qm, t/τα), with the line showing that fs ∝ exp(−t/τα). (c–f) Snapshots of the structure for
γ̇ = 0.0015 s−1, (c) at t0 = 80 s after start of imaging. The grey-scale measures the change in local
environment of each particle (∝ Ci

6(t0,dt)) over the past dt = 40 s. (d) at t0 = 120 s and dt = 80 s.
(e) at t0 = 120 s and dt = 40 s. Red lines show local deformations, arrows mark the shear direction.
(f) A quiescent glass, with dt = 200 s

These experiments give information on individual plastic cage-breaking events as
well as rate-dependent structural relaxation. The first phenomenon is illustrated by
the non-affine motion of a single particle in the x̃− y plane; see Fig. 9a. Intermittent
jumps, reflecting ‘plastic’ breaking of the particle cages, are observed between pe-
riods of ‘rattling’ in which the cage is deformed. An average accumulated strain of
∼10% is found between these events, in reasonable agreement with the yield strain
obtained from bulk rheology or light scattering [8, 100]. The changes in the parti-
cles’ local environment during shear were also studied via the change in the bond
order parameters Qi

6,m for each particle i [149] over a time dt, measured by the

quantity Ci
6(t,dt), where C6 = 0 reflects no change. Figure 9c–e show snapshots

of the sheared microstructure at two times, where the grey-scale is proportional to
Ci

6(t,dt). In Fig. 9c, the changes over 6% accumulated strain are shown. Clusters of
strong rearrangements, termed ‘Shear Transformation Zones’ (STZs) in earlier the-
oretical studies [150], can be observed, where the local strain appears much higher
than elsewhere. Over the following 6% accumulated strain, Fig. 9e, STZs appear in
different locations while the earlier ones remain essentially locked.

The average structural relaxation was examined via the incoherent scattering
function, Fs(Q,t) = 〈cos(Q[yi(t0 + t)− yi(t0)])〉i,t0 (using Q = Qm � 3.8a−1). As
shown in Fig. 9b, the long-time dynamics is essentially frozen at rest (γ̇ = 0). At
short times and small shear rates, Fs exhibits a plateau corresponding to caging at
small accumulated strain. At longer times, Fs decays to zero due to repeated cage-
breaking events in line with the diffusive dynamics in Fig. 9c. This decay accelerates
strongly on increasing rate. When scaling time by the characteristic (α) relaxation
time τα , Fs collapsed onto a single exponential curve (see the inset), which directly
confirmed the theoretically predicted time-shear superposition principle [151].
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The rate dependence of the inverse relaxation time and diffusivity D exhibited
a non-trivial scaling: D ∼ 1/τα ∼ γ̇ 0.8. Such ‘power-law fluid’ scaling contrasts
the yield-stress behaviour observed in the global rheology (see [104]) or predic-
tions from Mode Coupling Theory [152]. (For further discussion of these data in the
context of Mode Coupling Theory, see the article by Fuchs in this issue.) However,
these observations are consistent with a stochastic non-linear Langevin equation
treatment [153, 154]. In this approach to hard-sphere dynamics, particles become
more deeply trapped in effective free-energy (or, equivalently, entropic) wells as the
concentration increases beyond a certain critical value; the effect of applied stress is
to lower the entropic barrier that particles have to surmount in order to escape [155];
the predicted shear-induced relaxation time indeed shows power-law scaling with
shear rates in an intermediate regime with exponents close to 0.8 [156].

Subsequently, Schall et al. studied the behaviour of dense colloidal packings un-
der very small shear deformations [157]. The packing was formed by sedimentation
of silica-spheres (a = 0.75μm) in a lower density solvent, so that the volume fraction
varied as a function of height. The shear geometry consisted of a movable, coated
bottom cover slide, while a metal grid positioned on top confined the packing within
a layer of 42μm (∼30 particle diameters). The analysis focussed on the microscopic
strain variations resulting from either thermal fluctuations or applied strain. From
the thermal distribution of strain energies, an estimate for the shear modulus was
obtained, but volume fraction gradients complicate the analysis. Large accumulated
local strains were observed at long times in the quiescent sample, indicating aging.
The behaviour under application of shear is shown in Fig. 10. In this work, the to-
tal accumulated strain was ∼3% on average, Fig. 10a, well below the typical bulk
yield strain in colloidal hard sphere glasses [8,100]. Thus, it is probable that the data
represent creep rather than yielding and flow.

Figure 10b shows a spatial map of the shear strain εyz in a slice normal to the shear
gradient. The authors identified the localized regions with high strain with STZs, the
first published images of STZs in colloidal glasses. Interestingly, the highlighted

y (μm)Dy (μm)

a b

Fig. 10 Reprinted from [157], with permission from AAAS. (a) Shear-induced displacements
of particles in a colloidal packing between z = 0 (the cover slide) and z = 23μm after 50 min of
shear (3% average accumulated strain). (b) Strain distribution and STZs in a 7μm thick section in
the shear-displacement gradient plane. Particle colour indicates the value of the local shear strain
εyz (see colour scale), accumulated over 50 min of shear. The arrow indicates a shear transforma-
tion zone
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region revealed a fourfold symmetric strain field just after its (earlier) formation,
consistent with theoretical predictions for a single plastic event. Schall et al. further
identified the STZ-cores and, using somewhat uncontrolled assumptions, calculated
the STZ formation energy, activation volume and the activation energy. From this it
was concluded that STZ formation was mainly thermally activated, although some
strain assistance was involved.

Data such as those shown in Figs. 10b and 9c–e show that direct imaging is a very
powerful method for studying inhomogeneous local responses to applied stress. In
particular, the discovery of STZs in model colloids means that the physics of these
systems may have relevance beyond soft matter physics, e.g. in the study of large-
scale deformation of metallic glasses [158]. An important open question in the flow
of these dense disordered systems is if and how the STZs are related to the previ-
ously mentioned (larger) length scale for correlations in fluidity [148], associated
with shear localization. This issue deserves strong emphasis in future research.

Particulate suspensions and other concentrated soft materials (e.g. emulsions)
often exhibit wall slip during flow along smooth boundaries. This is important in
practical applications, and strongly relevant when interpreting bulk flow measure-
ments. Slip in particulate suspensions has been seen mostly for high Péclet numbers
(non-Brownian suspensions), both in solid- [159, 160] and liquid-like [161] sys-
tems. In a recent study, Ballesta et al. addressed the effect of Brownian motion and
the glass transition on slip in hard-sphere colloids using confocal imaging and si-
multaneous rheology [97] (Sect. 2.3). The main results are shown in Fig. 11. The
rheology for rough walls in Fig. 11a shows the traditional change from a shear
thinning fluid (φ = 52%) to a yielding solid (φ = 59%) associated with a glass
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Fig. 11 Reprinted from [97]. (a) Measured stress σm vs applied rate γ̇a for particles with a =
138 nm, at different volume fractions for coated (black squares, red bullets, blue triangles) and
un-coated geometries (open squares, red open circles, blue open triangles). Dashed line: linearly
viscous behaviour. The full line is a flow curve predicted using the model in [97]. Dotted line:
applied rate at which yielding starts at the cone-edge. (b) Density profile P(z) (open squares),
from 3D-imaging of the a = 652 nm system at φ = 0.63, during slip at r = 2.5 mm and γ̇a =
0.01 s−1. (Red bullets) Corresponding velocity profile from particle tracking, showing full plug
flow. Inset: Slice of one of the 3D-images, showing the first colloid layer. Scale bar: 10 μm. (c)
Velocity profiles for the φ = 0.59 data in (a), in units of the cone velocity vcone = γ̇aθr, as function
of the normalized hight z/zgap = z/θr, for various applied rates γ̇a at r = 2.5 mm. The arrow marks
the slip velocity for γ̇a = 30 s−1; the dashed line is the behaviour without slip v = γ̇az as observed
for φ < φG
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transition at φ ∼ 58% [8,162]. For a smooth wall and index-matching solvent (which
prevents van der Waals attraction and sticking of particles to the glass) the results
for a dense liquid remained unchanged, indicating no slip. This is confirmed by
imaging (Fig. 11c, dashed line) and also agrees with the measurements for dense
colloidal liquids by Derks et al. [111]. However, for the colloidal glass, a slip branch
developed in the flow curve at small rates. This branch was described by a Bingham
relation between the slip stress σslip and slip velocity vs, σslip = σs + β vs, associ-
ated with solid-body motion of the suspension along the glass plate. This ‘solid’
structure during slip was shown to extend down to the first particle layer, Fig. 11b
and the inset, giving microscopic insight to the physical origin of the parameters σs

and β in the above Bingham-form. Furthermore, the transition from pure slip at low
rates to yielding at high rates was probed, as illustrated in Fig. 11c. It was shown
that this transition depended on the local gap, i.e. the radial position r, illustrating
the possibility of non-uniform (r-dependent) stress in a cone–plate geometry.

Interestingly, this slip behaviour of hard-sphere glasses is different in nature from
that found earlier by Meeker et al. in jammed systems of emulsion droplets [60].
There, a non-linear elasto-hydrodynamic lubrication model, appropriate for de-
formable particles, could quantitatively account for their observations. It therefore
appears that, while slip is ubiquitous for yield stress fluids flowing along smooth
walls, the mechanism for its occurrence can be highly system dependent.

Fast Channel Flow of Fluids and Pastes

A different regime of flow in hard-sphere suspensions, either in dense fluids or
glasses, occurs when the shear rate becomes comparable to the rate for thermal
relaxation of the particles within their cages, which is of the order of the inverse
Brownian time. In these situations jamming or shear thickening may start to occur,
while in geometries with non-uniform stress, pronounced shear-induced migration
may take place. Here we describe recent studies of imaging in this regime, focussing
on the specific geometry of capillaries and micro-channels.

The effects of shear-induced migration in intermediate volume fraction hard-
sphere suspensions (φ < 0.35) was studied by Frank et al. [116] and Semwogerere
et al. [117]. In these experiments, confocal imaging was used to measure both
velocity and concentration profiles, φ(y), of colloids across 50 μm×500 μm glass
channels. Flow velocities up to 8 mm s−1 were probed, corresponding to Péclet
numbers up to ∼5000. The gradient in shear rate γ̇(y) causes particles to migrate
from the boundaries (with large γ̇) to the centre of the capillary (small γ̇), resulting
in development of a steady state concentration profile beyond a certain ‘entrance
length’. Frank et al. found profiles (transverse to the flow) where the concentration
in the centre increased considerably with the average volume fraction or on increas-
ing flow rate (Péclet number, Pe). The data were interpreted via a model which
included a shear rate and local volume fraction dependence of normal stresses in the
sample. The rapid rise of these stresses with φ and Pe was responsible for the ob-
served behaviour. Semwogerere et al. [117] studied the entrance length over which
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the flow became fully developed and found that it increases strongly with Pe, in
marked contrast to non-Brownian flows for which it is flow-rate independent [163].
The entrance length also decreased with increasing volume fraction and the data
could be successfully described within their model.

Few imaging studies have been carried out in higher concentration suspen-
sions. Haw [112] observed intriguing behaviour in traditional microscopy studies
of PMMA suspensions (φ � 55%) sucked into mm-sized capillaries with a syringe.
Strikingly, the volume fraction of the suspension in the capillary was as much as 5%
lower than the initial concentration, depending on the particle size. Such unexpected
“self-filtration” was attributed to jamming of the particles at the capillary entrance,
leading to higher flow rate of the pure solvent under the applied pressure difference.

Motivated by these experiments, Isa et al. conducted further studies of flows in
similar geometries at the single particle level using confocal microscopy [129]. The
system consisted of a hard-sphere suspension (PMMA spheres, radius 1.3±0.1 μm)
at nearly random close packing, ‘a paste’, in a 20-particle-wide square capillary. The
motion of individual colloids was tracked via CIT and velocity profiles were mea-
sured in channels with both smooth and rough walls. Despite the colloidal nature of
the suspension, significant similarities with granular flow [164, 165] were found.

The bulk flow curve of the system studied by Isa et al. fitted a Herschel–Bulkley
(HB) form for a yield-stress fluid [8] at small to moderate flow rates. The velocity
profile predicted from a HB constitutive relation consists of a central, unsheared
“plug” and shear zones adjacent to the channel walls, which fits qualitatively with
what was observed; see Fig. 12a. At the same time, however, the size of the central

a b

Fig. 12 (a) Velocity profile of a 63.5% volume fraction suspension of PMMA hard-spheres (radius
a = 1.3μm) in a square, glass micro-channel (side 2b = 50μm). The velocity 〈V 〉 is normalized
by the centreline velocity 〈Vc〉. The profile is overlaid onto a confocal image of the suspension in
the channel. The velocity profile consists of a central, unsheared plug and of lateral shear zones,
whose width is highlighted by the horizontal blue lines. The right side of the image shows two
examples of particles trajectories in the plug and in the shear zone respectively. The x and y scales
of the trajectories are different and the colloids are not drawn in scale. (b) Reprinted from [129].
Normalised velocity profiles at z = 17 μm vs y/beff (beff = b−a) for a wide range of flow rate. For
clarity, fits to the data rather than the raw data are shown; the error bars show the spread in the
measurements. Inset: normalized transverse fluctuations of individual particles in the shear zone for
the two boundary conditions, vs normalized time t/τB or local accumulated strain t ·∂ 〈V (y)〉/∂ y =
t · γ̇(y), top axis
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plug is expected to decrease with increasing flow rate, vanishing beyond some
critical velocity above which the yield-stress fluid is shear-melted everywhere (see,
e.g. [105, 166]). But Isa et al. found that the width of the central plug was indepen-
dent of applied flow rate; see Fig. 12b. This behaviour is analogous to that observed
in the pipe flow of dense dry grains [165,167]. The data for the colloidal flow could
be captured by a theory of stress fluctuations originally developed for the chute
flow of dry granular media [167, 168]. Presumably, this model can be successfully
applied to nearly-close-packed colloidal systems because at high flow rates, inter-
particle contacts rather than Brownian motion dominate. Direct imaging showed
indeed that the trajectory of a particle in the shear zone was determined by ‘col-
lisions’ with neighbouring particles; see Fig. 12. Moreover, the presence of rough
boundaries enhanced such fluctuations, causing wider shear zones.

In more recent work on the same system [113], using smooth walls, it was shown
that confinement can induce instabilities in the flow. Upon decreasing the width of
the channels from ∼40 to ∼20 particle diameters, the flow developed oscillations
above a threshold applied flow rate. Such oscillations consisted of cyclical jamming
and un-jamming of the suspended particles and led to filtration effects similar to
those reported by Haw [112]. Single-particle imaging was used to demonstrate the
presence of a concentration profile across the channel, which was well correlated
with the local velocity profile.

Non-Brownian Suspensions

Other recent imaging experiments address the flow of non-Brownian suspensions
(i.e. Pe → ∞) at the single particle level. In a series of papers [62, 63, 140, 141],
Breedveld et al. investigated the steady shear-induced self diffusion of non-
Brownian spheres. They used PMMA particles (radius a ∼ 45μm) in an RI
and density-matching mixture (water, zinc chloride, and Triton X-100, viscos-
ity ∼3.4 Pa s) and studied suspensions with volume fractions ranging from 20%
to 50%. By studying the correlated motion of a small fraction of the particles which
had been dyed (Sect. 3.3), the self and ‘off-diagonal’ MSDs could be extracted
without the use of explicit particle tracking.

For these non-Brownian suspensions, the long-time shear-induced MSDs de-
pend on accumulated strain γ̇Δt only. The ‘long-time’ diffusion for γ̇Δt > 1 is due
to the chaotic nature of (hydrodynamically mediated) multiple particle collisions.
The associated self-diffusion constants Dxx, Dyy, Dzz (in the velocity, vorticity and
gradient direction respectively) were found to be anisotropic with Dzz/Dyy < 2,
while Dxx was almost an order of magnitude larger. The data were in qualitative
agreement with hydrodynamic theories and simulations, although quantitative dis-
crepancies remained. In contrast, for the slowly sheared glasses in Sect. 4.1 [104],
which exhibited a non-trivial rate dependence, Dyy/(a2γ̇) scales as γ̇−0.2, with a
value ranging from 0.7 at low rates to ∼0.3 at the largest rates, exceeding the re-
sult for non-Brownian suspensions. A last notable observation in the non-Brownian
system in [140] was a regime of reduced diffusion for small accumulated strains
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γ̇Δt � Δγcage � 1. While its nature remains unclear, it was shown that the typical
strain Δγcage roughly corresponded to the affine deformation δ/a at which parti-
cles come into direct contact (on average), which varies with volume fraction as
(φrcp/φ)1/3 − 1, and vanishes as the average surface-surface separation between
particles on approaching close packing.

In a very recent study by Wang et al. [109], the 3D motion and diffusion of
heavy tracer particles in a granular packing (φ ∼ 0.6), immersed in a density
and RI matching liquid in a cylindrical Couette-cell was studied. Among many
other remarkable results, the data in [109] showed direct evidence that D ∝ γ̇ in
non-Brownian systems. Interestingly, the value for shear diffusion in the vorticity
direction, Dyy/(γ̇a2) � 0.1, extracted from the data in [109], was close to the values
found by Breedveld for slightly lower density.

Another study on non-Brownian suspensions [169] focussed on a transition from
reversible to irreversible particle dynamics in oscillatory shear. While the creeping
(Stokes) flow equations for simple shear flow are in principle reversible, particle
roughness, three particle collisions or repulsive forces (ignoring Brownian motion)
may render the dynamics irreversible. Pine et al. showed that there exists a volume-
fraction-dependent critical strain amplitude beyond which the dynamics become
diffusive. In a follow-up study [170], they demonstrated that the state below the
critical strain is in fact an ‘absorbing state’, where the particles self-organize into
a structure where collisions are avoided. They also demonstrated an increase in the
dynamic viscosity of the suspension on crossing the critical strain amplitude, as
was also observed previously by Breedveld et al. [140]. An interesting question is
whether any relation exists between the absorbing states measured in these non-
Brownian systems and the behaviour below the yield strain in colloidal glasses.

To date, flow studies of Brownian and non-Brownian systems have largely been
conducted independently. It is clear that much can be gained by detailed comparison
of such studies [171] and that single-particle imaging can provide crucial insights
in this exercise [129].

4.2 Ordered Systems and Ordering Under Flow

HS colloids undergo an entropy driven fluid-crystal phase transition when the sus-
pension’s volume fraction reaches φ f = 0.494. This behaviour was first confirmed
experimentally using quasi-monodisperse hard-sphere-like PMMA colloids [6].
Static light scattering [172] shows (and later, conventional microscopy [81] con-
firms) that the resulting colloidal crystals consist of hexagonally-packed layers more
or less randomly stacked on top of each other; i.e. these crystals have a mixture
of face-centred cubic (fcc) and hexagonal close packed (hcp) structures. Starting
with a paper in 1998 [173], van Megen and co-workers have published a series of
studies in the kinetics of crystallisation in PMMA suspensions using time-resolved
dynamic and static light scattering, investigating in particular the effect of polydis-
persity [174] in some detail.
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Gasser and co-workers [84] pioneered the use of confocal microscopy to study
the kinetics of colloidal crystallisation. Using buoyancy-matched PMMA particles,
they observed nucleation and growth of colloidal crystals with single-particle reso-
lution. These authors identified the size of critical nuclei, 60–100 particles, in rough
agreement with computer simulations [175], and measured nucleation rates and the
average surface tension of the crystal-liquid interface. For completeness we men-
tion that Palberg and coworkers have pioneered the use of non-confocal microscopy
methods to image ordering in highly-deionized suspensions [87, 176], which crys-
tallise at very low volume fractions (10−3 or lower).

The relative mechanical weakness of colloidal crystals compared to their atomic
and molecular counterparts means that modest shear will have large, non-linear ef-
fects on crystallisation as well as crystal structure. In the case of hard-sphere-like
PMMA colloids, these effects have been studied using light scattering [177] almost
immediately after the discovery of crystallisation in this system [6]. Much more
recently, confocal microscopy has been used to image shear effects in PMMA col-
loids. Below, we focus on reviewing such studies, but we note that imaging studies
of crystallisation in other colloids have also been performed (see, e.g. [87]). At the
end of this section we have also review briefly experimental work on ordering and
ordered structures in non-Brownian suspensions.

Hard-Sphere Colloids

It is known from static light scattering [177], diffusing wave echo spectroscopy [86]
and conventional optical microscopy [85] that the application of oscillatory shear to
dense colloidal fluids or glasses can drive crystallisation. Rheological studies [178]
show that shear-crystallised samples have lower elastic and viscous moduli than
their glassy counterparts at the same volume fraction, in agreement with the en-
hanced effective ‘cage’ volume in the ordered case, leading to smaller entropic
stiffness.

A detailed confocal imaging study of shear-induced crystallisation in hard-sphere
colloids was performed recently by Solomon and Solomon [94]. They imaged
crystals formed under an oscillatory shear field at a particle volume fraction of
52% in slightly-charged PMMA particles (diameter 1.15 μm, polydispersity 4%)
in a planar shear cell (Sect. 2.3). Particles were identified using the conventional
Crocker and Grier algorithm but, due to the low acquisition rate (0.6 frames/second),
imaging was only possible after the cessation of shear. Consistent with previous
work [85, 177], they observed ordering of the initially amorphous suspension into
close-packed planes parallel to the shearing surface; see Fig. 13. Upon increasing
the amplitude of the applied oscillatory strain, γ , the close-packed direction of
these planes was observed to shift from an orientation parallel to the vorticity di-
rection to one parallel to the flow direction, and the quality of the layer ordering
decreased. In addition, they studied shear-induced stacking faults and reported their
three dimensional structure. For large strain amplitudes (γ = 300%), ordering in the
flow-vorticity plane only persisted for 5–10 layers, while in the gradient direction
the crystal consists of alternating sequences of fcc and hcp stacking.
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Fig. 13 Reprinted with permission from [94]. Copyright (2006), American Institute of Physics.
Confocal images (top row, with insets showing the Fourier transform) and reconstructed 3D stacks
(bottom row) showing the time dependent effect of oscillatory shear (frequency = 3 Hz, strain
amplitude = 1) on a 48% volume fraction PMMA suspension. Time progresses from left to right:
quiescent (24 h after preparation, a), after 2 min (b), and after 5 min (c) of shear. In (b) and (c), unit
vectors (e) in the the velocity (v), vorticity (ω) and shear gradient (∇) directions are shown. The
light grey particles in the 3D renderings (bottom row) represent those with a high degree of local
crystalline ordering

Once formed, whether it be under quiescent or sheared conditions, colloidal
crystals show a complex response to applied stress. In particular, they exhibit band-
ing under simple shear. We have already discussed flow localization in colloidal
glasses in Sect. 4.1. The first evidence for the occurrence of this phenomenon in
ordered structures was reported in a study of hard-sphere colloidal crystals under
steady shear by Derks et al. [111]. They studied the velocity profiles and single-
particle dynamics via correlation techniques and particle tracking in a cone–plate
system (Sect. 2.3) around the zero-velocity plane. Since particles were locked in
their lattice positions and their motion was limited, they could be tracked using the
conventional Crocker-Grier algorithm. The close-packed direction in hexagonally-
ordered planes was observed to be parallel to the velocity, in agreement with high
strain amplitude oscillatory shear results [85, 94]. The study also showed direct
evidence that colloids in adjacent layers move in a zig-zag fashion, Fig. 14a, as
previously inferred from light scattering [179] and conventional imaging [85]. The
velocity profile measured over the accessible z range were linear, but the measured
shear rates were much larger than the applied rates, Fig. 14b, indicating consid-
erable shear banding in the sample. In a more recent study [180], Derks et al.
analysed in more detail the particle dynamics in the flow-vorticity plane of a sheared
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Fig. 14 Reprinted with permission from [111], copyright (2004), Institute of Physics Publishing.
(a) Superposition of particle tracks in the zero-velocity plane plus one adjacent plane in a sheared
colloidal crystal, showing zig-zag motion. The image size is 18.75 μm × 18.75 μm (256 × 256
pixels). The colloids have a diameter of 1.50 μm. (b) Measured shear rate vs applied shear rate for
the colloidal crystal (points), the continuous line shows equality of these two rates

crystal. They evidenced increasing fluctuations in the crystal layers on increasing
rate, eventually leading to shear melting when the short-time mean square displace-
ments due to shear attained a ‘Lindemann’ value of ∼12% of the particle separation.

More direct evidence of shear banding in colloidal crystals under oscillatory
shear was found by Cohen and co-workers [102]. In this confocal microscopy study,
the oscillatory motion across the gap was measured at various applied amplitudes
and frequencies. For low applied deformation, γapp, the authors claim that the crys-
tal is linearly strained at all frequencies, f . At higher γapp, the crystal yields, and
two different regimes are observed. At low frequencies, a high-shear band appears
close to the upper (static) plate. As the applied strain and frequency increase, the
band becomes larger until the whole gap is sheared at f > 3 Hz. Moreover, large
slip is observed in all cases, with the measured strain always below the applied one.
Cohen et al. proposed a model based on the presence of two coexisting, linearly-
responding phases to explain their observations. This model is attractive for its
simplicity, but questions remain, in particular concerning the lack of bulk strain
for small-amplitude, low-frequency data and some significant deviations between
the modelled and measured profiles.

Simple shear is, of course, a highly idealised deformation geometry. Motivated
partly by the possibility of shedding light on the deformation, fatigue and fracture
of metals in more ‘real-life’ situations, Schall and co-workers carried out a confocal
imaging study of a more complex form of deformation: indentation in defect-
free colloidal crystals grown by slowly sedimenting silica particles on templated
surfaces [181]. Indentation (or nano-indentation in the case of metallic crystals) con-
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Fig. 15 Reprinted with permission from [103], copyright 2004 by the American Physical Society.
Structure of a sheared suspension (diameter 1.42 μm) with strain amplitude γ0 = 0.38, frequency
f = 30 Hz and φ = 0.61. The plate moves in the x direction. (a) Confocal micrograph of a sheared
suspension forming hcp layers when the gap between the plates D = 80μm. (b)–(e) Images of
the suspension in the buckled state. The gap is set slightly below the height commensurate with
confinement of four flat hcp layers. (b) An xy image slice of the suspension near the upper plate.
(c)–(e) Slices that are, respectively, 1.3, 2.6, and 3.9μm below the slice in (b)

sists of pressing a sharp tip (diamond for metals, and a needle for colloidal crystals)
against a surface to probe its mechanical properties by relating the applied pressure
and the measured penetration. It is also a method for the controlled introduction of
defects into a crystal.

Schall et al. indented colloidal crystals using a needle with an almost hemispher-
ical tip of diameter 40 μm, inducing a strain field in which the maximum shear
strain lies well below the contact surface. The tip diameter, particle radius and crys-
tal thickness in their experiments were chosen to be similar to parameters in typical
metallic nano-indentation experiments. The authors discussed their observations us-
ing a model that addresses the role played by thermal fluctuations in the nucleation
and growth of dislocations.

We have already discussed confinement effects in the channel flow of colloidal
glasses. Such effects are also seen in hard-sphere colloidal crystals sheared between
parallel plates. Cohen et al. [103] found that when the plate separation was smaller
than 11 particle diameters, commensurability effects became dominant, with the
emergence of new crystalline orderings. In particular, the colloids organise into
“z-buckled” layers which show up in xy slices as one, two or three particle strips
separated by fluid bands; see Fig. 15. By comparing osmotic pressure and viscous
stresses in the different particle configurations, the cross-over from buckled to non-
buckled states could be accurately predicted.

Non-Brownian Suspensions

Shear induced structuring has been predicted in the flow of non-Brownian suspen-
sions (e.g. [182]), but to date there have been few imaging studies. In a series of
experiments by Tsai and co-workers [108, 183, 184], laser sheet imaging was em-
ployed to study the dynamics of confined glass sphere packings (diameter 600 μm)
in an index-matching (non-density matching) solvent in an annular shear cell with
load applied from the top shearing surface. Using simultaneous measurements of the
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Fig. 16 Reprinted with permission from [108], copyright 2003 by the American Physical Society.
(a) Time evolution of the structure of an index matched suspension of glass beads in [108], imaged
in the flow-gradient plane after the start of shearing at t = 0. The observed layering is parallel to
the flow direction. (b) Fractional volume compaction vs time, based on the change of height of the
upper driving boundary. The actual change in microns is indicated at the right

volume (and torque in [183]), they discovered a transition from a disordered packing
to an ordered packing under steady shear, Fig. 16a, accompanied by compaction
steps, Fig. 16b, and reduction of the shear force. They observed strongly non-linear
shear profiles with a rapid reduction of the rate away from the top driving plate, vary-
ing significantly with the order of the packing. Due to these non-linear profiles, the
delay observed before the ordering transition was strongly dependent on the layer
thickness for fixed boundary speed, since global ordering requires an accumulated
strain Δγ ∼ 1 through the entire sample.

5 Conclusion and Outlook

Recent advances in imaging and data analysis techniques have enabled time resolved
imaging and tracking of individual particles in colloidal systems under flow. We
have reviewed these techniques, as well as examples of their application, primarily
on concentrated systems of hard-sphere colloids. Despite what has been achieved,
we believe that this area is only in its infancy. Results already obtained raise many
more questions than they answer. Many phenomena and systems remain little ex-
plored, and existing results invite further investigation using imaging techniques.
For example, computer simulations of crystal nucleation [185] as well as proposed
explanations of complex yielding behaviour in glassy states of systems of particles
with short-range attraction [10, 11] can both be directly tested using such methods.
In other cases, the use of imaging may shed light on well-known and long-studied
phenomena that remain incompletely understood, e.g. shear thickening of concen-
trated colloidal suspensions [75]. The detailed comparative study of distinct but
related systems using imaging techniques, e.g. Brownian and non-Brownian sus-
pensions, or particulate suspensions and emulsions, should also be a fruitful area
for exploration.

Further technical developments will enhance the power of the methodology.
Faster scanning methods will obviously extend the upper limit of flow rates that
can be studied. The development of algorithms for identifying [186] and tracking
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particles in polydisperse systems will significantly extend the range of systems
that can be studied – there has been no quantitative study to date of polydisper-
sity effects in suspensions under flow by imaging. Further use of confocal imaging
combined with (simultaneous) bulk rheometry will give a wealth of information
on the relation between micro-scale dynamics and bulk flow and provide a crucial
test ground for various theories. The coupling of 3D imaging with microrheologi-
cal techniques [187] utilising optical trapping (‘laser tweezers’ [188]) should also
yield many new discoveries and insights; confocal microscopy in two dimensions
has already been used to explore the structure of the ‘wake’ downstream from a
probe particle being dragged through a concentrated suspension [189]. Studying
flow in microfluidic geometries using time-resolved single-particle imaging is of di-
rect relevance to many emergent lab-on-a-chip type applications. And the parallel
use of optical microscopy and other imaging techniques (perhaps especially NMR)
to study the same flow system should open up many possibilities.

Finally, the example applications reviewed here pertain mostly to well charac-
terised, model particles. Confocal microscopy can fruitfully be used to image the
(static) microstructure of many ‘real-life’ systems, such as foods [190]. To date,
there have been few confocal microscopy and rheological studies of such sys-
tems [110]. Given the importance of rheological properties in the processing and
utilisation of a wide range of industrial products (controlling the ‘mouth feel’ of
food is but one example), we may expect increasing application of this methodol-
ogy to applied colloidal systems.
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Soft and Wet Materials: From Hydrogels
to Biotissues

Jian Ping Gong and Yoshihito Osada

Abstract This chapter describes recent progress in the study and development
of hydrogels with tough mechanical strength, low frictional coefficient, and wear-
resisting properties. Furthermore, examples of application of gels as cell scaffolds
and substitutes of biological tissues, such as artificial articular cartilage, will be
introduced.
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1 General Introduction

Biological tissues mainly consist of water and macromolecular components such
as fibrous collagen and proteoglycans. Biological tissues display fascinating prop-
erties: extremely low surface sliding friction between cartilages, strong adhesion
between hard bones and tendons, extraordinarily strong mechanical toughness and
shock-absorbance of cartilages, tendons, muscles, etc. [1, 2]. From the viewpoint
of material science, biotissues, having an elastic modulus of 104 Pa–107 Pa and
containing 50–85% of water, are essentially soft and wet materials. Some of the
excellent properties of biotissues, such as sustainability to large deformation, low
sliding friction, shock absorption, and substance permeability, are believed to origi-
nate from the soft and wet nature of biotissues.

However, to date, almost all of the artificial organs (artificial hearts, blood ves-
sels, hips and knees, etc.) have been constructed from hard and dry materials. These
artificial organs, to some extent, have successfully served as substitutes for real
organs, but are still far from satisfactory. For example, artificial hips and knees
made of metals and ceramics, which are hard and dry materials, lack the shock-
absorbing function and have a high frictional resistance against sliding motion [3].
Another example is artificial blood vessels. Blood blots occur in artificial blood
vessels made of polymers due to protein adsorption at the surface of the blood
vessel wall [4].

In order to construct artificial organs with an excellent function similar to the
real biological organ, material innovation is urgently required, i.e., one should find
a man-made soft and wet material as substitute for biotissue. Synthetic hydrogels,
which consist of polymer networks swollen with large amounts of water (the same
as biotissue), are the only candidates [5]. Different from biotissue, the water content
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of a hydrogel varies over a wide range, usually 50–99.9% of the total weight,
depending on the chemical structure. Hydrogels are solids on the macroscopic scale:
they have definite shapes and do not flow. At the same time, they behave like solu-
tions on the molecular scale: water-soluble molecules can diffuse in hydrogels with
various diffusion constants that reflect the size and shape of the molecules.

Gel is a fascinating material because of its unique stimuli–response properties,
such as volume phase-transition [6] and chemomechanical behavior [7, 8], and for
its possible wide application in many industrial fields. Recently, hydrogels have
become especially attractive in biological fields due to their possible applications
as soft artificial tissues. Hydrogels are expected to be used as scaffolds for repair-
ing and regenerating a wide variety of tissues and organs, or even as substitutes
for tissues and organs, because their three-dimensional network structure and vis-
coelasticity are similar to the macromolecular-based extracellular matrix (ECM) in
biological tissue.

However, to be qualified for biological applications, significant problems and
disadvantages of hydrogels need to be resolved, including:

1. Improving the mechanical toughness of the hydrogel. In the physiological
condition, many tissues (such as blood vessels, articular cartilages, semilu-
nar cartilages, tendons, and ligaments) exist in a severe mechanical dynamic
environment. For example, the articular cartilages sustain a daily compression
of 10 MPa, whereas most hydrogels are mechanically very weak and fail under
sub-megapascal stresses.

2. Controlling the surface properties of hydrogel. For example, cartilage shows a
low frictional resistance against sliding motion, but the resistance of hydrogels is
not well understood.

3. Controlling viability to cells and compatibility to tissues. For example, a hybrid
artificial blood vessel consists of a gel vessel with its inner surface covered by
endothelial cells, therefore, gels on which the endothelial cells are able to form a
continuous monolayer should be developed.

4. Controlling the transportation of ions, hormones and nutrients, and improving
the permeability to proteins.

Therefore, to replace natural tissues with hydrogels, it is important to design
and synthesize hydrogels with some crucial properties, such as high mechanical
strength, low surface friction and wear, and high cellular viability. Gel scientists
have strived to design hydrogels with these crucial properties by using synthetic
polymers instead of natural polymers, because the chemical properties of synthetic
gels are easily controllable and reproducible, and the cost of synthetic gels is rela-
tively low.

In this chapter, recent progress on the study and development of hydrogels with
tough mechanical strength, low frictional coefficient, and cellular viability will be
described. Furthermore, attempts to apply such gels as substitutes for biological
tissues will be introduced.
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2 Tough Double Network Gels

Applications of hydrogels as mechanical devices are fairly limited due to the lack
of mechanical strength of hydrogels. Reported values of the fracture energy of typi-
cal hydrogels fall within a range of 10−1–100 J/m2 [9–11], which are much smaller
than those of the usual rubbers, i.e., ∼103 J/m2 [12]. Many researchers have thought
that the lack of mechanical strength of a gel is unavoidable because of its solution-
like nature, i.e., low density of polymer chains and low friction between the chains.
Furthermore, it is well known that in hydrogels synthesized from monomer solu-
tions, a very heterogeneous structure is formed during the gelation [13]. This is also
considered to be a factor that decreases the mechanical strength. However, when we
pay attention to biological systems, we find some biological hydrogels with excel-
lent mechanical performances. For example, cartilage, containing 75 wt% of water,
exhibits a large work of fracture (1kJ/m2) [14], which allows the cartilage to sus-
tain a daily compression of several megapascals [15]. It is a challenging problem in
modern gel science to bridge the gap between man-made gels and biological gels.

Many approaches, such as slide-ring gels [16–18] and nanocomposite hydrogels
[19–22], have been used in attempts to significantly improve the mechanical proper-
ties of hydrogels by rendering the network junction points mobile. A new approach,
incorporating a neutral polymer of high relative molecular mass within a swollen
polyelectrolyte network, (double-network hydrogels, DN gels), was recently dis-
covered and developed [23–31]. DN gels have the highest fracture toughness among
cross-linked hydrogels. The mechanical properties of DN gels prepared from many
different polymer pairs were shown to be much better than those of the individ-
ual components. Among all the polymer pairs studied so far, the gel made of
poly (2-acrylamido-2-methyl-1-propanesulfonicacid) (PAMPS) polyelectrolyte and
polyacrylamide (PAAm) neutral polymer stands out with unusually favorable prop-
erties, e.g., the PAMPS/PAAm DN gels, containing about 90 wt% water, possess
both hardness (elastic modulus of 0.3 MPa) and toughness (compressive strength of
∼20MPa, tearing fracture energy of ∼1kJ/m2).

2.1 Optimized Structure for Tough DN Gels

DN gels are synthesized via a two-step network formation: the first step is to
form a rigid gel that is highly cross-linked, and the second is to form a loosely
cross-linked network in the first gel [23]. Hereafter, the DN gels are referred to as
P1−x1−y1/P2−x2−y2, where Pi,xi and yi(i = 1,2 for the first and second network,
respectively) are the abbreviated polymer name, molar monomer concentration, and
the percentage cross-linker concentration (in mol%) with respect to the monomer
for the i-th network, respectively.

Figure 1 shows a comparison of behaviors of the PAMPS-1-4 single network
(SN) gel and the PAMPS-1-4/PAAm-2-0.1 DN gel prepared at the optimized con-
ditions under uni-axial compression. Figure 2 shows stress–strain curves for the
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Fig. 1 Images of PAMPS gel (a) and PAMPS/PAAm DN gel (b) under and after uniaxial
compression. Crosslinking density (ratio of cross-linker to monomer) was 4 mol% for PAMPS and
0.1 mol% for PAAm. Fracture stress was 0.4 MPa for PAMPS gel and 17.2 MPa for PAMPS/PAAm
DN gel. (Reproduced, with permission, from [23])

Fig. 2 Stress–strain curves
for the PAMPS/PAAm DN
gel, PAMPS gel, and PAAm
gel. Crosslinking density was
4 mol% for PAMPS and
0.1 mol% for PAAm.
(Reproduced, with
permission, from [23])
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The DN gels exhibit high mechanical strength when satisfying the following
structure features:

1. An optimal combination is PAMPS gel as the first network and PAAm gel as the
second network.

2. The first network PAMPS is tightly cross-linked and the second network PAAm
is loosely cross-linked. For example, when the cross-linking density of the first
network is kept constant at 4 mol% and that of the second network is changed sys-
tematically from 0 to 1.0 mol%, the mechanical strength of the DN gels changes
dramatically, as shown in Fig. 3a. However, in this case, all the PAMPS/PAAm
DN gels show a constant elastic modulus of 0.3 MPa, a water content of 90 wt%,
and a molar ratio of the second network to the first network of 20, regardless of
the change in the cross-linking density of the second network.

3. The amount of the second network is in large excess to that of the first network.
For example, the strength of PAMPS/PAAm DN gel increases when the molar
ratio of the second network to the first network increases, as shown in Fig. 3b.

The fracture energy G of the DN gels was measured by the tearing test as a function
of the crack velocity V and showed the following: (1) The fracture energy G ranges
from 102 to 103 J/m2, which is 100–1000 times larger than that of normal PAAm
gels (100 J/m2) or PAMPS gels (10−1 J/m2) with similar polymer concentrations as
the DN gels. (2) G shows weak dependence on the crack velocity V . (3) G at a given
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Fig. 3 Relationship between the mechanical strength of PAMPS/PAAm DN gels and their struc-
ture parameters. (a) Dependence of the fracture energy G at v = 0.5× 10−2 m/s (circles) and the
fracture stress σm (squares) of PAMPS-1-4/PAAm-2-y2 on the cross-linking density y2 of the sec-
ond component, PAAm the vertical legend x in figure (a) has the same meaning with y2 in this
paper. (Reproduced, with permission, from [25].) (b) Effects of the molar ratio of the second net-
work to the first network on the mechanical strength of the PAMPS-1-4/PAAm-x2-0.1 DN gels. The
different composition ratios of the second to the first network were obtained by immersing the first
network gel in monomer solutions constituting the second network with various concentrations.
Numbers in the figures denote the value of the monomer concentration x2 for polymerizing the
second network. Data at zero molar ratios denote the values of single network gels. (Reproduced,
with permission, from [23])
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value of V increases with decreasing cross-linking density of the second network,
in agreement with the compressive strength (Fig. 3a).

The DN gels possess both high strength (high elastic modulus) and toughness
(large fracture energy). Adjusting the compositions of the first and second net-
works of the gel can independently control these two quantities, which is convenient
for practical application. Invention of DN gels has not only made a great break-
through in finding wide application of gels in industry and biomedical fields, but
also addresses fundamental problems in gel science.

2.2 Necking and Hysteresis of Tough DN Gels

A kind of yielding phenomenon was found in PAMPS-1-2/PAAm-2-0.02 DN gels
made from relatively sparse (fragile) first networks [27]. On tensile tests, narrowing
zones (“necks”) appear in the sample and grow with further stretching, as shown in
Fig. 4 [27]. During neck propagation, a plateau region appears in the loading curve.
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Fig. 4 (a–e) Pictures demonstrating how the necking process makes progress. Images correspond
to the arrowed data points in the graph. Scale bars: 10 mm. Width of the undeformed gel in (a) cor-
responds to the thickness of the sample (∼4mm). In (c) and (d), the upper and lower parts (necked
regions) of the gel are slightly narrowed compared with the middle part (unnecked region). The
necked regions grow up with the extension of the sample (opposing arrows in the pictures). Below:
Loading curve of PAMPS-1-2/PAAm-2-0.02 DN gel under uniaxial elongation at an elongation
velocity of 500 mm/min. (Reproduced, with permission, from [27])
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Fig. 5 Loading curves of PAMPS-1-2/PAAm-2-0.02 DN gel under uniaxial elongation at an elon-
gation velocity of 250 mm/min. A and B mark the plateau region. (Reproduced, with permission,
from [27])

The plateau value of the tensile stress is almost independent of the stretching rate.
After neck propagation, the gel becomes fairly soft and sustains large elongation,
up to an elongation strain of around 20.

The large deformation of the softened DN gels produced by necking was al-
most reversible. Figure 5 shows loading curves of repeated elongation tests for
PAMPS-1-2/PAAm-2-0.02 DN gel at an elongation velocity of 250 mm/min. It
should be noticed that the first curve, the plateau of the sixth curve (from A to B in
Fig. 5), and the latter part of the seventh curve (beyond B) are smoothly connected,
composing a curve that seems to be obtained by a single loading. The observa-
tions on the softened gels after the tensile test demonstrate that an irreversible
structural change takes place inside the gels, although their appearance is almost
unchanged.

From the above experimental findings and the fact that the PAMPS SN gels are
quite brittle and break into small pieces at small extensions, it seems that in the
course of necking deformation, the first PAMPS network fragments into small clus-
ters; and the clusters play the role of cross-linker in long PAAm chains (Fig. 6),
because the second network is loosely cross-linked.

The fragmentation should involve dissipation, which is reflected in the hysteresis
of the loading curves in Fig. 5. Since the work done to the system is consumed to
create the cluster, the cluster size is in the order of hundreds of nanometers. This
value may reflect quenched heterogeneity of the first network of DN gels found in
our study [30, 31].
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Fig. 6 Illustrations of the necking propagation and a model of the network structure of the softened
DN gel after the necking. ξ is the typical size of the PAMPS clusters, σc is the critical stress
for yielding. Δs is the stretched distance and Δx is the corresponding portion of length (Δx is
the length of the portion at the reference (stress-free) state) converted from the un-necked to the
necked regions; λs and λh(� λs) are elongation ratios for the necked (softened) and un-necked
(hard) regions, respectively. (Reproduced, with permission, from [27])

From the viewpoint of polymer physics, the softened gel after necking is a fas-
cinating system. First, the PAMPS clusters, playing the role of cross-linker, are
not chemically bonded to the PAAm chains; thus, the “molecular weight between
cross-linking” can be adjusted by chain sliding in response to deformation. The ca-
pability for chain sliding is held in common with the slide-ring gels, which are well
known as being ductile and tough hydrogels [16–18]. Second, the PAMPS cluster
can be redivided; when a cluster in a deformed sample suffers a larger stress than
other clusters, the inequality of stress can be corrected by redivision. Owing to these
effects, the resultant network structure has fewer mechanical defects. The excellent
mechanical properties of the softened gel can be attributed to the above structural
features.

Systematic loading and unloading experiments in uniaxial tension and uniaxial
compression have also been performed on DN gels that do not show necking. These
DN gels also show a significant hysteresis during the first loading cycle, increasing
very strongly with the applied maximum deformation (Fig. 7) [29]. Such a large
hysteresis was never observed during a second loading cycle and was attributed to
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the fracture of covalent bonds in the first network. Assuming that the entire energy
dissipated during the hysteresis cycle can be attributed to a fracture of the first net-
work strands by a Lake–Thomas mechanism, the results suggest that fracture and
unloading of only 1% of the bonds within the network leads to a decrease of up
to 50% of the number of strands. These results demonstrate the very large degree
of heterogeneity of the network. If such a dissipative mechanism is active at the
crack tip, it is likely to greatly increase the energy necessary to propagate a macro-
scopic crack.

2.3 Proposed DN Gel Toughening Mechanism: Local Damage
Zone Models

On the basis of the necking phenomena and the large hysteresis of DN gels, Brown
[32] and Tanaka [33] have independently proposed a similar theoretical model for
explaining the extraordinary high fracture energy of DN gels. The model assumes
that on the strongly stretched region in front of the crack tip, the material first yields
to transform into a very soft material with an intrinsic fracture energy G0, and then
the crack tip passes through the softened (damaged) zone (Fig. 8). Using the energy
balance concept of fracture mechanics, a scaling level expression has been pro-
posed, in which the effective fracture energy G is expressed in terms of the yielding
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Fig. 8 Local damage zone model to explain the extraordinarily large fracture energy of DN gels.
(Reproduced, with permission, from [33])

stress σc, the size of the softened zone h, the intrinsic fracture energy G0, and the
strain where the necking finishes εc [33]:

G = G0 + σcεch.

An order estimation of G using the numerical data from the necking gel predicts
that the necking zone is in the order of hundreds of micrometers [33], which will be
verified by experimental observation.

2.4 Structure of DN Gels Characterized by Small-Angle Neutral
Scattering

It is still not clear from the local damage zone model how the stress can be
transferred from the second network to the first network via a distance as large
as hundreds of micrometers. Small-angle neutron scattering (SANS) was per-
formed to elucidate the molecular origin of the superior mechanical properties of
PAMPS/PAAm DN gels [30, 31]. A strong heterogeneity of the PAMPS first net-
work has been observed [31], which is in agreement with the prediction obtained
from the hysteresis results [29]. Furthermore, measurements on PAMPS/PAAm
DN gels and their solution blend counterparts indicate that the two polymers in-
teract favorably with each other while in water. This favorable PAMPS–PAAm
interaction given by the condition χPE−NP � χPE−water < χNP−water, where χ is the
Flory–Huggins interaction parameter, is consistent with some of the salient features
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of the DN structure revealed by SANS, and it might also contribute to the ultimate
mechanical properties of DN gels. This observation suggests that the attractive
enthalpic interactions between two components might play a role in the toughening
of DN gels. The SANS measurements further indicate that deformation of DN gels
results in periodic and mesoscale (∼1.5μm) compositional fluctuations in both
PAMPS and PAAm.

On the basis of the SANS results, a molecular mechanism has been recently
proposed for the toughness enhancement of DN gels [34]. This mechanism ratio-
nalizes the changes in molecular structure of the DN gel constituents observed via
in-situ neutron scattering measurements, the composition dependence of the solu-
tion viscosity, and the thermodynamic interaction parameters of PAMPS and PAAm
molecules obtained previously from neutron scattering studies. More specifically,
this proposed mechanism provides an explanation for the observed periodic compo-
sitional fluctuations in the micrometer range induced by large strain deformation.

2.5 Tough DN Gels from Neutral Polymers

The discovery of a hydrogel with good mechanical performance should enable the
hydrogel to find a wide application in industry, such as in fuel cell membranes,
load-bearing water absorbents, separation membranes, optical devices, low friction
gel machines, and in the printing industry and biomechanical fields, such as for
artificial cartilages, tendons, blood vessels, and other biotissues.

To realize the biomedical applications, it is important to apply the concept of
the high performance DN gels to various polymer combinations, including biocom-
patible polymers. Hydrogels derived from natural polymers frequently demonstrate
adequate biocompatibility and have been widely used in tissue engineering [35]. On
the basis of the design principle for a tough DN gel, some progress has been made
recently by combining bacterial cellulose (BC) and gelatin [36].

BC is a kind of extracellular cellulose produced by bacteria of genus Acetobacter
and consisting of a hydrophobic ultrafine fiber network stacked in a stratified
structure [37]. Scanning electron microscopy (SEM) images shows that BC gel
consists of alternating dense and sparse cellulose layers with a period of 10μm,
which contributes to the anisotropic mechanical properties. It has a high tensile
modulus (2.9 MPa) along the fiber-layer direction but a low compressive modulus
(0.007 MPa) perpendicular to the stratified direction. Due to its poor water-retaining
ability, water is easily squeezed out from the BC gel network (although an as-
prepared BC contains 90% water) and there is no recovery of the swelling property
because of hydrogen-bond formation between cellulose fibers.

Gelatin is a polypeptide derived from an ECM structural protein, collagen.
Gelatin gel can retain water and recovers from repeated compression. Due to its
poor mechanical strength, a gelatin gel is easily broken into fragments under a mod-
est compression of 0.12 MPa. By using the DN gel method, it is possible to create
a strong gel consisting of BC and gelatin that has both biocompatibility and high
mechanical strength [36].
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BC/gelatin DN gel is synthesized by immersing BC substrate in gelatin solution
(30 wt%), then the gelatin is cross-linked by 1-ethyl-3-(3-dimethylaminopropyl)
carbodiimide hydrochloride (EDC) (1 M). Wide-angle X-ray diffraction (WAXD)
shows that the crystal pattern of BC is well maintained, and SEM shows that ho-
mogeneous gelatin textures fill in the cellulose-poor layers in BC/gelatin gel. The
structure of BC/gelatin indicates that the anisotropic mechanical strength of BC is
maintained after combination with gelatin. Therefore, measurements of mechanical
strength against compression and elongation were performed perpendicular to and
parallel to the stratified direction of BC/gelatin DN gels, respectively. Typical com-
pressive and elongation stress–strain curves are shown in Fig. 9. BC/gelatin DN gel
shows a compressive elastic modulus of 1.7 MPa (Fig. 9a), which is more than 240
times higher than that of BC gel (0.007 MPa) and 11 times higher than that of the
gelatin gel (0.16 MPa). The fracture strength of BC/gelatin DN gel against compres-
sion in the direction perpendicular to the stratified structure reached 3.7 MPa. The
strength is in the range of articular cartilage (1.9–14.4 MPa). This value is about 31
times higher than that of gelatin gel. Moreover, the BC/gelatin DN gel recovers well
under a repeated compressive stress up to 30% strain. The elongation stress–strain
curve (Fig. 9b) shows that BC/gelatin DN gel can sustain nearly 3 MPa elongation
stress with 23 MPa elastic modulus, which is 112 times greater than that of the
gelatin gel.

Similar improvement in the mechanical strength was also observed for the com-
bination of BC with polysaccharides such as sodium alginate, gellan gum, and
ι-carrageenan. For example, the compressive elastic modulus of BC-ι-carrageenan
DN gel is 0.12 MPa, which is 17 and 13 times higher than that of individual BC and
ι-carrageenan gels, respectively. In summary, mechanical properties of synthetic
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and natural gels can be effectively improved by the inducing the double network
structure. The composition of two kinds of networks can be adjusted according to
different applications.

3 Friction and Lubrication of Gels: An Approach
to Low Friction Materials

Industrial or environmental problems caused by high frictional surfaces of materials
exist in our daily life. The search for materials with a low surface friction has been
one of the classical and everlasting research topics for material scientists and engi-
neers. Despite many efforts, it has been shown that surface modification or adding of
lubricant are not very effective in reducing the steady-state sliding friction between
two solids, which show a frictional coefficient μ ∼ 10−1 even in the presence of
lubricant [38].

In contrast to man-made systems, fascinating surface behavior of bio-organs can
be observed. For example, the cartilages of animal joints have a friction coefficient
in the range 0.001–0.03, remarkably low even for hydrodynamically lubricated jour-
nal bearings [39–46]. It is not well understood why the cartilage friction of the joints
is so low, even in conditions where the pressure between the bone surfaces reaches
as high as 3–18 MPa and the sliding velocity is never greater than a few centimeters
per second [40]. Under such conditions, the lubricating liquid layer cannot be sus-
tained between two solid surfaces and the hydrodynamic lubrication does not work.

The fascinating biotribological properties originate from the soft and wet nature
of soft tissue. For example, cartilage consists of a three-dimensional collagen net-
work filled with a synovial fluid [41–46]. Cartilage cells synthesize a complex ECM;
the weight bearing and lubrication properties of cartilage are associated primarily
with this matrix and its high water content. The main macromolecular constituents
of ECM are the proteoglycan, aggrecan, and the cross-linked network of collagen
fibrils.

Therefore, soft tissue existing in a “gel state” should account for the specific
tribological behavior in biological systems. In an effort to find a way to reduce
the sliding friction of man-made systems by elucidating the low-friction secrets of
biological surfaces from the viewpoint of hyodrogels, the friction and lubrication of
hydrogels has been extensively investigated over the past 10 years [47–67].

3.1 Rich and Complex Friction Behavior of Hydrogels

3.1.1 Load Dependence

The friction between solids obeys Amonton’s law (1699), F = μW , which says
that the frictional force F is linearly proportional to load W , and does not depend
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Fig. 10 Dependence of frictional force F on load W (a), the frictional coefficient on load (b),
and the frictional force on the average strain (c) for various kinds of hydrogels sliding on glass
substrate. Sliding velocity 7 mm/min. Sample sizes for PVA, gellan, and rubber 3×3cm2; PAMPS
and PNaAMPS 2× 2cm2. Compressive modulus E: PVA 0.014 MPa; gellan 0.06 MPa; PAMPS
0.25 MPa; PNaAMPS 0.35 MPa; rubber 7.5 MPa. Degree of swelling q: PVA 17; gellan 33;
PAMPS 21; PNaAMPS 15. The measurements were performed by a tribometer in air. (Reproduced
from [49])

on the apparent contact area A of two solid surfaces nor on the sliding velocity v
[38]. However, gel friction does not simply obey Amonton’s law, but shows rich
and complex features. Gel friction strongly depends on the properties of gels that
are determined by their chemical structure, such as hydrophilicity, charge density,
cross-linking density, water content, and elasticity [47, 49]; on the surface properties
of opposing substrates, such as surface charges, hydrophobicity [49, 50, 64], and
roughness [65]; and on the measurement conditions, such as the normal load and
sliding velocity [47, 49–51].

Figure 10 shows the friction behavior of hydrogels with different chemical struc-
tures: PVA, gellan, PAMPS, and its sodium salt PNaAMPS [49]. These hydrogels
were slid on a smooth glass substrate at a sliding velocity of 7 mm/min, using a
tribometer. Figure 10a shows the relationship between the normal load (W ) and the
frictional force (F), which obeys a power law, F ∝ W α where the scaling exponent
α lies in a range of 0–1.0, depending on the chemical structure of the gels.

The frictional coefficient μ , which is defined as the ratio of the frictional force
to applied load, is shown in Fig. 10b. The frictional coefficient μ of these gels ac-
cordingly shows unique load dependencies, which are quite different from those of
solids. The μ of PVA, gellan, and PAMPS gels decreases with an increase of load.
On the other hand, the μ of the PNaAMPS gel is constant over a change of load
(similar to that of rubber) but its value is as low as 0.002, which is two orders of
magnitude lower than those of solids. PAMPS and PNaAMPS gels are only different
in their counterions, but they show a striking difference in frictional behavior on the
glass surface.

So, the frictional behavior of gels strongly depends on their chemical structure,
and the frictional force of gels is two or three orders of magnitude lower than that
of a rubber. The behavior can be continuously observed for a few hours.
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3.1.2 Sample Area Dependence

The linear dependence of friction on load established in solid friction, F = μW , is
explained in terms of the yielding mechanism i.e., the solid surface is not molecu-
larly flat and the real contact area between two surfaces increases with an increase
of load due to yielding. Thus, the friction has no dependence on the apparent contact
area of the two solid surfaces, and Amonton’s law holds [38].

To elucidate the feature of interface contact between a gel and the opposing plate,
the frictional force of various kinds of gels were measured by varying the contact
area of gel A under a constant load W [49]. It was found that F also shows a power
law relation with A, which can be denoted as F ∝ Aβ . Combining the results of F
on W and A, one has F ∝ W α Aβ As shown in Fig. 11, the correlation between α and
β was found to be β ≈ 1−α. Therefore, F ∝ APα , where P = W/A is the average
normal pressure and α lies between 0 and 1, depending on the chemical structure
of the gel. This result demonstrates that the frictional force per unit area (frictional
stress) is related to the normal pressure P, instead of to the load W , by the power
law. For solid friction, the relation F ∝ APα is also valid, with α = 1.

A polymer gel is easily deformable, with a typical elasticity ranging from 1 kPa to
1000 kPa, owing to the presence of a large amount of water. A small pressure would
be sufficient to cause a large deformation of a gel. This favors interfacial contact
with the opposing surface. As shown in Fig. 10c, the average strains, λ = P/E , of
gels under the experimental load range are more than several percent higher than
that of a rubber and, needless to say, much higher than that of solid. Here, E is
the compressive elastic modulus of the gel. Since the surface roughness of gels
synthesized on smooth surfaces such as glass plate or silicon wafer is of several
nanometers, which is of the order of the network mesh size of a gel, the whole gel
surface should contact with the smooth glass substrate in the mesh size scale. All the
gel samples were measured under a similar strain range; nevertheless, they showed
quite different pressure dependencies.

Fig. 11 Relationship
between α and β , where α
and β are the exponents of the
relation F ∝ W α Aβ . α was
measured at A = 9cm2; and β
was measured at W = 0.98N.
Sliding velocity 180 mm/min.
Degree of swelling: PVA 20;
gellan 33; κ-carrageenan 33;
agarose 50; PAMPS 17. The
measurements were
performed by a tribometer in
air. (Reproduced from [49])
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3.1.3 Substrate Effect

The frictional behavior of gels also depends on the opposing substrates. When the
nonionic PVA gel is allowed to slide on a tetrafluoreoethylene (Teflon) plate, for
example, the behavior is the same as that on a glass surface. However, the behavior
of strong anionic PAMPS gel on Teflon changes greatly and becomes similar to that
of PVA on glass. When a pair of polyelectrolyte gels carrying the same charges, e.g.,
PNaAMPS gel with PNaAMPS gel, were slid with each other, very low frictional
force was observed [49]. On the other hand, when two polyelectrolyte gels carrying
opposite charges were slid with each other, the adhesion between the two gels was
so high that the gels were broken during the measurement [50]. The phenomenon
indicates that the interfacial interaction between the gel surface and the opposing
substrate is crucial in gel friction.

3.2 Proposed Gel Friction Mechanism: A Repulsion–Adsorption
Model

Many studies have been performed on the friction of bulk soft cross-linked polymers
[68–77]. Schallamach, Leonov, and others explain the so-called adhesive friction as
a specific kind of hysteresis friction of bulk soft polymers on smooth surfaces like
glass [68–72]. Persson and coworkers explain that the friction of a rubber sliding on
a hard and rough surface is attributed to the internal friction of the rubber [75–77].

A gel has many features in common with other soft cross-linked polymers in
terms of its cross-linked polymer structure and viscoelastic properties. On the other
hand, in contrast to a rubber, a gel contains a large amount of water. The water
content in biological gels such as cartilage and other soft tissues is about 70–80 wt%,
and in synthetic gels the water content can be as high as 99.9 wt%. Water in gels is
strongly solvated to the polymer network and could not be squeezed out easily like
a sponge. Due to the presence of a large amount of water, the internal friction of a
gel is much less than that of a cross-linked polymer melt or rubber. For a typical gel,
tanδ , a characteristic parameter of the viscoelastic properties of soft materials, is in
the order of 0.01, whereas that of a rubber is never less than 0.1.

When a soft gel is pressed onto a smooth hard surface in water, the water is
squeezed outwards, and the stability of the water film intercalated at the interface
depends on the sign of the spreading coefficient of water between the solid substrate
and soft gel, i.e., S = γSG − (γSW + γWG), where γSG,γSW and γWG are interfacial
energies between the substrate and gel, substrate and water, and water and gel,
respectively [65, 78, 79].

If S > 0, corresponding to a repulsive interaction between the polymer network
of the gel and substrate, water acts as a lubricant, there is no direct contact between
the gel and the solid, and a thin water layer of nanometer-order thickness remains
stable at the interface.
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If S < 0, corresponding to an adhesive interaction between the polymer network
of the gel and substrate, the water layer begins to dewet when its thickness be-
comes a few hundred nanometers, and the gel forms contacts with the substrate.
These contacts grow (dewetting) only above a critical nuclei size, Rc ≈ e2/h0

[78, 79]. Here, e is the water layer thickness and h0 = −S/E is the length that
describes the competition between the surface energy gain (−S) and gel elastic-
ity (E). On a strongly adhesive substrate (S � 0), the critical nuclei size is small,
so many nuclei grow to form dewetting domains. At the boundary between the
dewetting domains, liquid drops are trapped. Therefore, on a strongly adhesive
substrate, we expect heterogeneous contact consisting of dewetting and wetting
domains.

The contact heterogeneity is characterized by h0 = −S/E . On a weakly-adhesive
substrate on which h0 ≤ ξ , water drops cannot be trapped, and homogeneous contact
is expected [65]. Here, ξ is the mesh size of the gel network.

Gong and coworkers have proposed a repulsion–adsorption model, from the
viewpoint of interfacial interaction between polymer and solid, to describe the fric-
tion behavior of gels on a smooth substrate (Fig. 12) [48, 65]. The main argument of
the adsorption–repulsion model is as follows: By considering a gel in contact with
a solid wall in water to be analogous to a polymer solution, the polymer network
on the surface of the gel will be repelled from the solid surface if the interface
interaction is repulsive (wetting), and will be adsorbed to the solid surface if it is
attractive (dewetting). In the repulsive case, the friction is due to the lubrication of
the hydrated water layer of the polymer network at the interface, which predicts that
the frictional stress f should be proportional to the sliding velocity. In the attractive

Fig. 12 Repulsion–adsorption model for the gel friction on a smooth solid substrate. P normal
pressure, v sliding velocity. (Reproduced, with permission, from [67])
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case, the friction of a gel is from two contributions: (1) elastic deformation of the
adsorbing polymer chain, and (2) lubrication of the hydrated layer of the polymer
network. In Sects. 3.2.1 and 3.2.2, we describe the repulsion–adsorption model in
detail.

3.2.1 On a Smooth but Weakly Adhesive Substrate

The molecular model is confined to the case of weak adhesion (S < 0) to ensure ho-
mogeneous contact [48, 65]. In this case, two sources contribute to the frictional
stress of a gel: elastic deformation of an adsorbing polymer chain σel and the
lubrication of the hydrated layer of the polymer network σvis, which can be rep-
resented as follows (Fig. 12):

σ = σel + σvis (2)

In order to estimate the first contribution from the elastic adsorption, a C∗ gel pic-
ture is used, in which the gel is a collection of adjacent blobs of radius ξ that has
a characteristic relaxation time τf ≈ ξ 2/Dcoop, where Dcoop ≈ T/6πηξ is the co-
operative diffusion constant of the gel, T is temperature and η is the viscosity of
the solvent [80]. Each blob is associated with a partial polymer chain (the poly-
mer chain between two next-neighboring cross-linking points). The scaling theory
relates this molecular structure of the gel with its elastic modulus E by the equation
E ∼= T/ξ 3 [80].

Using this C∗ picture, the elastic force produced by the stretching of a single
chain is fel

∼= T vτb/ξ 2, the total number of chains per unit area is m0
∼= 1/ξ 2, and

among these chains, only a fraction τb/(τb + τf) are in an adsorbing state. The fric-
tional stress due to the adsorption of polymer chains is given as [48, 65]:

σel
∼= T vτf

ξ 4

(τb/τf)2

(τb/τf + 1)
, (3)

where τb is the life-time of adsorption. This contribution is the same as the ad-
hesive friction proposed by Schallamach for rubber friction [68–72]. τb is re-
lated to the characteristic relaxation time of the polymer gel τf by the expression
τb/τf = u−1ϕ(α/u), and it decreases with an increase in the sliding velocity v.
Here, ϕ(α/u) is a function of α and u, and α = vτf/ξ is the scaled sliding velocity.
The dimensionless parameter u is related to the adsorption energy of one chain Fads

as follows:

u = exp(−Fads/T ). (4)

Thus, u is related to the spreading constant S by:

S ∼= T ξ−2 lnu. (5)
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For weak adhesion, u is less than but close to unity, which corresponds to an S
value that is slightly negative. When α/u � 1,ϕ(α/u) → 1. This corresponds to
the equilibrium case of τb = τf exp(Fads/T ) at v = 0.

The scaling theory is related to the molecular structure of the gel with elastic
modulus E by the expression E ∼= T/ξ 3. Thus, (3) may be rewritten as:

σel/E ∼= α
u

ϕ2(α/u)
[u + ϕ(α/u)]

. (6)

When α � 1, σel/E ∝ α1, and if α 	 1, σel/E ∝ α−0.7. At α ≈ 1, σel/E reaches a
maximum, as shown by Fig. 13a [48, 65].

Friction due to the viscous flow of solvent at the vicinity of the interface also
occurs. By choosing the no-slip boundary at a layer that is one blob deep from the
gel surface:

σvis ≈ ηv
ξ

. (7)

The characteristic velocity vf = ξ/τf is defined as the case when the sliding velocity
v � vf and the frictional force is due to the elastic force of the stretched polymer
chain and increases with the sliding velocity. When v 	 vf the polymer does not
have sufficient time to form an adsorbing site, and the friction decreases with an
increase in the velocity in this velocity region. vf can be expressed in terms of E
using the scaling relation vf ∝ T 1/3E2/3/η .

On the other hand, the friction from the second contribution, i.e., the viscous
friction, increases monotonously with the velocity. Therefore, the first contribution
is dominant when v � vf, and the second contribution dominates when v 	 vf.
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Fig. 13 Velocity dependence of frictional stress for a soft gel sliding on a smooth adhesive solid
substrate. The result is based on the molecular picture in Fig. 12, which considers the thermal
fluctuation of adsorption and desorption of the polymer chain. (a) The elastic term of the frictional
stress of a gel. See text for a description of parameter u. (b) Summation of the elastic term and
the viscous term. When v � vf, the characteristic polymer adsorption velocity, the elastic term is
dominant. At v 	 vf, the viscose term is dominant. Therefore, transition from elastic friction to
lubrication occurs at the sliding velocity characterized by the polymer chain dynamics. (Modified
from figure 1 in [65])
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At v≈vf, a transition from elastic friction to hydrated layer lubrication occurs, as
shown schematically in Fig. 13b. When v 	 vf, the friction σ ≈ σvis ∝ ηv/ξ . It
is estimated that vf ≈ 2× 10−2 m/s if D ≈ 10−6 cm2/s and ξ = 5nm are used for
PVA gel [65].

3.2.2 On a Smooth but Strongly Repulsive Substrate

In this case (S > 0), the sources contributing to the frictional stress of a gel are only
from the lubrication of the hydrated layer of the polymer network σvis (Fig. 12) So:

σvis ≈ ηv
h

. (8)

Here, h is determined by the balance of the repulsion between the sliding surfaces
and the normal pressure applied. For example, in the case of two similarly charged
gels, the repulsive interaction originates from the osmotic pressure of the mobile
counterions, and the h value might change over a range of several nanometers to
several hundred nanometers, depending on the normal pressure applied [50].

3.3 Comparison of the Model with Observation

3.3.1 Gel Friction on Adhesive Surface

The effect of substrate adhesion on the frictional behavior of sliding hydrogels has
been recently examined on smooth solid substrates with various hydrophobicities.
The velocity dependence of frictional stress of a soft hydrogel, PVA, on adhesive
smooth solid substrates in water using a strain-controlled parallel-plate rheometer is
shown in Fig. 14. On a hydrophilic substrate that is weakly adhesive to gel (Fig. 14a),
the friction–velocity relationship is divided into three regions: a creep region at low
velocity (v < ξ/τ0

b ), an elastic region at intermediate velocities (ξ/τ0
b ≤ v < ξ/τf),

and a lubricating region at high velocities (v > ξ/τf), where τ0
b = τf/u, τf, and ξ

are the polymer chain adsorption time at the thermodynamic equilibrium condition,
polymer chain relaxation time, and mesh size, respectively. The friction behavior is
satisfactorily described by the repulsion–adsorption model described above except
for the creep region. There is no distinct water invasion by the so-called hydrody-
namic effect, and the lubricating layer is formed by the polymer hydration with a
thickness of the order of ξ that is velocity-independent [65].

On strongly adhesive substrates (Fig. 14b, c), friction increases with the substrate
hydrophobicity in the low-velocity region, showing a weak velocity-strengthening,
and a dramatic friction transition at around v = 10−3 m/s. This value is one order
lower than the characteristic velocity of the polymer chain vf = ξ/τf. The friction
behavior is satisfactorily described by the repulsion–adsorption model below
the transition region The friction transition is explained in terms of the elastic
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Fig. 14 Velocity dependence of dynamic frictional stress of PVA gel against solid substrates of
various hydrophobicities in water: (a) G2, (b) SW, (c) OTS-glass, and (d) F-glass. Hydrophobicity
of the substrates is in the order G2 < SW < OTS-glass < F-glass. Normal strain 26%; normal
stress 14 kPa. Contact angles (θ ∗) of substrates to water are shown. (Reproduced, with permission,
from [65])

dewetting–wetting transition that is caused by the invasion of trapped water formed
due to the heterogeneous dewetting.

Furthermore, when the substrate has a θ ∗ value higher than 105◦ (Fig. 14d),
the friction–velocity curve exhibits a bell shape, which monotonously drops at
v > 10−3 m/s. On such a strongly hydrophobic surface, the apparent lubrication
layer thickness is estimated to be in the order of several hundred nanometers. The
result suggests that on such a hydrophobic surface, a large amount of water might
be entrapped at the interface due to heterogeneous dewetting, which favors hydro-
dynamic lubrication at high velocity.

Therefore, on a weakly adhesive substrate, where the soft contact of the gel on
the solid in water is homogeneous, the molecular model described above is essen-
tially valid, and the friction at low velocity is due to elastic deformation of adsorbing
polymer chain At high velocity, when the polymer chain of the gel has not enough
time to form an adsorption site on the substrate, the friction is due to viscous dissi-
pation of the lubricating layer. On a strongly adhesive substrate, the heterogeneous
dewetting might lead to low friction at elevated velocity. The latter phenomenon is
applicable in the design of low friction systems working at a high shear velocity.

3.3.2 Gel Friction on Repulsive Surface

According to the repulsion–adsorption model, a solvent layer is formed at the inter-
face when the gel–substrate interaction is repulsive, and the frictional shear stress
arises from the viscous flow of the solvent layer. Therefore, the frictional stress
should increase with the increase in the sliding velocity, i.e., σ ∝ v.

Figure 15 shows the frictional behavior of a ring-shaped PNaAMPS gel, which is
negatively charged, rotated against a glass surface, which is also negatively charged
in water, using a strain-controlled parallel-plate rheometer [53]. As shown in Fig. 15,
the frictional stress σ increases with an increase in velocity, whereupon the profiles
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Fig. 15 Angular velocity dependence of the frictional force for PNaAMPS gel rotated on a piece
of glass surface in pure water at 25◦C at different normal strains. Values of the normal compressive
strains (%) and normal stresses (kPa) applied during the measurement are shown. Sample thickness
3 mm; degree of swelling 27. (Reproduced, with permission, from [53])

depend on the applied normal compressive strain, and therefore the normal stress. At
low normal strain (2.8%), σ is almost constant for low velocities and then gradually
increases at higher velocities. At higher normal strains, σ increases moderately in
the low velocity range but increases distinctly at higher velocities. In other words,
the velocity dependence is less notable at low velocities and normal strains and
becomes stronger at higher velocities and normal strains.

Although the frictional stress increases monotonously with an increase in
velocity, the relationship between σ and v is far more complicated than can be
expected from the simple lubrication mechanism, which predicts σ ∝ v1.0. This
discrepancy might originate from the smaller lubricating layer thickness. The real
local normal stress, which is determined by the compressive stiffness of the gel
(>0.8MPa), might be too large to form a continuous lubricating layer that sustains
a hydrodynamic lubrication.

4 Gels with Low Friction

4.1 Friction Reduction by Template Effect

It has been discovered that the surface structure, and therefore friction, of a gel
are strongly dependent on the substrate on which the gel is synthesized [81].
For example, gels that are synthesized between a pair of glass substrates have a
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mirror-like smooth surface. This is the same when a hydrogel is synthesized on
other hydrophilic substrates, such as mica and sapphire. However, even for the
same chemical structure, a hydrogel exhibits an eel-like slim surface when it is
synthesized on hydrophobic substrates such as Teflon and polystyrene (PS). The dif-
ferences in the surface nature of the gels synthesized on different substrates are so
obvious that they can be easily distinguished by touching with one’s finger. If a hy-
drogel is synthesized between two plates, one of which is hydrophobic and the other
hydrophilic, heterogeneous gelation occurs [82]. After the equilibrated swelling in
water, the gel exhibits a significant curvature, whereby the gel surface formed on
the hydrophobic Teflon surface is always the outside of the curvature and that on the
glass is the inside. This is because the gel surface close to the Teflon has a higher
swelling, while the one next to it has a lower value. It has been clarified that the gel
has a gradient structure and that the surface formed on Teflon (or other hydropho-
bic substrates) has a low cross-linking density, with branched dangling polymer
chains [81].

The frictional force and frictional coefficient of PAMPS gels synthesized on a
glass plate and on a PS plate were measured against a glass plate in water using a
rheometer (Fig. 16) [52]. The frictional stress of the gel prepared on PS substrate
shows a lower value than that prepared on a glass substrate. Especially in the low
velocity range, the frictional stress of the gel prepared on PS substrate can be as
low as 1 Pa, a value equivalent to the shear stress on the wall of blood vessels [1]
The frictional coefficient of the gel prepared on PS reaches 10−4, at least two orders
lower in magnitude than that of the gel synthesized on glass at the low velocity
range. The reduction in friction is attributed to the presence of branched dangling
chains on the gel surface prepared on the hydrophobic substrate, as revealed by the
result for the PAMPS gels containing free linear PAMPS polymer chains prepared
on the glass plate, which showed similar low friction coefficients (Fig. 16).

Such a substrate effect is observed in a wide variety of hydrogels prepared
from water-soluble vinyl monomers (e.g., the sodium salt of styrene sulfonate,
acrylic acid, and acrlyamide), and on various hydrophobic substrates, such as Teflon,
polyethylene, polypropylene, PVC, and polymethyl methylacrylate (PMMA) [52].
This template effect is due to retardation of the radical polymerization near the rough
and hydrophobic substrates that trap oxygen at the solid surface [82].

4.2 Friction Reduction by Dangling Chains

The effect of polymer brushes on the reduction of sliding friction was also observed
for solid friction, using surface force apparatus (SFA) measurements [83–86]. For
example, Klein et al. reported a massive lubrication between mica surfaces modified
by repulsive polyelectrolyte brushes in water [83]. These results show that polymer
dangling chains on solid or gel surfaces can dramatically reduce the surface friction
if the polymer brush has a repulsive interaction with the sliding substrate.
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Fig. 16 Normal pressure dependence of the frictional force (a) and the frictional coefficient (b) of
PAMPS gels slid against a glass plate in water at an angular velocity of 0.01 rad/s: prepared on
glass, swelling degree 21 (circles); prepared on PS, swelling degree 27 (closed squares); and con-
taining linear polymer chains, swelling degree 15 (open squares). (Reproduced, with permission,
from [52])

The dramatic friction reduction effect of dangling chains has also been found in
the negative load dependence of some physically cross-linked polysaccharide gels,
such as gellan and κ-carrageenan. For example, the frictional force of gellan gel
is almost independent of normal load when the pressure is lower than a critical
value [51]. However, the frictional force decreases with an increase of normal load
when the pressure is increased to a critical value (about 104 Pa). Polysaccharide gels
are loosely cross-linked by salt. They undergo “sol–gel” transition reversibly and
transfer to sol state under heating or pressure, and gradually dissolve in water even
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at room temperature. Gellan and κ-carrageenan are loosened partially or dissolved
slowly from the gel network under a high pressure exceeding a critical value. The
dissolved polymer chains form the dangling-like architecture on the gel surface,
leading to an increased hydrodynamic layer, which contributes to the decrease in
frictional force beyond the critical load.

To quantitatively investigate the relationships between the friction coefficient
and the polymer brush properties (such as polymer length, density, and struc-
ture), hydrogels of poly(2-hydroxyethyl methacrylate) (PHEMA) with well-defined
polyelectrolyte brushes of poly(sodium 4-styrenesulfonate) (PNaSS) of various
molecular weights were synthesized, keeping the distance between the polymer
brushes constant at ca. 20 nm [59]. The effect of polyelectrolyte brush length on the
sliding friction against a glass plate, an electrorepulsive solid substrate, was investi-
gated in water over a velocity range of 7.5× 10−5 to 7.5× 10−2 m/s. It was found
that the presence of polymer brushes can dramatically reduce the friction when the
polymer brushes are not very long. With an increase in the length of the polymer
brushes, this drag reduction effect only works at a low sliding velocity, and the gel
with long polymer brushes even shows a higher friction than that of a normal net-
work gel at a high sliding velocity. The strong dependence on polymer length and
sliding velocity indicate a dynamic mechanism of the polymer brush effect [59].

The presence of dangling chains might effectively enhance the hydrodynamic
thickness of the solvent layer at the sliding interface. As discussed previously, when
the interfacial interaction is repulsive between gel and the substrate on which the
gel is slid, a water layer is retained at the interface even under a large normal load to
give a low friction. Under the same pressure, the static solvent layer thickness should
be the same for both the chemically cross-linked gel and the gel having branched
dangling polymer chains on its surface. However, under a shear flow, which occurs
in the process of friction measurement, the polymer brushes are deformed more
easily than the cross-linked network. This would increase the effective thickness
of the hydrodynamic layer, resulting in a reduction of the shear resistance. This
discovery should enable the hydrogel to find wide application in many fields where
low friction is required.

4.3 Friction Reduction by Dilute Polymer Solution

The friction events in a biological system mostly occur between soft and wet tissues
intermediated by viscoelastic polymer fluids such as synovial fluid or mucus [1]. For
example, mucus adheres to many epithelial surfaces, where it serves as a diffusion
barrier against contact with noxious substances (e.g., gastric acid and smoke) and as
a lubricant to minimize shear stresses; such mucus coatings are particularly promi-
nent on the epithelia of the respiratory, gastrointestinal, and genital tracts. Mucus is
also an abundant and important component of saliva, giving it virtually unparalleled
lubricating properties [1].

The effect of a nonadhesive polymer solution on the friction of an adhesive
gel on a glass substrate has been studied [64]. For example, friction of physically
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Fig. 17 Sliding velocity dependence of the frictional stress for PVA gel sliding against a piece of
glass surface in dilute PEO solution with different concentrations in terms of overlap concentration
C∗ at 20◦C. Sample thickness ∼3mm; normal pressure 14 kPa; Mw of PEO 20,000. (Reproduced,
with permission, from [64])

cross-linked poly(vinyl alcohol) (PVA) gel against glass in linear poly(ethylene
oxide) (PEO) solution was investigated at various PEO concentrations (Fig. 17).
There is no specific interaction between these two neutral and hydrophilic poly-
mers. At low sliding velocity (10−5,10−4 m/s), distinct PEO polymer effects are
observed: The frictional stress in PEO solutions is lower than that in pure water,
decreasing with the increase in PEO concentration and reaching a minimum at the
crossover concentration, c∗ (Fig. 17). At fast sliding velocity (10−2,10−1 m/s), all
the friction curves in dilute PEO solution superpose with the curve in pure water,
independent of PEO concentration. These results indicate that in the low sliding
velocity region, where adsorption of PVA gel on glass plays the dominant role in
friction, PEO chains screen the adsorption of PVA chains to the glass surface. In the
fast sliding velocity region, PEO chains are either extensively stretched or form a
deplete layer on the glass surface due to the high shear rate, so the liquid lubrica-
tion with a viscosity of η ≈ ηwater prevails. These results give an essential idea of
the role of mucins in biological systems in reducing the friction at the low sliding
velocity region, i.e., they screen the interaction between two sliding surfaces and
sustain water.

4.4 Friction Reduction by Substrate Roughness

The relationship between the frictional stress and velocity of a PVA hydrogel slid-
ing on rough glass substrates in water was studied with a strain-controlled rheometer
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Fig. 18 Velocity dependence of dynamic frictional stress (a), dynamic frictional stress normal-
ized by the value on a flat surface (G20 or BK7 1/10) (b), and the apparent water layer thickness,
estimated by supposing a lubrication mechanism of σ = ηv/h (c), of the PVA gel sliding against
soft glass (left column, open symbols) and BK7 glass (right column, closed symbols) of different
roughness Ra. The measurements were performed in water at 20 ◦C under a normal strain of 26%:
G20, Ra = 20nm (open circles); G1000, Ra = 1000nm (open diamonds); BK7 1/10, Ra = 20nm
(closed circles); BK7 frost, Ra = 1000nm (closed diamonds). (Reproduced, with permission,
from [66])

(Fig. 18). When the substrate roughness increased, the friction in the low velocity
region slightly increased, whereas it did not change remarkably at high velocity
when the substrate roughness Ra increased up to 100 nm. For a rougher surface
with Ra = 1000nm, the friction began to decrease slightly at a sliding velocity of
v = 10−4–10−3 m/s and abruptly at v ≈ 10−2 m/s. When v > 10−1 m/s, the friction
showed a tendency to increase again with an increase in velocity. These behaviors
are well explained in terms of contact dynamics, which features two characteristic
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Fig. 19 Contact of a soft gel sliding on a rough solid substrate. The substrate roughness l and a
are assumed to be much larger than the mesh size ξ of the gel. As the sliding velocity (v) increases,
the effective contact area decreases. (Reproduced, with permission, from [66])

velocities, i.e., vf and vdrainage, as shown in Fig. 19. Here, vf is the characteristic ve-
locity of the adsorption model. vdrainage is the characteristic water drainage velocity
at the asperities and is given by [66]:

vdrainage
∼= ξ 2P

lη
1

(1− ξ 2/a2)
.

Here, l and a are the characteristic wavelength and depth of asperities, respectively;
ξ the mesh size of gel network; P the normal pressure applied; and η the vis-
cosity of water. When the characteristic wavelength of asperities l and depth a is
much larger than the mesh size of the gel (l ≥ a 	 ξ ), we have vdrainage � vf. At
v < vdrainage, the friction increases with the roughness due to the enhanced con-
tact area between the gel and the substrate. At vdrainage < v < vf, the gel does not
have sufficient time to form complete contacts with the surface asperities and the
contact area decreases, which leads to a decrease in friction with the velocity. At
v 	 vf, there is no contact between the gel and substrate, and a continuous lubricat-
ing layer forms at the interface. This again leads to an increase in the frictional stress
with velocity.

The results show that the friction of a gel on a weak adhesive substrate can be
minimized even in the high velocity region, depending on substrate roughness. This
result provides some essential ideas for designing a soft gel system with low friction
over a wide velocity range, which is important in bioengineering applications where
low friction is required, such as in artificial articular joints and artificial hearts.

5 Polymer Gels as Scaffolds for Cell Cultivation

To mimic the macromolecular-based ECM in biological tissue, the cell adhesion
and proliferation properties of hydrogels are critical parameters. However, vari-
ous hydrogels that originate from natural resources, such as alginate [87], chitosan
[88, 89], and hyaluronic acid [90], and that are synthetically created, such as poly
(N-isopropylacrylamide) (PNIPAAm) [91], PEO [92], PVA [93], and poly(ethylene
glycol) (PEG) [94], show a poor cellular viability without modification with cell
adhesive proteins or peptides, such as collagen, laminin, fibronectin, and the RGD
(Arg-Gly-Asp) sequence.
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Recently, it has been found that bovine fetal aorta endothelial cells (BFAECs)
can spread, proliferate, and reach confluency on synthetic hydrogels with negative
charges, such as PNaAMPS, PNaSS, and poly(acrylic acid) (PAA), without surface
modification with any cell adhesive proteins or peptides [95–98]. The artificial cell
scaffolds from synthetic sources have many advantages over natural sources like
collagen: the chemical properties of synthetic gels are easily controllable and repro-
ducible; they are infection-free, withstand high-temperature sterilization, and are
relatively low cost. Therefore, the success in cultivating cells on negatively charged
synthetic gel surfaces without any surface modification of adhesive proteins would
substantially promote the application of gels for tissue engineering. Cell behaviors
on various hydrogels and the effect of gel charge density on cell growth are de-
scribed in Sects. 5.1–5.3.

5.1 Cell Growth on Various Gels

The behavior of BFAECs on several kinds of negatively charged hydrogels such
as PAA, PMAA, PNaSS, and PNaAMPS, and on neutral hydrogels such as PAAm
and PVA with different cross-linking density have been investigated [95]. These
polymers form strong hydrogels by the DN structure with proper combinations [23].
Understanding the cellular behavior of these gels helps to design gels that have cell
viability as well as tough mechanical strength.

Phase-contrast micrographs of BFAECs on various kinds of gels cultured at 6 h
and 120 h are shown in Fig. 20. At 6 h of culture, BFAECs could be observed ad-
hered to or spread on the gel surface, but not proliferating. Cells do not spread on
nonionic PAAm gels. Clearly, PAAm gels have a strong inhibiting effect on cell
spreading. It is thought that weak interaction between the proteins and PAAm sur-
face [99, 100] results in the reduced cell activity.

However, about 50% spreading ratio is observed on another nonionic gel, PVA,
when the cross-linking concentration is 6 or 10 mol%. It decreases to about 15%
when the cross-linking concentration is decreased to 2 or 4 mol%. This result
indicates that cell viability on PVA gel is better than that on PAAm gel at the
initial culture stage. Cells proliferate with culture time and reach subconfluence at
about 168 h.

Cell viability on PAA and PMAA gels, which are weak polyelectrolytes with
carboxylic acid groups on the side chains of the polymers, were also investigated.
On PAA gels, cells proliferate with culture time, eventually reaching confluency at
144 h, with a cell density of about 7×104 cell/cm2. In contrast to cell proliferation
on PAA gel, although cells can proliferate on PMAA gel at 4 days, cells cannot pro-
liferate after that. This indicates that cell proliferation is very sensitive to chemical
structure and to the hydrophobic/hydrophilic properties of gels. The above results
indicate that cell spreading and proliferation are sensitive to the cross-linking con-
centration of weak polyelectrolyte gels. It was reported that carboxylic acid groups
of the PAA-grafted surface have a negative effect on cell adhesion, spreading, and
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Fig. 20 Phase-contrast micrographs of BFAECs on various gels at the initial stage (6 h, column
I) and at a prolonged culture time (120 h, column II). Crosslinker concentration of gels: PVA 6,
PAA 2, PMAA 1, PNaSS 10, and PNaAMPS 6 mol%. Original magnification 10×; scale bar:
100μm. (Reproduced, with permission, from [95])

growth [101]. Another research study showed that there were only a few cells at-
tached onto PAA-grafted surface, and that cell proliferation was very slow [102].
Our results indicate that if PAA is cross-linked under suitable conditions, PAA hy-
drogel is also able to act as a cell scaffold.

On PNaSS and PNaAMPS gels, which are strong polyelectrolytes because both
have sulfonate functional groups, distinct cell behaviors are observed as compared
with PAA and PMAA gels. Cells proliferate to confluency on PNaSS and PNaAMPS
gels, with a cell density higher than 1.1× 105 cell/cm2 at 144 h. Cell proliferation
behaviors on PNaSS and PNaAMPS gels are nearly the same and are independent
of cross-linking concentration.
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Many chemical and physical properties of the substrate affect cell compatibility,
such as charge density [103, 104], interfacial energy, hydrophobicity/hydrophilicity
balance, mobility of the polymer chain, and morphology of the material [105]. The
results on gels suggested that the protein absorption from serum-containing medium
onto a PNaSS and PNaAMPS gel surface might occur to facilitate cell adhesion,
spreading, and proliferation. The study demonstrated that BFAECs can grow on
PVA, PAA, PMAA, PNaSS, and PNaAMPS gels without modification with any pro-
teins or peptides, and that the cells exhibit a high level of spreading and proliferation.

5.2 Effect of Charge on Cell Growth

It was reported that cell–substrate interaction is closely related to substrate surface
charge [105]. The behavior of cells on gels also showed similar results to those
described in the previous section. A more quantitative study on the relationship be-
tween gel charge density and cell behavior has been performed by using copolymer
gels consisting of a neutral polymer, poly(N, N′-dimethylacrylamide) (PDMAAm),
on which the cell does not show growth, and a negatively charged polyelectrolyte,
PNaAMPS, on which the cell shows confluent growth.

As shown in Fig. 21a, the degree of swelling of the copolymer gels increases
with an increase of the molar fraction, F , of charged the moiety due to the en-
hanced charge density of the copolymer gels. Taking into account the change in
charge density caused by the change in copolymer composition, the relationship be-
tween the zeta potential of poly(NaAMPS-co-DMAAm) gels and cell behavior is
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Fig. 21 (a) Zeta potential and degree of swelling of poly(NaAMPS-co-DMAAm) gels as a func-
tion of NaAMPS molar fraction F . (b) Cell density at 120 h as a function of zeta potential of
poly(NaAMPS-co-DMAAm) gels. Endothelial cells used were BFAECs (open squares), HUVECs
(closed circles), and RSTFCs (open circles). Error ranges are standard deviations over n = 4–8
samples. (Reproduced, with permission, from [98])
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analyzed. Figure 21a shows the zeta potential of poly(NaAMPS-co-DMAAm) gels
equilibrated in HEPES buffer solution as a function of F . Figure 21b shows various
kinds of endothelial cell (BFAECs, HUVEC, and RSTFCs) density at 120 h as a
function of the zeta potential of the copolymer gels.

Although PDMAAm is neutral, it shows a negative zeta potential in HEPES
buffer solution, perhaps due to its ionic adsorption in buffer solution. With the in-
crease of F , the zeta potentials of poly(NaAMPS-co-DMAAm) gels increase and
saturate to −30mV. Figure 21b shows that BFAEC density increases when the zeta
potential is −16mV (F = 0.3), and the cells proliferate to confluence when the zeta
potential is −20mV (F = 0.3−0.4). HUVEC density sharply increases and the cells
begin to proliferate when the zeta potential is −20mV (F = 0.4). RSTFC density
increases when the zeta potential is −22.2mV (F = 0.5), and the cells proliferate
to confluence when the zeta potential is −28.5mV (F = 0.7). The results demon-
strated that there is a critical zeta potential for cell spreading and proliferation on
the poly(NaAMPS-co-DMAAm) gels.

It is not known why cell spreading and proliferation can be manipulated by the
charge density of gels. It is thought that the charge density of gels adjusts the gel
adsorption of adhesive proteins from the serum-containing culture medium. To elu-
cidate this, the effect of charge density on the amount of total adsorbed protein
from serum-containing culture medium, and on the fibronectin contained in the total
adsorbed protein on poly(NaAMPS-co-DMAAm) gels have been investigated [98].
The effects of gel charge density on total protein and fibronectin adsorption coincide
well with cell behavior. The results indicated that gel charge density adjusts protein
adsorption, i.e., more negative charge, more protein adsorption, which favors cell
spreading and proliferation.

5.3 Cell Proliferation on Tough Gels

In previously studies, we have reported that DN gels show a fracture strength as
high as a few tens of megapascals, although both of the individual networks are
mechanically weak [23]. However, tough DN gels, such as PNaAMPS/PDMAAm
and PNaAMPS/PAAm, do not facilitate cell spreading and proliferation, although
many cells can adhere to the surfaces of these gels. This is because in the process of
DN synthesis, the second monomer mostly polymerizes on the surface of the first
network and, therefore, the surface chemical composition and the properties of DN
gels are determined by the second component (i.e., the neutral component, such as
PDMAAm and PAAm), which is not suitable for cell spreading and proliferation.

According to the results of critical charge effect on cell behavior, as previously
described, we can design a tough triple network (TN) gel that facilitates cell spread-
ing and proliferation, and, at the same time, preserves high mechanical strength by
inducing a copolymer as the third component to DN gels.

PNaAMPS/PDMAAm/poly(NaAMPS-co-DMAAm) TN gels, with the third net-
work having a molar fraction, F = 0.5, have been synthesized. These TN gels are
very tough, having fracture stresses as high as 1–3 MPa, compared with single
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Fig. 22 Phase-contrast micrographs of BFAECs cultured on double network (DN) and triple
network (TN) gels: PNaAMPS/PDMAAm DN gel (a), PNaAMPS/PDMAAm/poly(NaAMPS-
co-DMAAm) TN gels (b–d). In the third network, NaAMPS molar fraction was F = 0.5. The
cross-linker concentration of the third network was 0 (a), 2 (b), and 4 mol% (c). Scale bar: 100μm.
(Reproduced, with permission, from [98])

network gels PNaAMPS (0.63 MPa), and poly(NaAMPS-co-DMAAm) with F =
0.5(0.26MPa). BFAEC proliferation on these TN gels has been studied. Images of
BFAECs on these TN gels at 120 h are shown in Fig. 22. On PAMPS/PDMAAm
DN gel and a TN gel in which the third network is not cross-linked (sample TN-0),
no cell spreading is observed (Fig. 22a, b). When the third network cross-linker
concentration is 2 or 4 mol% (samples TN-2 and TN-4), cells proliferate and reach
confluence (Fig. 22c, d). These results indicate that the surface properties of the TN
gels with poly(NaAMPS-co-DMAAm) as the third component are the same as those
of the single network poly(NaAMPS-co-DMAAm) gel.

6 Robust Gels with Low Friction: Excellent Candidates
as Artificial Cartilage

Most biological tissues are in the gel state; for example, articular cartilage is
a natural fiber-reinforced hydrogel composed of proteoglycans, type II collagen,
and approximately 70% water. Normal cartilage tissue contributes highly to joint
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functions that involve ultralow friction, distribution of loads, and absorption of im-
pact energy. When normal cartilage tissue is damaged, it is extremely difficult to
regenerate these tissues with currently available therapeutic treatments Therefore, it
is important to develop substitutes for normal cartilage tissue as a potential thera-
peutic option.

The important characteristic of materials used as load-bearing tissue replace-
ments is that the mechanical properties are comparable to those of native tissue. As
described above, DN hydrogels can withstand a few to tens of megapascals of me-
chanical strength. The value is comparable to the severe loading conditions imposed
on human articular cartilage (1.9–14.4 MPa) [1], satisfying the mechanical property
requirement of articular cartilage substitute.

6.1 Wearing Properties of Robust DN Gels

For application of DN gels to artificial articular cartilage, it is crucial to evalu-
ate the wear properties, because articular joints are subjected to rapid shear force
of high magnitude for millions of cycles over a lifetime. However, there are no
established methods for evaluating the wear property of gel. The pin-on-flat wear
testing that has been used to evaluate the wear property of ultrahigh molecular
weight polyethylene (UHMWPE), which is only one established rigid and hard bio-
material used in artificial joints, was used to evaluate the wear property of DN gels.
The wear property of four kinds DN gels composed of synthetic or natural polymers,
PAMPS/PAAm, PAMPS/PDMAAm, BC/PDMAAm, and BC/gelatin were evalu-
ated [106]. The properties of the four DN gels used for the wearing test are shown
in Table 1.

The morphologies of DN gels under one million cycles of friction, which is
equivalent to 50 km of friction (50 × 106 mm), are shown in Fig. 23. The max-
imum wear depth of the PAMPS/PAAm, PAMPS/PDMAAm, BC/PDMAAm,
and BC/gelatin gels was 9.5, 3.2, 7.8, and 1302.4μm, respectively. It is amaz-
ing that the maximum wear depth of PAMPS/PDMAAm DN gel is similar to the
value of UHMWPE (3.33μm). In addition, although the maximum wear depth of

Table 1 The average values of the water content, and the material properties concerning the
PAMPS/PAAm DN gel, PAMPS/PDMAAm DN gel, BC/PDMAAm DN gel, and BC/Gelatin DN
gel, which were used in the wearing study. (Reproduced, with permission, from the literature [106])

DN gels PAMPS/PAAm PAMPS/PDMAAm BC/PDMAAm BC/Gelatin

Water content (%) 90.0 94.0 85.0 78.0
Elastic modulus (MPa) 0.33 0.20 1.6 1.7
Stress at failure (MPa) 17.2 3.1 2.9 3.7
Strain at failure (%) 92 73 50 37
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Fig. 23 Gross observations of representative samples after the wear tests: (a) PAMPS/PAAm DN
gel, (b) PAMPS/PDMAAm DN gel, (c) BC/PDMAAm DN gel, and (d) BC/gelatin DN gel. (Re-
produced, with permission, from [106])

PAMPS/PAAm DN gel and BC/PDMAAm DN gel is about 2–3 times higher than
that of UHMWPE, these gels could bear the one million times of cyclic friction. The
results demonstrate that PAMPS/PAAm, PAMPS/PDMAAm, and BC/PDMAAm
DN gels are resistant to wear to a greater degree than conventional hydrogels, and
that PAMPS/PDMAAm DN gel is potentially useful as a replacement material for
artificial cartilage. On the other hand, BC/gelatin DN gel, which is composed of nat-
ural materials, shows extremely poor wear properties compared with other DN gels.
Some reasons, such as relatively low water content, higher friction coefficient, and
the ease of becoming rough by abrasion, are attributed to the lower wear properties
of BC/gelatin DN gel.

For designing materials that could be potentially used as artificial cartilage, suit-
able viscoelasticity, high mechanical strength, durability against repetitive stress,
low friction, high resistance to wear, and resistance to biodegradation within the liv-
ing body are required. It is difficult to develop a gel material that satisfies even two of
these requirements at the same time. However, recent developments in synthesizing
mechanically strong hydrogels have broken though the conventional gel conception,
and opened a new era of soft and wet materials as substitutes for articular cartilage
and other tissues.

6.2 Robust Gels with Low Friction

It has been described that a hydrogel with polyelectrolyte branched dangling poly-
mer chains on its surface can effectively reduce the surface sliding frictional coeffi-
cient to a value as low as 10−4.
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Table 2 Mechanical properties of DN, TN and DN-L gels. (Reproduced, with permission from
the literature [61])

Water content Elasticity Fracture stress Fracture strain
Gels (wt%) (MPa) σmax (MPa) εmax (%)

DN 84.8 0.84 4.6 65
TN 82.5 2.0 4.8 57
DN-L 84.8 2.1 9.2 70

Based on this research, the new soft and wet materials, with both low friction
and high strength, are synthesized by introducing a weakly cross-linked PAMPS
network (to form a TN gel) or an noncross-linked linear polymer chain (to form a
DN-L gel) as a third component into the optimal tough PAMPS/PAAm DN gel [61].
The TN and DN-L gels were synthesized by UV irradiation after immersing the DN
gels in a large amount of a solution of 1 M AMPS and 0.1 mol% 2-oxoglutaric acid
with (to form TN) and without (to form DN-L) the presence of 0.1 mol% MBAA.
The mechanical properties of the gels are summarized in Table 2. After introducing
cross-linked or linear PAMPS to the DN gel, the fracture strength of TN and DN-L
gels was on the order of megapascals, and the elasticity of the gels was higher than
that of DN gel (∼2MPa). The fracture strength of DN-L was remarkably increased
because PAMPS linear chains can effectively dissipate the fracture energy.

Figure 24a, b show the frictional forces (F) and frictional coefficient (μ) of the
three kinds of gels as a function of normal pressure (P) [61]. The gels were slid
on the glass plate in water. The results clearly shows that the frictional coefficient
decreases in the order DN > TN > DN-L, indicating that introduction of PAMPS,
especial linear PAMPS, as the third network component obviously reduces the fric-
tional coefficient of the gels.

The DN gel has a relatively large frictional coefficient (∼10−1) because the
second network, nonionic PAAm, dominates the surface of the DN gel and is ad-
sorptive to the glass substrate.

However, when the PAMPS network is introduced to the DN gel as the third
component, frictional coefficient of the TN decreases to ∼10−2, which is two orders
of magnitude lower than that of the DN gel. This is because the surface of the TN gel
is dominated by PAMPS, resulting in repulsive interaction with the glass substrate
and reduction of the frictional force. Furthermore, when linear PAMPS chains are
introduced to the surface of the DN gel, the frictional coefficient is significantly
reduced to ∼10−4, which is one to three orders of magnitude less than that of TN
and DN gels, respectively. This demonstrates that the linear PAMPS chains on the
gel surface reduce frictional force due to further repulsive interaction with the glass
substrate [48, 52, 53].

It should be emphasized that the lower frictional coefficient of DN-L gel can
be observed under a pressure range of 10−3–105 Pa, which is close to the pressure
exerted on articular cartilage in synovial joints. The results demonstrate that the
linear polyelectrolyte chains are still effective in maintaining lubrication, even under
an extremely high normal pressure.
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Fig. 24 Normal pressure dependence of frictional force (a) and frictional coefficient (b) of tough
DN gels against a glass plate in pure water: DN (circles), TN (squares), and DN-L (triangles) gels.
Sliding velocity 1.7×10−3 m/s. (Reproduced, with permission, from [61])

6.3 Biological Responses of DN Gels in Muscle
and Subcutaneous Tissue

The biological reaction of four types of DN gels in muscle and subcutaneous
tissues have been evaluated, using implantation tests according to the interna-
tional guidelines [107, 108]. The four gels tested were PAMPS/PDMAAm DN gel,
PAMPS/PAAm DN gel, BC/PDMAAm DN gel, and BC/gelatin DN gel.
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Fig. 25 Histological observations at 4 weeks (HE stain, 2×). (a) Negative control (high density
polystyrene), (b) Positive control (polyurethane containing 0.75% zinc diethyldithiocarbamate), (c)
PAMPS/PDMAAm gel, (d) PAMPS/PAAm gel, (e) BC/PDMAAm gel, (f) BC/gelatin gel. Scale
bar is 1 mm. (Reproduced, with permission, from [108])

The implantation tests demonstrated that, although PAMPS/PDMAAm DN gel
induced a mild inflammation at 1 week, the degree of the inflammation signifi-
cantly decreased to the same degree as that of the negative control at 4 weeks, as
shown in Fig. 25. Because the previous studies showed that the PAMPS/PDMAAm
DN gel has excellent wear properties, comparable to UHMWPE in pin-on-flat-
type wear testing [106], and that this gel is hardly degraded when implanted
into a living body [107], we believe that this gel has the possibility to be ap-
plied as artificial cartilage in the future. However, to verify this possibility, many
other factors needed for artificial cartilage repair, such as porosity, cell nutrition,
changes in water content and compressive strength, capsule formation in the carti-
lage tissue, and so on, should be evaluated in future studies. Secondly, BC/gelatin
gel showed the same degree of inflammation as that of the negative control at
1 week, and then showed a gradual absorbance at 4 and 6 weeks. This gel has
the potential to be applied as an absorbable implant. The PAMPS/PAAm and
BC/PDMAAm gels induced a significant inflammation at both 1 and 4 weeks.
These DN gels are difficult to apply as clinical implants in their current state of
development.
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